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The rate of distillation of helium between two liquid surfaces at different temperatures has been measured 
and found to be in approximate agreement with simple kinetic theory. The influence of evaporation on the 
thermal effects accompanying film flow is discussed. It seems unlikely that the decrease in the rate of film 
flow at small level differences can be explained in terms of these thermal effects. 





1. INTRODUCTION 


ONSIDER the flow of the liquid helium film out 
of a beaker. Since the flow of the superfluid 
component transfers no entropy, the liquid inside the 
beaker warms up and the bath liquid is cooled (the 
mechanocaloric effect). Eventually a steady state is 
reached with a temperature difference AT between the 
inside and the outside, and then the heat input due to 
the film flow is compensated by thermal conduction 
through the wall of the beaker and also by distillation 
from the inner surface to the bath surface. Frequently 
the distillation process is the dominant factor deter- 
mining the magnitude of AT. Because of the thermo- 
mechanical effect, AT is equivalent to a pressure head 
(S/g)AT tending to force the film back into the beaker. 
In order to discuss some aspects of film flow, it is 
important to be able to calculate AT and its equivalent 
pressure head. In the first part of this article we shall 
describe an experimental study of the rate of evapo- 
ration of liquid from a beaker in terms of the tempera- 
ture difference AT. We shall then discuss the influence 
of thermal effects on film flow, particularly in con- 
nection with the possibility that the rate of flow 
decreases when the pressure head is small. 


2. AN EXPERIMENTAL STUDY OF DISTILLATION 


Referring to Fig. 1, the closed limb of the inverted 
glass U-tube contained a heater H and a carbon 
resistance thermometer ThA. A second carbon re- 
sistance thermometer ThB was immersed in the main 
liquid helium bath. With the U-tube partially immersed 


+ Supported by the National Science Foundation. 


in the bath as shown and the heater switched on, the 
rate of fall of the liquid level in the closed limb was 
observed through a cathetometer and the two ther- 
mometers were used to measure the temperature 
difference between the liquid in the two limbs. 

The most convenient experimental procedure was 
found to be as follows. With the heater H switched on, 
the U-tube was completely immersed in the bath and 
the readings of the two thermometers, 7,4 and 7;, 
were noted. The heat flow through the liquid in the 
glass tube could not have produced a measurable 
temperature gradient and so the thermometer readings 
at this stage were assumed to correspond to zero tem- 
perature difference (T4=T7 ,). The U-tube was then 
rapidly raised above the bath surface, so that the open 
limb emptied, and was quickly depressed again into 
the partially immersed position shown in the figure. 
After a minute or two the thermometer readings settled 
down to steady values T74+674 and T7g+67z, and the 
temperature difference between the liquid in the two 
limbs was then taken as AT=674—673. After the 
rate of fall of the level in the closed limb had been 
measured, the temperature changes were observed in 
reverse by completely immersing the U-tube in the 
bath again. 

A small correction was applied to the rate of evapo- 
ration to allow for film flow. The level in the closed 
limb was always higher than the level in the open limb 
by an amount greater than the thermomechanical 
pressure head corresponding to AT, and so the film 
flow was always out of the closed limb. 

All measurements were taken in the vicinity of 1.1°K. 
Three U-tubes were used, with internal diameters of 
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TABLE I. Comparison between experimental and theoretical rates of evaporation. 








Radius of 
U-tube 
rom 


Ratio 
exptl/theoret 


(dx/dt) theoret 
cm sec™ 


(dx/dt)expti 
cm sec™! 


(1 — pa) 


Temperature 
Pek mm Hg 


A/(xr?) 





0.72 
0.84 
0.84 
0.59 
0.60 
0.93 
0.95 
0.79 
0.91 
0.92 
1.15 
1.00 
1.01 


17.7 X10-* 
10.7 X10 
6.00X 10-3 
7.85X 10-3 
11.5 X10 
10.6 X10 
10.3 X10 
6.14 10-* 
5.30 10-% 
18.2 X10-% 
14.5 X10 
3.21K 10% 
6.58X 10 


0.0384 
0.0229 
0.0128 
0.0184 
0.0273 
0.0254 
0.0248 
0.0145 
0.0128 
0.0440 
0.0361 
0.0082 
0.0169 


12.8 X10"? 
9.00X 10-* 
5.05 X 10-# 
4.65X10-* 
6.90X 10-* 
9.81X10-? 
9.81X10-% 
4.81X10-? 
4.81X10% 
16.7 X10? 

16.7 X10 
3.22 10-3 
6.67 X 10-3 


0.25 1.23 


0.50 1.12 


0.86 
1.01 


aio ke ee 
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0.50, 1.00, and 1.50 cm. The rate of fall of the level 
ranged from 3X10-* to 12X10-* cm sec and the 
temperature differences were in the range 2 to 13 milli- 
degrees. 


3. DISCUSSION OF DISTILLATION EXPERIMENTS 


When a liquid evaporates into a good vacuum under 
conditions such that the evaporating molecules are 
removed before they can return to the liquid, the rate 
of evaporation per unit area of surface is well known to 
be! 


dm/dt=a(M /2xRT)', (1) 


where M is the molecular weight, p; the vapor pressure, 
and @ the vaporization coefficient. We are interested 
in the case when the pressure 2 of the vapor is slightly 
less than the vapor pressure ;.? The kinetic theory 
treatment of this situation is by no means simple and 
we have not been able to solve the problem to our 
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Fic. 1. The distillation apparatus. H is a heater. ThA and ThB 
are carbon resistance thermometers. 
1M. Knudsen, The Kinetic Theory of Gases (Methuen and 
Company, Ltd., London, 1934), p. 13. 
* We are grateful to Dr. Estermann for a discussion of this point. 


complete satisfaction; but we anticipate that there is a 
region near the liquid surface, of thickness comparable 
with the mean free path in the vapor, within which the 
pressure changes from ;, at the liquid surface to p2 in 
the vapor; and that the rate of evaporation is 


dm/dt=8(M/2xRT)}(p1— p2) (2) 


The factor 8 is probably not very different from unity 
and we shall henceforth assume it to be unity. 

The rate of fall of the level in the experiment, dx/dt, 
would then be given by 


prr’dx/dt= A(M/2xRT)*(p:— p2), 


g sec! cm~. 


(3) 


where p is the density of the liquid and r is the radius 
of the U-tube. A is the area of the liquid meniscus, 
which is greater than mr* because of surface tension 
effects. At the liquid surface in the open limb the rate 
of condensation is given by a similar equation, 


pmr’dx/dt= A(M/2xRT)*(p3— ps). (4) 
Here we have assumed that when the gas arrives at 
this surface it has the same temperature as the liquid. 
Adding Eqs. (3) and (4), we obtain 


dx M 


1A ; 
~-——(—_) C(pi-— ps) — (po— ps) J. (5) 
dt 2p rr’\2rRT 


(pi— ps) is related to the temperature difference AT 
and the slope of the vapor pressure curve by the 
equation 


(pi— ps) = (dp/dT)v.p.0.AT. (6) 


If we assume streamlined, viscous flow of the gas 
between the two liquid surfaces (the corresponding 
Reynold’s number is always <400), then 


(po— Ps) viscous = ‘aia 
TT 


8nlA ( RT 


3 
EE — ; (7 


Under the conditions of our experiments (p2— ps3) 
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“K(pi— ps), and we finally obtain 


dx 1 A M \'¢dp 
(=) man ( ) (—) AT. (8) 
dt/ theoret 2p wr?\2eRT 7 iy aes 


This theoretical prediction is compared with the 
experimental values in Table I. There is good order-of- 
magnitude agreement, but the experimental values are 
slightly lower than the theoretical values, and the 
discrepancy appears to increase as the tube becomes 
narrower. It is possible that (p2— 3) cannot really be 
neglected. The exact nature of the flow of vapor along 
the tube may be complicated, since there are un- 
doubtedly small temperature gradients in this region 
and they may give rise to convection currents. 


4. THERMAL EFFECTS AND FILM FLOW 

Figure 2 shows a vessel emptying through the film. 
The equations we shall derive are completely reversible 
and will apply equally well to a filling. Also, very little 
modification is needed to adapt the arguments to the 
case when the superflow takes place through a sub- 
merged channel. 

Very soon after the flow starts, a quasi-steady state 
is reached in which the level falls at a constant rate 
(dx/dt)) and there is a constant temperature difference 
AT. The superfluid component flowing out carries no 
entropy but the heat balance is maintained by distil- 
lation of helium from the inside of the vessel to the 
bath, where it condenses and gives up its heat of 
vaporization. In some special cases it may also be 
necessary to consider heat conducted through the walls 
of the vessel. 

Since the net heat input to the inside of the vessel is 
zero, we have 


M \'/dp 
deropST=yLA( — ) (—) AT+BAT, (9) 
2aRT dT V.p.c. 


where ga is the rate of film transfer in cm* per sec per cm 
of perimeter, Z is the heat of vaporization, and BAT 
represents heat conducted through the walls. Since the 
bath surface is very much larger than the inner me- 
niscus, it has been assumed that the pressure discon- 
tinuity (p3;—p,4) at the bath surface is negligible. The 
parameter ¥ is less than unity and allows for the possi- 
bility that there is a pressure drop as the gas flows up 
the vessel. The rate of fall of the inner level is given by 


dx Ay M \'7dp 
pn * EMS. a. 09 
dt p\2RT/ \aT/y 06. 


In the cases of immediate interest to us conduction 
through the walls can be neglected, and the above two 
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Fic. 2. A vessel emptying by film flow. 


equations then give 


dx 2 Aw 
-=—(14+—), 
ae z 
The second term in the bracket is only 1% at 1°K, but 
amounts to about 8% at 2°K, so it is an important 
correction if one is interested in the variation of film 
transfer with temperature. 
The steady temperature difference is 


2o wr pST /2xRT \3 f dT 
ot ZCEY(S) on 
r A vL M GD? ves. 


We shall discuss this temperature difference in relation 
to an interesting aspect of film flow. When the level 
difference falls below about 0.5 cm the rate of flow 
begins to fall off and has decreased by at least 10% 
before the levels are at the same height.** Any sug- 
gestion that the rate of flow varies with pressure head 
raises a fundamental issue in the theory of super- 
fluidity. However, it has been suggested‘ ® that the 
effect is secondary and arises as follows. The level falls 
at a steady rate until the level difference x is equal to 
(S/g)AT and the “total effective pressure head” 
[x—(S/g)AT] becomes zero. From that point on, the 
level falls at a slower rate determined by inertial effects 
and the rate at which the temperature difference can 
be dissipated. However, if we accept the analysis 
leading to Eq. (12) and rely upon the experimental 
evidence that y is not very different from unity, then 


(11) 


K. R. Atkins, Proc. Roy. Soc. (London) A203, 240 (1950). 
B. N. Eselson and B. G. Lazarev, J. Exptl. Theoret. Phys. 
S.R. 23, 552 (1952). 
K. R. Atkins, Ph.D. thesis, University of Cambridge, 1948 
(unpublished). 
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it appears that AT is so small that this phenomenon 
does not start until the level difference is extremely 
small. In a typical case, taken from Eselson and 
Lasarev’s investigation,‘ r was 1.27 mm, T was 1.5°K, 
and AT~2X 10~* °K, equivalent to a thermomechanical 
pressure head of about 0.04 mm of helium, which is 
much less than the level difference of about 5 mm at 
which the rate of flow began to fall off. 

The fundamental hypothesis under examination is 
that velocities up to a certain critical value can occur 
with zero effective pressure head, but that this critical 
velocity cannot be exceeded when the effective pressure 
head is finite. [By “effective pressure head” we mean 
(x—(S/g)AT).j] Let us provisionally accept this 
hypothesis and, ignoring the previous analysis, assume 
that somehow there is established a temperature 
difference large enough to give a thermomechanical 
level difference of several mm. Then, once the level 
difference becomes equal to (S/g)AT, the subsequent 
motion is frictionless and has been studied in detail 
both experimentally®’ and theoretically.*.* Under the 
conditions of most of the experiments, the motion of 
the level is given by 

x=ae—"*+be—"'" cos(wit+¢). (13) 

®*K. R. Atkins, Proc. Roy. Soc. (London) A203, 120 (1950). 

7F. D. Manchester and J. B. Brown, Can. J. Phys. 35, 483 


(1957). 


8 J. E. Robinson, Phys. Rev. 82, 440 (1951). 
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If the thermal linkage between the inside and outside 
of the vessel is small enough to result in a fountain head 
of several mm, then it can be shown that the oscillatory 
term has a small amplitude and is quickly damped out, 
so that it is the exponential decay which dominates the 
situation. The rate of fall of the level would then be 
linearly proportional to the level difference. It is 
difficult to reconcile this prediction with the experi- 
mental observations.’ If the thermal linkage is due 
to the evaporation mechanism discussed above, then 
the thermomechanical level difference is small and the 
oscillatory term is the dominant one. 

We conclude that it is still an open question whether 

the rate of film flow is pressure dependent for small level 
differences. In slightly wider channels (10~° to 10~* cm) 
a pressure dependence is now well established,’ and 
is very pronounced in the narrower (~5X1077 cm), 
but irregular, channels of porous Vycor glass." The 
case of the film therefore deserves further study. 
®R. T. Swim and H. E. Rorschach, Phys. Rev. 97, 25 (1955). 
1 Wansink, Taconis, Staas, and Reuss, Physica 21, 596 (1955). 
1K. R. Atkins and H. Seki, Proceedings of the Fifth International 
Conference on Low-Temperature Physics and Chemistry, Madison, 
Wisconsin, August 30, 1957, edited by J. R. Dillinger (University 
of Wisconsin Press, Madison, 1958), p. 4. 

2D. C. Champeney, Proceedings of the Fifth International 
Conference on Low-Temperature Physics and Chemistry, Madison, 
Wisconsin, August 30, 1957, edited by J. R. Dillinger (University 
of Wisconsin Press, Madison, 1958), p. 3. 
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Theory of Many-Boson Systems: Pair Theory* 


M. GrrarDEaAuftt AND R. ARNOWITT 
Department of Physics, Syracuse University, Syracuse, New York 
(Received September 11, 1958) 


The many-boson system with repulsive interactions is treated by a variational method based on a vari- 
ational trial state of an exponential pair-excitation type obtained by a generalization of that of Bogoliubov ; 
the treatment is closely related to an intermediate-coupling approximation with respect to pairs. The non 
linear integral equation which determines the variational ground state is derived, and various properties 
of this ground state and the associated excited states are examined. The resultant low-lying spectrum lies 
below that of Bogoliubov by an amount proportional to the total number of particles. The variational 
principle is shown to produce rigorous energy eigenvalue differences for the pair part of the Hamiltonian. 
The variational states, however, still exhibit unphysical features characteristic of pair-excitation states: 
The pair correlation function does not go to zero at zero particle separation and the phonon spectrum 
exhibits a gap above the ground state. It is suggested that these features can be removed by using states 
which take into account excitation of momentum-conserving groups of more than two particles. 


I. INTRODUCTION 


INCE the appearance of Tisza’s! and Landau’s* 

semiphenomenological theories of superfluidity, 
there has been considerable progress in deriving the 
salient features of the low-lying spectrum of a many- 
boson system with repulsive interactions from first 
principles. The approximate low-lying states found by 
Bogoliubov,’ Lee, Huang, and Yang,‘ and Brueckner 
and Sawada’ are all of the ‘“‘pair-excitation” form. Such 
a state is a linear combination of states of the type ®p, 


[n/2} 


p= >> > v;(ki-- 4) (11 anton Jatsb®, (1) 


j=0 ky-+- kj +0 l=1 


where ®> differs from a particular low-lying unperturbed 
state, ®®, only by excitation of pairs of particles from 
zero momentum to paired equal and opposite momenta. 
In Eq. (1), ay and a,’ are the annihilation and creation 
operators for free bosons of momentum k, and 7 is the 
total number of particles. 

In two extreme limits the pair form represents the 
rigorous structure for the eigenstates of a many-boson 
system. First, as shown by Bogoliubov,’ in the limit of 
weak coupling the eigenstates involve only excitation 
of particles of equal and opposite momenta.® Second, 
Lee, Huang, and Yang‘ have shown that for a hard- 


* A preliminary account of this work was given by M. Girardeau 
and R. Arnowitt, Bull. Am. Phys. Soc. Ser. IT, 3, 54 (1958). 

+ This work formed part of a dissertation submitted by M. G. 
in partial fulfillment of the requirements for the Ph.D. degree at 
Syracuse University. 

{Now at The Institute for Advanced Study, Princeton, 
New Jersey. 

1L. Tisza, Phys. Rev. 72, 838 (1947), which see for earlier 
references. 

2. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941); 8, 1 (1944); 
11, 91 (1947); Phys. Rev. 60, 356 (1941). 

3N. N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23 (1947), hereafter 
designated by B. 

4 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957), hereafter 
designated by LHY. 

( 5K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117, 1128 
1957). 

6 The derivation of the eigenstates of the approximate Hamil- 

tonian considered by Bogoliubov will be carried out in Sec. II. 


755 


sphere atomic interaction, the eigenvectors are also of 
the above type for systems of low density. Neither of 
these limits, of course, are applicable to the physical 
liquid He. It would seem, however, worthwhile to give 
a more general investigation of the pair-excitation wave 
function for the actual liquid in order to see if the 
low-lying states of the total Hamiltonian may be 
reasonably approximated by them. 

The technique of calculation used in this paper is the 
variational method. The trial states assumed are of an 
exponential type obtained by a generalization of those 
of Bogoliubov and Lee, Huang, and Yang; these states 
are also closely related to those employed by Lee, Low, 
and Pines’ in their treatment of the polaron problem. 
The simple trial states used suffice to give a low-lying 
energy spectrum lying below those of references 3-5 by 
an amount proportional to the number of particles, n. 

In order to examine more closely the validity of the 
variational method, the Hamiltonian was investigated 
to see what part of it is rigorously diagonalized by this 
technique. It will be seen below that the total Hamil- 
tonian can be divided into three parts: a part involving 
occupation number operators and operators that anni- 
hilate and create pairs (the “pair Hamiltonian”) and 
two other parts dealing with interactions involving 
three and four particles of nonzero momentum, respec- 
tively. The latter two contributions have zero diagonal 
matrix elements between pair states. The energy spec- 
trum given by the variational principle differs from the 
rigorous eigenvalues of the pair Hamiltonian by a 
constant upward shift independent of and of the 
state under consideration.*® 

The properties of the variational states are discussed 
in Secs. III and IV. It will be seen that these states 
possess several unphysical characteristics. Methods of 
improving on the pair type states are briefly discussed 
in Sec. V. 

7 Lee, Low, and Pines, Phys. Rev. 90, 297 (1953). 

8In this respect the constant shift in energy is somewhat 


analogous to the disconnected closed loops of quantum field 
theory. 
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II. MATHEMATICAL FORMULATION 


In a quantized field representation, the Hamiltonian 
of a system of spinless bosons takes the form’ 
H= >. bk ay'ay 
+3V YY eke’ v(k)a,y- wc Oy Ay eye, (2) 
where a, and a,’ annihilate and create particles in 
states V~te"*- and v(k) is the Fourier transform of the 
interparticle potential v(r) : 


vik) = f e(e)errare (3) 


The quantization has been assumed to take place in a 
box of large volume V with periodic boundary condi- 
tions (surface effects being neglected). Further, the 
potential function v(r) is assumed to be an even function 
of the interparticle distance r. 

The approximate ground states found by B and 
LHY can be written in the pair form (1) with &® equal 
to the unperturbed n-particle ground state 


n)= (n!)—*(aot)"!0). 4) 


In Eq. (4), |Q) is the normalized vacuum (state of no 
particles). We define the pair Hamiltonian, Hp, as that 
part of the total Hamiltonian H which has nonzero 
expectation value in such a pair-excitation state. The 
only potential terms having this property are those 
which can be written (by commutation of annihilation 
and creation operators if necessary) as functions only 
of the occupation number operators Vy =a,'a, and the 
pair annihilation and creation operators ay =@,d_, and 
ay! =a,'a_,'. This implies that the momentum indices 
k, k’, and k” in Eq. (2) must obey one or more of the 
relationships 


k”=k—k’, k”=k’, k=0. (5) 


One finds thus, with the aid of the Bose commutation 
relations, that 


H p=}4(n—1)pv(0)+-D0x' (4+ (N0/V) v(k) IN x 
+4V7 > y' v(k) (axfaotao'ay) 
+3V- Dx’ v(k)aytay: k 
+3V49 Sue’ vik) Nu inNe, (6) 


where p=n/V. The primes on the single summations 
imply the omission of the term k=0 while those on 
the double summations imply the omission of k=0, 
k’=0, k=k’, and in the last term also k= 2k’. In 
obtaining Eq. (6) we have replaced }>y Vy by the 
c number since we shall deal only with eigenstates of 
the total number of particles belonging to eigenvalue n. 
The remaining part of the Hamiltonian, H—Hp, con- 
sists of terms where three and four annihilation and 
creation operators have nonzero momentum and clearly 
possesses no diagonal matrix elements between pair 

® We use units such that #=m=1, where m is the mass of the 
particle. 
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states. Thus H—Hp does not contribute in the varia- 
tional principle calculation. 

The approximate Hamiltonian used in B is obtained 
by replacing ao and ao! by the c number mo! and drop- 
ping cubic and quartic terms in the annihilation and 
creation operators for particles of nonzero momenta; 
the result is 


Hp=}(n—1)pv(0)+>.s' [44+ pov (k) Nx 
+4po ny v(k) (ay+a,"), (7) 
where po=#o/V. Hg can then be diagonalized by the 
canonical transformation 
&,= (1—L,2)—!(ay— Lya_,"), 
Ly =[pov(k) }"LEw (k) — 32?— pov (k) J, (8) 
Ex(k) = kL pov(k) +4? }', 
leading to the energy spectrum 


Ep(nine- + -)=Eotd x’ mE (k), (9) 
where 


Ey=3(n—1)pv(0)—3 Dox’ [ 3k? + pov(k) — E(k) }. (10) 


In Eq. (9), the non-negative integers 7, represent the 
number of phonons of momentum k. Ez(k) is the 
phonon spectrum and reduces to that of LHY if one 
inserts the value v(k)=42a appropriate for their hard 
sphere pseudopotential and replaces po by p.” 

In order to find the eigenstates of Hg we note that 
the canonical transformation (8) is the result of a 
unitary transformation 


(11) 


&= Upa, Ug 
From this it follows that the normalized eigenstates of 
Hx belonging to the eigenvalue Eg(nim2::-) and the 
eigenvalue mo of Vo are 
j= U sl TT x’ (nx !)- (ay!) 7 | No), 
where |) is defined in Eq. (4). In Appendix A it is 
shown that Ug has the form 


Up=expl3 Dx’ (ax'—a,) tanh Ly ]. 


Pp(nino: - (12) 


(13) 


In order to obtain variational] trial states with which 
to approximate the eigenstates of H, we shall generalize 
the states of Eq. (12) of Bogoliubov’s approximate 
Hamiltonian. Since Hg does not commute with the 
total number of particles, its eigenstates are not 
eigenstates of the total number of particles. This defect 
is easily remedied by replacing in U’g the operator a,’ 
(which creates a pair of particles of nonzero momenta 
+k) by the operator ax'ao (which excites a pair of 
particles from zero momenta to momenta +k). For 
technical reasons, however, it is more convenient to 
use the combination a,y'8o, where Bo is a “unitary”! 

© » and po are equal to zeroth order in (pa*)?; see reference 4. 

In order that Bo be unitary over the whole Hilbert space it is 
necessary to delete from the space all states containing either 


zero or one particle with zero momentum. We can do this without 
difficulty, since for the low-lying states with which we shall be 
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operator defined by 


Bo'= aN}, Bo = (Bo!) t= No-tao', (14) 


and having the properties 

Bo|n)=|n—2) (n>2), Bot|n)=Bo|n)=|n+2), 
[80,No]= 280, [B0,No]= — 280+, (15) 
[80,¢xJ=[80,axt]=0 (kx<0). 


We therefore take as our variational ansatz with which 
to approximate the ground state the state ®» defined by 


&)=U|n), 
U=exp[} Dx’ W(k) (Bc axn—Boax') J, 


where y(k) is a real, even function of k to be determined 
by the variational principle. We shall introduce the 
corresponding excited states in Sec. IV. 

Since U commutes with the operators representing 
the total number of particles and the total linear 
momentum, the state ®) is an eigenstate of these 
operators (with eigenvalues ” and zero, respectively). 
®y is closely related to the variational states employed 
by Lee, Low, and Pines’ in their treatment of the 
polaron problem, the only essential difference being 
that the phonon annihilation and creation operators in 
the polaron problem are replaced by Bo-'ax and Boa,' 
in Eq. (16). This change is, of course, necessary since 
total particle number and total linear momentum must 
be conserved in the many-boson problem. As in the 
analysis of Lee, Low, and Pines, our treatment is a 
straightforward generalization of Tomonaga’s inter- 
mediate-coupling approximation.” In fact, it can be 
shown that #9 represents a state where the probability 
amplitude for observing 7 pairs of particles with nonzero 
momenta +k,---+k; takes on the product form 
¢(k,)---@(k,); this result is very similar to the meson 
case where the probability amplitude for observing 7 
mesons of momenta k;---k; is also a product of the 
above type. Thus our states (16) imply strong pair 
correlation but no correlation between different pairs. 


(16) 


III. THE VARIATIONAL GROUND STATE 


We now turn to the determination of the best 
variational approximation to the ground-state energy 
of H by states of type (16). The energy expectation 
value, Eo, is 


Eo= (®0,H®o) = (©0,H p®o) = (n| Hp’ | n), (17) 
where 

H p'= UH pu, (18) 
the second equality in Eq. (17) following from the fact 
that ®» is of the pair-excitation form (1). Hence, in 
order to evaluate Ey and other relevant observables one 
must find the canonical transformation of the annihi- 


concerned (No) is proportional to m, and moreover the fractional 

dispersion of No vanishes as n — «. The simplification results 

from the fact that Bo and Bo ! commute whereas ap and ay! do not. 
12S, Tomonaga, Progr. Theoret. Phys. Japan 2, 6 (1947). 
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lation and creation operators effected by the unitary 
transformation U. By a derivation paralleling that in 
Appendix A, one can show that for k¥0 


a,'= U- 1g U= [1 — ¢?(k) }-[ax—(k)Boa- «' |, 


where 


(19) 


¢(k) =tanhy(k). (20) 


After a somewhat lengthy calculation one finds” 


Ko 


= hor (0)+ (Seo) f [hie-+ pur ke) 


n 


¢*(k) 
Pe P| Wash ark— (8x9) f Cowl) 
1—¢?(k) 


$(k) 
~11,(k)]}H mete (21) 
1—¢?( 


where 
¢*(k’) 
po=p— (2m) of —_— dk’, 
1—¢*(k’) 


o(k’) 
1(k) = (2n)-* f v(k—k’) x 
1—¢?(k’) 


ak’, 


9 , 


To(k) = (2m) * foik—k) ak’. 


1—¢°(k’) 
In deriving Eqs. (21) and (22) we have carried out the 
limiting process 1—> 2, V—> «, n/V — pp (where p is 
a finite nonzero constant) and have neglected terms 
that give no contribution in these limits. 

The function @(k) is determined by minimizing Ep. 
Upon differentiating Ey with respect to ¢(k) [taking 
into account the implicit dependence of po, /;, and J; 
on ¢(k) ], one finds as the (necessary) condition that 
Ey be a minimum 


Cpov(k) —7,(k) J[1+¢@?(k) ]— 2[34?+ pov (k) 


+]o(k)+/,(0)—J.(0) jo(k)=0. (23) 


An alternative form may be obtained by solving the 

quadratic equation for ¢(k) [ignoring the implicit 

dependence in po, /;, and J2]. This gives the following 

nonlinear integral equation" for ¢(k) : 

[pov (k) — 1, (k) ]p(k) = 34?+ pov (k) +/2(k) +/,(0) 
—I(0)— {4k'+ [pov (k) + Jo(k) +11 (0) — 72 (0) ] 
+ 272(k)[71(0) —I2(0) J+ 2por(k) [71 (k) + J 2(k) 
+], (0)—72(0) J+J22(k) —7,7(k) 

+[7,(0)—J2(0) Py}. 


We now examine some general properties of the 


(24) 


13 The details of this calculation can be found in the Ph.D. 
dissertation of M. G., Department of Physics, Syracuse Uni- 
versity, 1958 (unpublished). 

4 In solving Eq. (23) for ¢(k) we have chosen the sign of the 
square root such that ¢(k) vanish as k approaches infinity (see 
below). 
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solution ¢(k) of Eq. (24). For small & one finds 
o(k) > (1-d]ite}, €=1,(0)/pov(0). (25) 


Upon expanding the square root in Eq. (24) through 
terms of order &~* one finds, under the assumption that 


2 


v(k) decreases like k~* for large k,'* that 


$(k) = k-*[,pov(k) —J,(kk) ]— 5&7, (0) 


—I2(0) }[pov(k) —J,(k) }'+O(k-*), (26) 


and hence ¢(k) decreases like k~* for large k. The 
Bogoliubov approximation arises when one neglects 
the integrals /,(k) and /,(k) compared to 3k? and 
pov(k) in the integrands of Eq. (21). For the physical 
liquid He, this is bound to be poor in general.'® If v(k) 
is spherically symmetric, there can exist spherically 
symmetric solutions of Eq. (24). There may, however, 
exist nonsymmetric solutions which could reflect the 
short-range crystalline order possessed by all real 
liquids. The only definite symmetry assumption, then, 
that one can make on ¢(k) is that it is an even function 
(which follows from the fact that a_,=ax). 

We conclude this section with a brief discussion of 
some of the physical properties of the ground state, 
o.'7 One of the parameters of interest in describing a 
liquid is the pair correlation function D(r). This repre- 
sents the relative probability that a particle be located 
at point r when one is known to be at the origin (normal- 
ized to unity for r— ). It is given by 

D(r) =p), ¥ (0) (1) Po))’, (27) 
Vir)=V ty, et* Fay. - 


By the methods used in evaluating the energy expec- 
tation value Eo one finds 


D(r)=1—2(p0/p)Lfilt)— fol) J+ fr(n)+f2(n), 


(k) 
filr) = (87%p) f —e'k Bk, 
1—¢7(k) 


¢*(k) 
fale)= (Bee) f —_——eik-rq3. 
1—¢°(k) 


The functions f;(r) and f(r) are of the same form as 
the functions —G(r) and F(r) in the LHY pair corre- 
lation function. D(r) has the following behavior for 
small and large r: 


D(0) =2[1— (p0/p)?.]+-[(p0/p) — f1(0) FP, 


2po’ (0) 
| = }r+0¢ 6), 
mp'[1+9(0) P 


16 This is the case for Coulomb or screened Coulomb interactions 
or for a soft-sphere interaction. 

‘6 For example, the Bogoliubov approximation requires ¢(0)=1. 
A rough numerical solution using a soft-sphere interaction of 
radius 1.9 10~* cm and height 0.03°K shows that even for this 
weak potential ¢(0)=0.5. 

‘7 A more extended analysis of #9 can be found in reference 13. 


(29) 


D(r) > 1+ 


ron 


AND R. 


ARNOWITT 


where ¢’(0) is the radial derivative of ¢(k) at the 
origin.'* The asymptotic approach to unity for large r 
(absence of long-range configurational order’) is typical 
of a liquid. If ¢(k) is nonspherically symmetric to the 
extent of having symmetrically distributed “bumps” 
near k=0, then D(r) will exhibit short-range crystalline 
order. 
One can show” from Eq. (28) that 


D(r)>1—2(p0/p)?. (30) 


Hence it is only possible for D(r) to become small for 
small r (as it must for the true ground state if there is a 
strong short-range repulsion) if po/p>2-!. Furthermore, 
one sees from Eq. (29) that D(0)>0 for (po/p)<1. We 
conclude that for interparticle interactions such as the 
hard-sphere one, our wave function and pair correlation 
function become physically unrealistic for small particle 
separations unless (po/p)~1. This tendency of D(r) to 
increase as r— 0 seems to be a general defect of pair- 
excitation states,’ and can probably only be corrected 
by going beyond the pair-excitation ansatz (1) so as to 
take into account excitation of momentum-conserving 
groups of more than two particles. 

The ground-state energy Ey can be rewritten in a 
simpler and physically more appealing form than (21) 
with the aid of the momentum distribution function n, 
and the pair correlation function D(r). One finds with 
the aid of (3), (21), (22), and (28) that 


Eo= Exint+Epot, 


Exin/n= (Snip) f Jem, 


Fyos/n=4p f Diry(e, 


where . 
ny=(n| Ny’ |n)=¢?(k)[1—¢?(k) J". (32) 
IV. THE VARIATIONAL EXCITED STATES 

We consider in this section the approximate excited 
states, ®(nyn2---), which are related to the variational 
ground state, ®o, in the same fashion as Bogoliubov’s 
excited states are related to his ground state. We define 
®(nn2---) by 
-)=U|ninz- --), 


P(1n2 s+ 
(33) 


mina: > *)=C1D' (ne!) (a!) ] | n— Doe 1x’). 
k 


18 In obtaining the asymptotic behavior for large r use has been 
made of the results in C. J. Tranter, Jntegral Transforms in 
Mathematical Physics (John Wiley and Sons, Inc., New York, 
1951), pp. 63 ff. We have also assumed that $(k) is spherically 
symmetric here, though one expects the same qualitative behavior 
if #(k) does not deviate seriously from spherical symmetry. 

‘8 This is intimately connected with the Bose-Einstein conden- 
sation ; see O. Penrose and L. Onsager, Phys. Rev. 104, 576 (1956). 

2” This follows from the fact that D(r) can be rewritten in the 
form 


D(r)=1—2(p0/p)?+[(00/p) — fi(r) P+[(e0/p) + fo(r) P. 
*1 Tt is exhibited by the LHY pair correlation function, which 
becomes positively infinite as r — 0. 
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In Eq. (33), 7 are non-negative integers which will be 
shown to have the significance of the number of phonons 
of momentum k. Since U commutes with the operators 
representing the total number of particles and the total 
linear momentum, ®(n:72:--) is an eigenstate of these 
operators belonging to the eigenvalues m and >> nxk, 
respectively. We introduce the phonon creation oper- 
ators &' in order to rewrite Eq. (33) in the more 
physical form 


(nine: -)=[1T' (me 78 (Ex!) Jo. (34) 
k 


Comparing Eqs. (33) and (34) we see that they are 
equivalent provided we take 
&,! =f Ta, {tl 18,3 

= [1—¢?(k) } T Bolay'+(k) Boa. x |. 


The states of Eq. (34) then possess the following energy 
spectrum : 


(35) 


Hp'|ane*-) 
=Eot+ Dx’ nE(k), 


where £p is the ground-state energy of the state yp and 


E(nine: ++) = (nine °° 
(36) 


1+¢°(k) 
E(k) = [32+ pov(k) + Jo(k)+/1(0) — 72(0) }—— 
1—¢?(k) 


o(k) 
— 2[ pov(k) — 1,(k) }— , : 
1—¢?(k) 


(37) 


In obtaining Eq. (36) we have dropped terms which 
vanish in the limit nm — © for the low-lying states (i.e., 
states for which the number of phonons >>,’ nx is finite 
in the limit 7 «). The energy spectrum (36) is thus 
that of a collection of elementary excitations, E(k) 
being the energy of a phonon of momentum k. 

The Bogoliubov approximation to E(k) is of course 
obtained by neglecting again the integrals J; and /». 
The rigorous limiting behavior for small and large & is, 
however, 


E(k) — 2epov(0)+O0(R), 
kw (38) 


E(k) > +1, (0)—12(0) +0(k), 


kw 


where ¢ is defined by Eq. (25) and we have again 
assumed v(k) > O(k~*) for large k. Thus the phonon 
energy correctly approaches that of a free particle for 
large k. However, since E(0)>0,” an energy gap exists 
separating the first excited state from the ground state.¥ 


2 We assume that the interparticle interaction is repulsive 
“on the average” in the sense that »(0)= fv(r)d*r is positive. 

23 The physical origin of this gap can be seen by noting that 
although the excitation of a phonon of momentum kmin=2rV~4 
changes the total kinetic energy by a negligible amount, it changes 
the pair correlation function D(r) by an amount n™“A(r) with A 
independent of m, and hence [according to (31)] changes the 
potential energy by an amount 3p fA(r)o(r)d*r. 
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This gap seems to be unphysical for the true liquid He 
system™ and seems to be a general defect of the pair- 
excitation states*® just as is the behavior of the pair 
correlation function for small r. 

In order to justify the use of the term “phonon” 
for our elementary excitations we consider briefly the 
number density operator p(r). In the Schrédinger 
representation p(r) is given by 


(39) 


p(r)= > b(r—1;)=Dox pue'*, 
j=1 


which becomes in the quantized-field representation 


Pu = y- > x’ ay dys k: (40) 


If &(1,) represents a state of one traveling phonon, 
then the state for a standing wave, ©,, can be obtained 
by superimposing two traveling waves of equal and 
opposite momentum”*®: 


Ox =2-1[(1,)+(1_,) J. (41) 


In the state ©, one has 
1+¢7(k) 


(Ox,e(r) Ox) = p+ V-'— 
1—¢°(k) 


cos(2k-r). (42) 


It is clear that Eq. (42) represents the density fluctu- 
ations appropriate for a standing sound wave. 

In order to obtain a clearer picture of the meaning of 
the approximate variational states it is of interest to 
examine what part of the total Hamiltonian has been 
diagonalized by the variational principle. This sub- 
Hamiltonian, Ho, will then be diagonal in the phonon 
representation. To find Ho we must pick out the part 
of H’=U“ HU which is a function only of the occu- 
pation number operators Vy, and call it Ho’. Since 
H—H p is completely off-diagonal in the phonon repre- 
sentation, Ho’ is completely contained in Hp’. By 
inspection one finds then that 


Ho = Eot dx’ E(K)Nut(V-No—p)>- x’ v(k) 


1—9(k) 
X——_ Nt VI Die’ gi( kk’) VN x, 


(43) 
1+94(k) 


where g; is independent of ; the low-lying variational 
states &o, &(nin2---) are rigorous eigenstates of Ho 
belonging to the eigenvalues (36) in the limitasn— . 
Now, since H—Hp has no diagonal matrix elements 

* The Debye 7® specific heat at low temperatures implies a 
linear excitation spectrum E(k) at low k. 

25 In this connection it should be commented that the expec- 
tation value of the total Hamiltonian between one-phonon 
Bogoliubov states becomes positively infinite as k — 0. Thus, in 
a sense, these more approximate states exhibit this defect even 
more seriously. 

26 @, is an eigenstate of energy but not of momentum. One 
would expect such a state to be set up if the system were allowed 
to interchange momentum but not energy with its surroundings 
as in an ideal standing sound wave. 
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between pair states, the best possible variational state 
of the pair type would be a rigorous eigenstate of Hp 
itself. In Appendix B it is shown that under the assump- 
tion that the low-lying true eigenstates of Hp can be 
expanded in terms of the low-lying variational states, 
the eigenvalues of Hp, Ep, are related to those of Ho 
in the limit n — « by the equation 


Ep(nine- ::)=Eot Lx’ mE(k)—A, ADO, (44) 
where A is a constant independent of » and of ny. Thus 
the eigenspectrum of the best possible pair-type states 
differs from the spectrum already found only by a 
constant downward shift. Similarly, in Appendix B it 
is shown under the same assumptions that the pair 
correlation function, D(r), for eigenstates of Hp is of 


the same form as that found above for Ho. 


V. DISCUSSION 


In the preceding sections we have shown that a 
variational treatment of the many-boson problem with 
pair-excitation states of a simple exponential type 
(closely related to an intermediate-coupling approxi- 
mation with respect to pairs) suffices to give a low-lying 
energy spectrum lower than those of references 3-5 by 
an amount proportional to the total number of particles. 
More significant, perhaps, is the relation between the 
variational states and the best possible pair-type state. 
As discussed at the end of the last section the energy 
spectrum differs from the variational one by only a 
constant shift and the pair correlation functions differ 
only by terms of order n~'. Thus as far as these physical 
properties of the system are concerned, the variational 
ansatz “essentially” diagonalizes the pair segment of 
the Hamiltonian. However, in spite of this, certain 
unphysical characteristics remain in the pair-excitation 
states: the pair correlation function increases as r— 0 
even in the presence of a short-range repulsion and the 
phonon energy levels possess a gap not really present 
in He‘. It would seem, therefore, that the physical 
liquid contains states somewhat more complicated than 
a simple pair type. 

In spite of the above, the pair-excitation states may 
offer a convenient departure for constructing a better 
wave function to represent the true liquid. The remain- 
ing part of the Hamiltonian not diagonalized by a 
pair-type state includes terms involving three- and 
four-particle groups of the type @y-—«'dx'ay and 
Ay! Ay Ayn dy. Such structures, when acting on 
the unperturbed ground state of the kinetic energy 
operator, give zero and hence do not interact directly 
with the totally unperturbed states. When acting on a 
pair state, however, they produce excitations involving 
three and four particles, respectively. It appears, 
therefore, that the true wave function would contain 
terms involving operators acting on pair functions 
which produce “triad” and “quartet” excitations. One 
of us (M.G.) is now investigating this possibility. 
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APPENDIX A 


In this appendix we shall derive Eq. (13) for Bogo- 
liubov’s unitary transformation. In order to find this 
transformation we make the ansatz 


F=3 Dx’ yx(ax—ax'), 
where vy, is a real, even function of k. We determine y, 
such that Eq. (11) is equivalent to Eq. (8). We first 
define the auxiliary quantity a,(e) to accomplish the 
unitary transformation 


(A.1) 


Up=eF, 


(A.2) 


a, (€) = e*¥ aye". 


The quantities of interest are of course a,(1)=&,. 
The equations of motion for a,(e) are 


day (€)/de=[F(€),ax(€) ], (A.3) 


where F(e) is obtained from F by replacing a, and a,' 
by ax(e) and a,'(e) in the definition (A.1). One finds 
then that 


(A.4) 


da, (€) /de= ax" (€). 


The solution of Eqs. (A.4) subject to the boundary 
conditions a, (0) =a, ax'(O)=a," yields 


(A.5) 


£,=a,(1) =a, coshyy+a_,* sinhy,. 
Comparing Eq. (A.5) with Eq. (8), we see that 
Yx= —tanh"L,. 


APPENDIX B 
In this appendix we determine the forms of the low- 
lying eigenstates and eigenvalues of the pair Hamil- 
tonian Hp. We begin by exhibiting the transformed 
pair Hamiltonian H p’= UH pl’. With the aid of (19) 
and (23) one finds" 
Ap’ = H'4+3V Dix’ f( KK’) (Bo axa +870! ay") 
+ (p—V-No) dx’ go(k) (Bo~!ax+Boax*) 
+V" pw g3(k) (Bo lan + Boa!) 
+V- > xn” gs(kk’) (BoauN pe +BoN y-ax!) 
+V- D exe’ g5(Kk’)ax'ay:, 


where the g; are independent of m, and 


(B.1) 


o(k’) 1—9(k) 
f(kk’) = Ec — 


. )- 
1—¢?(k’) 1+¢(k) 


1+¢(k’) 
+ (1—8xx-)v(k—k’)—— | (B.2) 
1—¢(k) 


It is readily shown that the part of Hp involving the 
g; is of order n~ on the manifold of low-lying?’ vari- 
ational states ®(n:2- - +), since one has by (B.1) 
\LA e’— Ho’ —-3 V7 Dw’ f( kk’) (Boone: 

+Boraxtaxt) ]|nine---)|/2=O(n—).  (B.3) 


77 We require by definition of “low-lying” that the state 
(nin2-+-) contain only a finite number Dy’: of phonons in 


the limit n > ». 
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It follows that we shall make no error (in the limit 
n— ©) in determining the low-lying eigenstates and 
eigenvalues of Hp if we omit the terms involving g; in 
(B.1) and take 


Hp! =H +3V7 Sow’ f( KK’) (BoP axa +Beraxtax) 
=H! +2V7 Sct Fk’) (Bo axa: 


+Brrax'ax'), (B.4) 


provided only that the rate of convergence of the ex- 
pansion of the low-lying eigenstates of Hp in terms of 
the variational states is independent of , so that only 
the low-lying ®(nim2---) contribute to the expansion. 
In the second form of (B.4) we have replaced f by its 
symmetrized form 


F(kk’) = 2 f(kk’) + f(k’k) + f(—k, k’)+ f(k’, —k) 
+ f(k, —k’)+ f(—k’, k) 
+ f(—k, —k’)+/(-k’, —k)] 
=1{ f(kk’)+ f(k’k)+ /(—k, k’) 
+ f(k’, —k)], 


and have replaced summation over the whole k space 
by summation over half of it, since a,=a_,; in the 
following, the superscript “‘plus” on sums or integrals 
always implies restriction of summations or integrations 
to half of k space. 

The simple form of the perturbation Hamiltonian 
Hp—H, implied by (B.4) leads to a_ perturbation 
expansion in which only the disconnected loop diagrams 
contribute in the limit m— ~. As a result, the low- 
lying spectrum of Hp differs from that of Ho only by 
a constant downward shift A,?* as implied by Eq. (44), 
while the corresponding eigenstates IT(n2:--) of Hp 
have the form 


(B.5) 


II (nine: --)= UT (nine: « -), 
I’ (nino: j= > ca. iV 


X Lt vi(qie + qe;)Boaa': + - 


q1 q2 


Xagqo;'| m2" -). 


It follows from Eqs. (33), (35), and (B.6) that 


(mime: + +) =(T' (me 78 (Ext) % JIT, (B.7) 
k 


where IIo= I1(00---) is the ground state of Hp. There- 
28 The situation here is similar to that in the fixed-source boson 
theory with Hamiltonian 


H=, E(k)aytayt+ V7 Dy (Span +S *ay!), 


where the source term causes only a constant downward shift of 
the spectrum of H relative to that of Ho=Z, E(k)ay'a,. 
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fore the elementary excitations are the same as those 
of the variational states, since the corresponding 
creation operators £,' in (B.7) are the same as those in 
(34). Nevertheless, the eigenstates of Hp have a more 
complicated structure than the variational states, since 
they contain components with zero-point phonons not 
present ‘in the variational states; these zero-point 
phonons are described by the probability amplitudes 
y; in (B.6). Since one can show that the pair correlation 
functions of the low-lying excited variational states 
differ from that D(r) of the ground variational state 
po only by terms of order ~", it follows that Eq. (28) 
gives the pair correlation function of the true low-lying 
eigenstates II (nino::-) of Hp. 

One could obtain formal expressions for the energy 
shift \ and the probability amplitudes y; by writing 
down the general terms of the perturbation expansions 
for the eigenvalues and eigenstates of Hp, but it is 
simpler to define them implicitly in terms of the 
coupled set of linear integral equations which follow 
from the eigenvalue equation H p’II’=W II’. This pro- 
cedure has the added advantage that it furnishes an 
independent proof of the constant shift. To derive the 
integral equations, we substitute (B.4) and (B.6) into 
the eigenvalue equation and evaluate the inner products 
with the states |m)’n2’:--). Upon converting k-space 
summations into integrations one finds, apart from 
terms whose contribution vanishes in the limit »— « 
for low-lying states, the set of equations 


sAWo+ (277) ff kak’ F (kk), (kk’) = 


2) “ 
2D Sq Ge Wi 10a + Gu—1Gut* * *Qe—1Qn41’ * * Ges) 
+[E(qi)+---+E(qe;) +3 Wj (qi: - -qo,) 


+(2n) ‘| fo ehh’ Fk’) yk’ qs---qs,) 


0, (j>1) (B.8) 
where 


N= E(mino: --)—W (me --), (B.9) 


with E(nin2---) given by Eq. (36). In deriving (B.8) 
we have assumed, without loss of generality, that the 
y; are symmetric functions of their arguments. Since 
plays the role of an eigenvalue parameter to be deter- 
mined so that the solution of (B.8) yields a normalizable 
state vector II(mim2---), and the n, appear nowhere else 
in (B.8), it is clear that A is in fact independent of the 
nx; this proves Eq. (44). One could construct pertur- 
bation expansions for \ and the y by applying iteration 
procedures to the solution of (B.8). 
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Effect of Thermal Pretreatment on the Thermoluminescence of KCI Crystals 
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Thermal pretreatment was found to enhance the thermoluminescence of x-colored KCI crystals. The effect 
was found to penetrate into the crystal by diffusion from the outer surfaces. It is affected by the atmosphere 
surrounding the heated crystal, and it seems also to be structure sensitive. For some crystals the enhancement 
in the thermoluminescence was by a factor as high as 4000 when the number of quanta emitted during the 
thermoluminescence was about the same as the number of F electrons bleached during this process. 


INTRODUCTION 


T was found in previous work' that some peaks in 
the glow curve of x-colored KCI crystals increased 
enormously in intensity after the crystal had been 
subjected to many cycles of x-irradiation, heating and 
recooling to liquid-air temperature. 

The coloring properties are known*®* to depend 
largely on the previous heat-treatment of the crystal. 
On the other hand, it was also reported that crystals 
are easier to color after they have been exposed to 
x-rays and bleached by exposure to daylight.* The 
behavior of the glow peaks, as mentioned above, could, 
therefore, be expected to be due to both the thermal 
treatment and the x-irradiation. 

It was the aim of the present work to investigate this 
matter in detail, and to find out what part in the en- 
hancement of the glow peaks is due to the x-irradiation, 
and what part should be assigned to the heat treatment. 

The results as described below showed clearly that 
only the heat treatment produced the enhancement in 
the intensity of the glow peaks. 

It seemed reasonable that the enhancement in the 
thermoluminescence might be associated with an in- 
crease in the darkenability of the heat treated crystals. 
Absorption spectra have, therefore, also been taken. 
Only a small increase in the F darkenability was found 
for the heat-treated crystals. The increase in the V; 
band (when the crystal was x-colored at liquid-air 
temperature) was more pronounced, and the main 
effect was the appearance of new absorption bands, 
not observable in the spectra of thermally untreated 


crystals. The role of these new centers in the enhance- 
ment of the thermoluminescence is yet not clear, and 
the matter is now being investigated. 


EXPERIMENTAL 


The specimens used in the present work were syn- 
thetic KCl crystals grown by Harshaw Chemical 
Company. These were supplied in blocks of larger 


1! Halperin, Braner, and Alexander, Phys. Rev. 108, 928 (1957). 

2 E. Rexer, Z. Physik 106, 93 (1937). 

3H. Adler and F. Stegmuller, Acta Phys. Austriaca 11, 31 
(1957). 

4See, for example, K. Przibram, Jrradiation Colours and 
Luminescence (Pergamon Press, London, 1956), p. 45. 


dimensions, from which plates about 7X61 mm were 
cleaved. 

The thermal treatment was carried out with the 
crystal (and thermocouple) in a test tube inside the 
electric furnace. In experiments aimed to examine the 
effect of the atmosphere surrounding the heated crystal, 
the thermocouple was kept in nearest access to the 
sealed tube containing the heated crystal in the desired 
atmosphere. 

On the termination of the desired heating period the 
crystals were usually cooled rapidly to room tempera- 
ture by immersion into carbon tetrachloride. Later, 
however, it was found that slower cooling in the open 
air did not affect the resulting glow curves and color 
bands. Some sets of experiments were, therefore, carried 
out by slower cooling, which avoided possible fracture 
of the crystals while being quenched. 

The cryostat, detector, and recording devices as well 
as the x-ray apparatus and irradiation procedure were 
described previously.® 

Absorption spectra were recorded using a Beckman 
DK spectrophotometer. A cryostat to fit this apparatus 
was built for this purpose. 

The rate of warming-up used for obtaining the glow 
curves was kept at about 10°/min throughout the 
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Fic. 1. Effect of thermal pretreatment on thermoluminescence 
of KCl crystals. Heating temperature—500°C; heating times: 
a—360, b—45, c—15, d—5 minutes. e—an untreated crystal. 
X-irradiation—5 minutes at 14 ma 50 kvp from a copper target. 


° A. A. Braner and A. Halperin, Phys. Rev. 108, 932 (1957). 
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Fic. 2. Dependence of glow intensity on heating time for KCl 
crystal of different batches. The ordinate scale on the left belongs 
to curve a, and on the right to curves b and c. 


present work. This resulted in a reduction of about 5% 
in the peak temperatures of the glow curves compared 
to those reported previously,’ when the rate of warming 
was about 30°/min. 


RESULTS 
(a) Effect of Preheating on Thermoluminescence 


The intensity of the peaks in the glow-curve of KCl 
crystals was found to be dependent on the thermal 
history of the crystals. Figure 1 shows glow-curves for 
different crystals all of them cleaved out of the same 
crystal block, but kept for different periods at 500°C. 
After the heat treatment, the crystals were mounted 
in the cryostat, cooled to liquid-air temperature and 
submitted all to the same x-ray dosages, after which 
the glow-curves were recorded. Curves a, b, c, and d 
in Fig. 1 were obtained for crystals heated for 360, 45, 
15, and 5 minutes, respectively, while curve e belongs 
to a virgin crystal. The effect of the heat treatment is 
shown to be very strong in the temperature region of 
200-300°K.® For the longer heating periods (curves a 
and b) the glow was very intense, and these glow-curves 
are given on a reduced scale to the right of Fig. 1. The 
effect was found to saturate, and the glow curve ob- 
tained for a crystal heated for 18 hours at 500°C was 
essentially the same as that obtained for one heated 
only for 6 hours (curve a, Fig. 1). 

In the crystals of the batch just described the in- 
tensity of the glow peaks after heating the crystal to 
saturation increased by a factor of 4000 compared to 
the untreated crystal. The effect seems, however, to be 
structure sensitive, and crystals of other batches 
differed in behavior. This is shown in Fig. 2 in which the 
intensity at the maximum of the glow peak at about 
250°K is plotted against the heating time for different 
sets of crystals, all the crystals of a given set being 


6 Other peaks in the glow curve were much less affected by 
heat-treatment (e.g., the peaks below 400°K), while the glow 
peaks below 200°K seem not to be affected at all. The discussion 
is therefore limited to the peaks at about 250°K, and unless 
otherwise stated the term “glow intensity” will further be used 
for the maximum intensity in this temperature region. 
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cleaved out of the same crystal block. Figure 2 (a) was 
obtained from the glow curves shown in Fig. 1, and 
Fig. 2 (b)—for a set of crystals cleaved from another 
block. The same intensity units were used for al! the 
curves. 

Comparison of curves 2(a) and 2(b) shows two main 
differences. First, the maximum intensity obtained is 
only about 350 in 2(b), compared to 12 000 in 2(a). In 
addition, in 2(b) there is a decrease in intensity for 
longer heating periods and after heating the crystal for 
24 hours (at 600°C) the intensity was of the same order 
of magnitude as for the virgin crystal. To make sure 
that this effect is not incidental, another crystal (of 
another crystal block) was taken for a full set of 
measurements. In this case the crystal was first treated 
for 5 minutes at 550°C after which a glow curve was 
taken. Then the same crystal was submitted to addi- 
tional periods of heat treatment, glow curves being 
taken at each step. Figure 2(c) shows the results. Here 
the intensity of the glow at a given step is plotted 
against the total heating time to which the crystal was 
submitted up to the given step. Again, the behavior is 
as in curve 2(b); i.e., a maximum in the glow intensity 
is reached, after which there is a decrease for additional 
heating periods. 

Another set of experiments was carried out to examine 
the penetration of the thermal effect into the interior 
of the crystal. For this purpose, a crystal block of about 
one cubic centimeter was kept for two hours at 500°C. 
After cooling to room temperature, slices about 1 mm 
thick were cleaved from this block, and their glow curves 
after x-irradiation were compared. Results are shown 
in Fig. 3, in which curve a was obtained for the outer 
slice, curve b for the next cleaved plate, and curve c 
for the third (about 3 mm from the outer face). This 
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Fic. 3. Penetration of the heating effect into the crystal. a—for 
an outer slice cleaved from the heated crystal; b—next cleaved 
slice (about 1.5 mm from the outer surface); c—third cleaved 
slice (3 mm from outer surface). 
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Fic. 4. (a) The curves 2(a) and 2(b) replotted with the square 
root of glow intensity (4/J) as ordinate. (b) Curve 2(c) replotted 
with the square root of heating time as abscissa. 


experiment indicates that the heating effect penetrates 
into the crystal by diffusion from the outer surfaces. 

On heating at a given temperature the depth of 
diffusion into the crystal should grow with the square 
root of the heating time (d«¥/2). The thermolumi- 
nescence intensity seems, however, to rise for short 
periods of heating much faster than with 1//, as is 
clearly seen in Figs. 2(a) and 2(b). The initial rise is 
shown to be proportional to @ in Fig. 4(a) in which the 
short period parts of Figs. 2(a) and 2(b) were replotted 
with the square root of glow-intensity (\//J) in the 
ordinate. 

Figure 4(b) corresponds to Fig. 2(c), now replotted 
with 4/¢ as abscissa. The proportionality of the glow 
intensity to \// instead of & in the former cases, might 
be attributed to the difference in procedure as the same 
crystal was used now in successive cycles of heating, 
cooling, x-coloration, and glow-curve measurements. 
Accordingly, the time accumulated during several cycles 
was taken as the heating time instead of one uninter- 
rupted heating period in the former experiments. 

The effect of the temperature of the thermal treat- 
ment was also examined. Figure 5 shows the glow 
curves for three crystals (cleaved from the same 
crystal-block) treated similarly except that heating 
temperatures were 700, 600, and 500°C for crystals a, 
b, and c, respectively. 

As long as the heating effect does not reach saturation, 
the glow intensity seems to rise with temperature faster 
than the diffusion depth which should be proportional 
to exp(—1/T).’ 

7 See, for example, N. F. Mott and R. W. Gurney, Electronic 
Processes in Tonic Crystals (Clarendon Press, Oxford, 1948), p. 34. 
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The value of the saturated glow intensity seems to 
be affected only slightly, if at all, by changing the 
temperature at which the crystal was preheated. 


(b) Effect of the Surrounding Atmosphere 


Essentially the same results were obtained by heating 
the crystals in a chlorine atmosphere instead of the 
open air. 

The next step was to heat the crystal in high vacuum. 
At the beginning, when the crystal was heated in a 
glass tube evacuated down to nearly 10-° mm of Hg, 
the intensity of the glow was again about the same as 
on heating in the open air. Later, the residual traces of 
air were flushed by pure argon which was re-evacuated 
before sealing the tube. This resulted in a pronounced 
reduction in the glow intensity. Two crystals heated 
for 2} hours at 500°C, but one in the open air and the 
other in argon at a pressure of about 10-° mm of Hg 
showed relative glow intensities of 310 and 60, 
respectively. 

Quite different results were obtained in an atmos- 
phere of potassium vapor. Figure 6 shows for com- 
parison the glow curves for an untreated crystal (curve 
a), for a crystal heated in the open air (curve b) and 
for one heated in potassium vapor at 500°C (curve c).® 
The difference between curves b and c is impressive. 
The treatment in potassium vapor removed completely 
all the glow peaks which appear in the virgin crystal, 
and two new glow peaks at 150 and 180°K appear 
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Fic. 5. Temperature dependence of the heating effect. Crystals 
were heated for one hour, a—at 700°C, b—at 600°C and c—at 
500°C. 


§ The comparatively low temperature of the heat treatment in 
potassium vapor was not enough for considerable additive 
coloration of the crystal, which showed only slight traces of 
coloration after this treatment. 
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The effect of the heat treatment in potassium vapor 
is not as stable as that obtained by heat treatment in 
the open air. While the latter lasts for many months 
(and probably for many years), the effect of heat 
treatment in potassium vapor is considerably reduced 
on keeping the crystal for a few weeks at room tem- 
perature in the open air, when glow curves are again 
nearly the same as for a virgin crystal. 


(c) Effect of x-Irradiation History 


Crystals were subjected to very long exposures to 
x-irradiation in order to examine whether the irradiation 
history of the crystal affects its glow curves. The long 
x-irradiations were carried out with the crystals at room 
temperature just near the beryllium window of the 
x-ray tube. The irradiated crystals were bleached 
thermally by warming them up to about 600°K, and 
then subjected to 5 minutes of x-irradiation at liquid- 
air temperature, after which the glow curve was 
recorded. 

The glow curves obtained with these crystals were 
essentially the same as for virgin crystals, and no effect 
of previous irradiation of up to 100 hours could be 
detected in the glow curves. 

It was also of interest to examine the effect of pro- 
longed x-irradiation on the enhanced glow of previously 
heat-treated crystals. The results were negative as far 
as no reduction in glow intensity was found after 100 
hours of previous x-irradiation of heat-treated crystals. 
This was true for crystals thermally treated in the open- 
air as well as for those treated in potassium vapor. For 
the latter, the reduction with time of the glow peak at 
150°K (see above) was found to be independent of the 
x-irradiation history. 


DISCUSSION 


Effects of thermal pretreatment on the optical 
properties of alkali-halide crystals were described by 
many investigators. Only a few, however, dealt with 
the effects on the luminescence of the crystals,?*? and 
still fewer deal with the effects on thermoluminescence. 

Adler and Stegmuller’ have found that the phos- 
phorescence and thermoluminescence of NaCl crystals 
were enhanced by thermal treatment. Their thermo- 
luminescence experiments were restricted to tempera- 
tures above room temperature, and the enhancement 
in thermoluminescence was examined only qualita- 
tively. As to the origin of these effects the authors say 
that it should be attributed to the higher density of the 
F electrons, and to their higher mobility in the heat 
treated crystals. 

Spicer® has examined the effect of thermal pretreat- 
ment on the intensity of the x-ray induced luminescence 
from NaCl crystals. It seems that the heating affects 
similarly both the x-ray induced luminescence and the 


® W. Spicer, Phys. Rev. 106, 726 (1957). 
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Fic. 6. Effect of preheating in various atmospheres. a—an 
untreated crystal; b—crystal heated 15 minutes at 500°C in the 
open air; c—heated for 14 hours at 500°C in potassium vapor. 


thermoluminescence, and it seems worthwhile to com- 
pare some of our results to those reported by Spicer. 

In full agreement with our results Spicer found that 
the heating effects penetrate by diffusion from the outer 
surfaces into the crystal. On the other hand, according 
to Spicer the results differed very little for heating times 
varying between 1 minute and one hour which seems 
inconsistent with our results, unless we assume that in 
that case one minute was enough to bring the heating 
effect to saturation. Spicer has also found that prolonged 
x-irradiation reduced the heating effect, which again 
does not agree with our results. 

Rexer®” has investigated in detail the effects of 
preheating on the coloration and x-ray induced lumi- 
nescence in NaC] crystals. Using the ultramicroscope 
he had shown that rough irregularities in the bulk of 
the crystal become finer and evenly distributed after 
prolonged heating of the crystal. 

For direct measurement of the depth of penetration, 
Rexer made use of the afterglow in the heat effected 
regions of the crystal. Inner crystal slices cleaved from 
heat treated crystal blocks were used for this purpose. 
The penetration of the heating effect was then obtained 
by putting such a crystal slice, immediately after 
x-raying, in contact with a photographic plate, on which 
more intense blackening was obtained in points in close 
contact with those regions in the crystal which showed 
the enhanced afterglow. 

The dependence of the diffusion depth on heating 
time as well as on temperature was shown by Rexer 
to fit the diffusion process well. 

Rexer has also shown that when care is taken to 
eliminate traces of air, the diffusion depth for crystals 
treated for the same time and at the same temperature 
is much smaller in vacuum compared to that in the 


1 E, Rexer, Z. Physik 75, 777 (1932); 106, 70 (1937). 
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open air. This is in agreement with our results, and it 
seems that residual traces of air caused the heating 
effect to be the same in vacuum as in air in Spicer’s 
experiments.’ 

The same reasoning might explain why Adler and 
Stegmuller® obtained the heating effect on heating the 
crystals in nitrogen, which they took as a strong argu- 
ment against Rexer’s assumption that the heating effect 
results from penetration by diffusion of oxygen into the 
crystal. 

To prove this assumption, Rexer used a copper-doped 
NaCl crystal. On heating, he observed a black layer 
penetrating into the crystal. Rexer assumed that the 
black layer was formed by oxygen molecules which 
oxidized the copper inside the crystal. 

This sounds reasonable. It seems, however, that more 
than one diffusion process is involved. Oxygen ions 
might tend to increase the number of chlorine-ion 
vacancies," and thus increase the darkenability of the 
crystals. However, only, a small part of the enhance- 
ment of the luminescence might be attributed to an 
increase in the darkenability by the heat treatment. 
As already mentioned, absorption measurements have 
shown that the F centers and the V-type centers are 
enhanced only by a factor, say, of two to three, which 
is not enough to explain the increase in the thermo- 
luminescence in the heat treated crystals. 

We assume therefore that another diffusion process, 
namely the migration of potassium-ion vacancies and 
holes from the surface of the crystal into the interior,” 
helps in the enhancement of the luminescence. This is 
essentially what Spicer*® has suggested as an explanation 
for the effect of heating on the x-ray luminescence. 

The heating might be expected to cause the po- 
tassium-ion vacancies diffusing into the crystal to 
approach the neighborhood of chlorine-ion vacancies 
in the crystal, which would result in an increase in the 
probability of radiative transitions in the process of 
recombination of electrons and holes on warming the 
colored crystals. 

4 R. J. Ginther and R. D. Kirk, J. Electrochem. Soc. 104, 365 
(1957). 

2 See, for example, p. 56 of the review of F. Seitz, Revs. Modern 
Phys. 26, 7 (1957). 
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The spectral distribution of the light emitted at each 
of the peaks in the glow curve has also been investigated 
in this laboratory. An interesting result was that, 
although the glow curves of crystals heated in the open 
air were quite different from those of crystals heated in 
potassium vapor, the spectra were found to be composed 
of the same bands in both cases. This excludes the 
possibility of the luminescence being characteristic of 
oxygen or other foreign molecules which diffuse into 
the crystal during the heating process. On the other 
hand, on our assumption, according to which diffusion 
of vacancies into the crystal is responsible for the 
enhancement of the thermoluminescence, the spectral 
distribution should be the same no matter whether the 
diffusion process involved potassium-ion vacancies or 
chlorine-ion vacancies. 

This is also in accord with the results of Dutton and 
Maurer,"* who have shown that thermoluminescence 
results from recombination of holes released from 
V centers with electrons in F centers. 

The efficiency of the recombination process is very 
low, and is usually of the order of 10~. The role of the 
diffusion in the heat-treated crystals might be to in- 
crease this efficiency by a suitable distribution of the 
hole and electron traps and probably also by supplying 
intermediate steps which seem to be necessary for the 
recombination process. 

It is of interest at this point to note that for some of 
the heat saturated crystals described above [ Fig. 1(a) ], 
the number of quanta emitted during the glow process 
was about the same as the number of F centers bleached 
thermally during this process. 

While the diffusion depth rises with the square root 
of the heating time, the thermoluminescence intensity 
was found to rise faster. This might be explained partly 
by the increase in darkenability of both the F and 
V centers in the heat-treated crystals. We have, how- 
ever, to turn again to the assumption mentioned above 
as to the role of the diffusion process in increasing the 
efficiency of radiative transitions. 

8 A. Halperin and N. Kristianpoller, J. Opt. Soc. Am. 48, 996 


(1958). 
4D. Dutton and R. Maurer, Phys. Rev. 90, 126 (1953). 
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Energy Distribution of Neutrons Scattered by Liquid Lead* 


I. Peran,t W. L. WuitTeMorE,f anp A. W. McReyNOoLps 
John Jay Hopkins Laboratory for Pure and A pplied Science, General Atomic Division of General Dynamics Cor poration, 
San Diego, California 
(Received October 10, 1958) 


An experiment has been performed to test some of the predictions of a recent theory of neutron scattering 
by liquids proposed by Vineyard. Neutrons of 0.0685 ev were scattered at 90 degrees by lead at 250°, 330°, 
and 550°C, and the widths at half maximum of the energy distributions were determined. The width at 
250°C for solid lead was obtained for comparison purposes and found to be slightly narrower than would be 
predicted for a perfect gas model. The results for liquid lead show (1) that the simple diffusion model gives a 
slightly broader distribution than is observed for neutrons scattered by lead near the melting point and 
(2) that this model predicts a much larger variation of the width with temperature than is observed 


experimentally 


N a recent paper, Vineyard! proposed a theory of 

neutron scattering from liquids in which he makes a 
basic approximation to the formal treatment of neutron 
scattering by Van Hove? and develops several models 
for the dynamics of the liquid motion. This treatment 
predicts the energy distribution of the neutrons scat- 
tered by a monatomic liquid, and a diffusion model 
gives the width of the distribution in terms of the self- 
diffusion coefficient of the liquid. A specific example is 
also computed for the case of liquid lead, whose self- 
diffusion coefficient was previously measured and which 
can be treated classically because of its large mass. The 
purpose of the present experiments is to test the 
predictions of the diffusion model used in this theoretical 
treatment. 

We have performed a time-of-flight experiment to 
measure the energy distribution of neutrons scattered 
by lead at three temperatures—250°, 336°, and 551°C. 
The variation at each temperature was about +5°C. 
The two higher temperatures gave results for liquid 
lead, whereas the low temperature gave, for comparison, 
results on solid lead. A monoenergetic beam of neutrons 
was selected from the reactor thermal flux by a lead 
crystal and was interrupted periodically by a me- 
chanical chopper. After the neutrons had been scattered 
by a sample through an angle of about 90 degrees, they 
were detected by a bank of BF; counters after a flight 
path of 162 cm. The distribution in time of flight was 
analyzed by a twelve-channel time analyzer. In order 
to get sufficient resolution, narrow time channels were 
used to scan the distribution a section at a time. A 
single run was then performed at each temperature, 
with sufficiently broad channels to give by itself the 
whole distribution and thus to correlate the higher- 
resolution runs. 

*Work performed under a contract with the U. S. Atomic 
Energy Commission. Experimenta] observations were taken at the 
Brookhaven National Laboratory, Upton, New York. 

+ Guest physicist at Brookhaven National Laboratory on leave 
from the Weizmann Institute, Rehovoth, Israel, and the Israeli 
Atomic Energy Commission. 

t Guest physicist, Brookhaven National Laboratory, Upton, 
New York. 

1G. H. Vineyard, Phys. Rev. 110, 999 (1958). 

2L. Van Hove, Phys. Rev. 95, 249 (1954). 


The time-of-flight distribution obtained in the 
manner described above is shown in Fig. 1 for liquid 
lead at 336+5°C. Similar distributions were obtained 
for the scattering from lead at 250° and 550°C. The 
average energy of the incident beam was measured with 
the aid of a crystal spectrometer and found to be 0.0685 
ev. Figure 2 gives the energy distribution obtained from 
the time-of-flight measurements and includes a cor- 
rection for the detector sensitivity. Also shown in Fig. 
2 is the distribution of the incident neutron beam as 
determined by scattering it at 90 degrees from a thin 
sheet of vanadium. The width at half maximum of this 
spectrum is 0.0106+0.0005 ev. The experimental values 
are presented in Table I under the column headed AE. 

Before the experimental results can be compared with 
theory, it is necessary to correct each of the energy 
distributions for the inherent resolution of the equip- 
ment, the distribution in incident energy, and the effects 
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Fic. 1. Time-of-flight spectrum of 0.0685-ev neutrons scattered 
at 90° by liquid lead at 336°C. 
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TABLE I. Width at half-maximum of the distributions for lead. 
AE is the experimental value. AZ; is the experimental value 
corrected for instrumental] resolution. 


Temperature 


Scatterer SE (ev) 


0.0106-4-0.0005 
0.0192-4.0.0010 


0.0214+0.0010 0.0186+0.0011 
0.0225+0.0010 0.0198+0.0011 


AE; (ev) 


V 24 
Pb 250 
Pb 336 
Pb 550 


0.0160+0.0011 


of multiple scattering in the sample. The distribution 
of neutrons scattered by vanadium gives both the effects 
of instrumental resolution and the distribution of 
incident energy. Correcting each of the energy distri- 
butions for lead for this effect by considering each a 
Gaussian distribution, one obtains the data listed in 
Table I under the column headed A£;. These data can 
also be corrected for the effect of higher-order scattering 
by the following considerations. The sample was in the 
form of a sheet 4.0 mm thick and was tilted to the 
incident beam at an angle of 45 degrees in a reflecting 
position. Higher-order scattering® from the sample is 
estimated to be 20% of the first-order scattering and 
gives rise to an extra broadening of the scattering 
pattern for lead. An analysis of this effect shows that 
there is a resulting broadening of about 5% due to 
multiple scattering. Since this is less than the experi- 
mental error, the widths at half maximum given in 
Table I under AEX, are taken as the single-scattering 
distributions. 

The purpose of the present experiment was to check 
the predictions of the simple diffusion model. Using the 
results of this theory and the measured values of the 
self-diffusion coefficient of liquid lead,‘ we obtain for 
the widths at half maximum of the energy distribution 
0.023 ev and 0.046 ev at 336° and 550°C, respectively. 
In Table II these values, called AZ, are compared as 
a function of temperature with the experimental widths 
of the scattered neutron distribution. It is seen that the 
diffusion model gives a distribution somewhat too broad 
near the melting point of lead and increases much too 
sharply with increasing temperature. For comparison, 
the widths at half maximum have been computed for 
the perfect gas model and are tabulated in Table II 
under AE;. The agreement with experiment here is 


TABLE II. Comparison for liquid lead of corrected experimental 
widths at half-maximum, AX), with the widths for diffusion model, 
AE», and for perfect gas model, AF;. Results for solid lead at 
250°C are shown in parentheses for comparison. 


Temperature 

(°C) AEs (ev) 
(0.0182) 
0.0196 
0.0228 


AE; (ev) AE: (ev) 


(0.0160) 
336 0.0186 
550 0.0198 


(250) : 
0.023 
0.046 


3G. H. Vineyard, Phys. Rev. 96, 93 (1954). 
*L. D. Hall and S. Tothman, Am. Inst. Mining Met. Engrs. 
206, 199 (1956). 
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more satisfactory. This model predicts a somewhat 
smaller width at the melting point than does the 
diffusion model and agrees fairly well with the experi- 
mental result. The increase of width with temperature, 
while not so marked as for the diffusion model, is still 
greater than for the experimental result. 

Vineyard has made additional computations® using 
a different combination of models for the liquid. These 
new results show that an important criterion for the 
scattering is the time spent by the scattered neutron 
in the neighborhood of the scattering center. If this 
time is long, one expects the diffusion model, as used 
in reference 1, to be appropriate; however, if the time 
is shorter, other models are required. From a considera- 
tion of the momentum transferred in a typical scattering 
in the present experiment, one sees that the scattering 
time is too short for the diffusion of lead atoms to be a 
dominant influence on the scattering process. The 
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Fic. 2. Energy distribution of neutrons scattered at 90° by 
liquid lead at 336°C. Energy distribution of incident neutrons is 
shown as the dashed curve. 


scattering time for this case is of such a length that the 
exact details of the scattering process are complex. 
Nevertheless, there is some reason to expect that the 
width at half maximum may be less at the melting 
point than is predicted for the perfect gas model and 
may also increase less rapidly with temperature. In 
addition, the width at half maximum for solid lead at 
250°C can also be less than the value predicted for a 
perfect gas. 
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Temperature Dependence of Anisotropy Energy in Antiferromagnets* 
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Department of Physics, University of California, Berkeley, California 
(Received October 7, 1958) 


The Akulov-Zener classical theory of the temperature dependence of ferromagnetic anisotropy energy is 
extended to the antiferromagnetic case. The result, for short-range interactions only, is that 


K,(T)/Kn(0)=[M(T)/M (0) Jur ?2, 


where K,,(7) is the mth order anisotropy constant and M(T) is the sublattice magnetization. Here, K,,(0) 
and M(0) refer to the corresponding quantities at absolute zero. The result is verified by a spin-wave 


calculation. 


INTRODUCTION 


ENER,! following an early argument by Akulov,’ 

has shown that the temperature dependence of the 
short-range interaction contribution to the anisotropy 
energy in ferromagnets is given by 


K,(T)/Kn(0)=[M (T)/M (0) ret, (1) 


over a temperature range such that AM/M(0)<1. 
Here M(T) is the magnetization at temperature T and 
M (0) is the magnetization at 0°K; K, is the anisotropy 
constant corresponding to the mth order surface 
harmonic. 

A similar argument is expected to hold for antiferro- 
magnets where M refers to the sublattice magnetization. 
There is, however, one important difference. Anderson® 
has shown that the ground state of an antiferromagnet 
is not the antiparallel arrangement of spins, but at 
O°K, the theory predicts some deviation from the 
antiparallel state. Consequently, in order to extend 
Zener’s argument to antiferromagnetic substances we 
must include this zero-point fluctuation. Thus, M(T) 
is the actual sublattice magnetization at temperature 
T and M(/|) replaces M(0) in Eq. (1), where M(/|) is 
the magnetization a sublattice would have if all the 
spins were parallel. We expect then, by simple analogy 
with Eq. (1), that for an antiferromagnet 


K,,(T)/Ky( )=[M(T) ‘M( ) newt 2 (2) 


over a temperature range such that AM/M(/')<<1. We 
note that A, is the ansisotropy constant associated 
with the surface harmonic of degree ; it is not the 
usual mth term in the expansion of the anisotropy 
energy. 

For an anisotropy of the form 


Dd: I (S3.57,52), (3) 


* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

1C, Zener, Phys. Rev. 96, 1335 (1954). The clearest discussion 
of the temperature dependence of anisotropy energy in ferro- 
magnets is that given by J. H. Van Vleck, 1958 Grenoble Con- 
ference [J. phys. radium (to be published) ]. 

2.N. Akulov, Z. Physik 100, 197 (1936). 

’P. W. Anderson, Phys. Rev. 86, 694 (1952). 


where S;* is the a component of the ith spin and F, is 
a homogeneous polynomial of degree n, we have calcu- 
lated the temperature dependence of the anisotropy 
energy and have found the above result verified. We 
have also obtained the same result (for n= 2) using an 
interlattice pseudo-dipolar anisotropy of the form 


>: >j Ci {84 (2)-Sa(y) 
~3r;-(S4(i)-ri, 1 Se(j)-ris]), (4) 


where r,; connects nearest neighbors. The calculation 
is performed using (3) as a perturbation on the spin 
wave system. 
ANALYSIS 
We first present the theory of antiferromagnetic spin 

waves in a convenient form and then treat the ani- 
sotropy Hamiltonian as a perturbation. The use of 
perturbation theory is justified only if the effect of the 
anisotropy is small. For many antiferromagnets this 
assumption is not strictly valid. Following closely the 
method of Nagamiya, Yosida, and Kubo,‘ we write 
the exchange Hamiltonian as 

Kex= 2 Dis; S1(i)-Sal(j); (5) 
here J is positive for an antiferromagnetic interaction; 
A and B refer to the two sublattices. The equations of 
motion are 

thdS ,(1)/dt=(S4(1),Kex ], 

ihdS,(7) d= [Sa(7),Wex }. 


On working out the commutators, we arrive at 


hd§ 4 (i)/dt=2I84(i)X> ; Sa(y), 
hdSp(j)/dt=2IS82(7)X¥: Sa(i), 


(7) 


where the sums range over nearest neighbor spins. 
Henceforth, the S’s will be considered as classical 
vectors. It should be noted however that (7) is a valid 
equation equally for operators or for expectation values. 
After linearizing (7) by neglecting small terms, we try 

‘ Nagamiya, Yosida, and Kubo, in Advance in Physics, edited 


by N. F. Mott (Taylor and Francis, Ltd., London, 1955), Vol. 4, 
pul. 
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the following standing-wave solutions: 

€47=€,° sinw/ sink,« sink,y sink,z, 

€4”= €4" coswl sink,« sink,y sink,z, 

€n* =p" sinwt sink,x sink,y sink,z, 

én” = €n° Cosw! sink,x sink,y sink,2. 
Here ¢* and e” are the x and y components of the spin. 
Neglecting terms quadratic in e* and e” (low-tempera- 
ture approximation), the equations of motion become 

hweg® = —2IZS(€4°+y ep") 

2IZS (en +yx€4°), 


(9) 
hwep’ = 


where Z is the number of nearest neighbors, S$ the 
classical atomic spin per atom, and 


= (1/Z)>°, exp(ik- 0), (10) 
summed over nearest neighbors. Solving the secular 
equations (9), we arrive at the well-known dispersion 


relation 


(hw,)?= (2IJZS)?(1—:2), (11) 


which for small & makes w; proportional to k. The 
exchange energy is given by 
k =hytky= 2) >> S,(7) -Sa()) 
=—2IZNS*+J s, {Ces (i)+n7(7) P 
+[e4"(i)+ en" 
However, the spin-wave energy is 
E,.= (n+})horx, n=0, 
Using (9), (10), (11), and (12), the amplitude of the 
motion is determined by 


(e4°)?=16S(n+3)N1(1—y2)74. (14) 


N is the number of spins in each sublattice. This 
determines the excitation quantum number » in terms 
of the spin-wave amplitude ¢,°. To determine the 
sublattice magnetization, we note that 


(Sa?)?=S(S+1)—Lilea?(k))w; (15) 


DifLea? (i) P+Lea” (i) P}. 


(7) PF}. (12) 


LZ, (13) 


where 
(€47( (k)) w= 
Thus, 
M 4(T) =~ Ngus[.S(S+1) } 
1 —Ylea2(k)w/2S(S+1)] (17) 


or 


AM, M ( \= >" e42(k) )) av 2S(S+1). (18) 


We now consider the anisotropy Hamiltonian in the 
form 


K’=))  F.(S3,S2,S2)= 


where the 1, 2, and 3 axes are the symmetry axes of the 
crystal, F,, is a homogeneous polynomial of degree n in 
S}, S2, and S}, and G, is the surface harmonic of 
degree n having the appropriate symmetry. Here a, ao, 


K,,(T)Gy(a1,a2,a3), (19) 


PINCUS 


a3 are the direction cosines of the crystal axes with 
respect to the direction of magnetization. 
Following Zener’s argument, we find that 


T)/Kx(\|)=(Pn(cos8)) wy; (20) 


where @ is the angle between the spin and the axis of 
magnetization, and the average is over all sublattice 
spins. Zener performs his average using a random-walk 
distribution function. On the other hand, as Keffer® 
does for the ferromagnetic case, we carry out the 
average over the spin-wave system. From Legendre’s 
differential equation, we obtain, for small 8, 


(P,,(cos0)) w= 1—4n(n+1)\(P)wt---. (21) 


But, 


=Didear(k ))av/S (22) 


(6") py (S+1). 

Thus, 
n(T)/K,(\\)= 

Using (18), 


K,(T)/K,(\|)=1—4n(n+1)AM/M((\) 
~[M(T)/M(\|) }r?, 


—4n(nt1)> €42(R))w/S(S+1). (23) 


the desired result is obtained, i.e 


(24) 


Because (24) holds at any sufficiently low temperature, 
it must hold at O°K. Thus, we may write® 


)=[M (0)/M (||) no (25) 


K,,(0) Ky( 


Dividing (24) by (25), we obtain 


K,.(T)/K,(0)=[M(T)/M (0) Jnr? (26) 


An indirect consequence of our result is, that for a 
given form of anisotropy, the anisotropy energy of a 
given order v falls off more slowly with increasing 
temperature in an antiferromagnet than in a ferro- 
magnet. This statement applies only at low tempera- 
tures for which the spin-wave approximation is ade- 
quate. The basic reason for this consequence is that the 
sublattice magnetization in an antiferromagnet is 
proportional to 7?, whereas a T? law holds for ferro- 
magnets. We emphasize again that this entire discussion 
does not apply to the dipolar (long-range) contributions 
to the anisotropy. 
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5 F. Keffer, Phys. Rev. 
®For a given antiferromagnetic crystal, e.g 
determine the anisotropy constants in a paramagnetic resonance 


100, 1692 (1955). 

, CoFs, one can 
experiment by substituting some Co atoms into ZnF». Apart 
from discrepancies in the anisotropy constants arising from small 
differences in the structures of CoF: and ZnF», the constants 
determined in this way will be too high for pure CoF»2 because of 
the zero-point spin waves, as is shown by Eq. (25). This difference 
between K,,(||) and K,(0) may be appreciable in some cases and 
could possibly be determined experimentally. 
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Steady-state effective parameters of the susceptibility tensor have been found for a two-sublattice system 
by using equations of motion with Gilbert-type relaxation terms. To the same order in the molecular field 
coefficient, these parameters differ from those previously found for Landau-Lifschitz type terms in that 
they have infinite discontinuities in the compensation region, there is no distinction between the effective 
gyromagnetic ratios characterizing the absorption and the Faraday effect, and there is no additional term 
appearing in the expression for the off-diagonal element. 


I 

ECENTLY, it was shown that one can define effec- 
tive gyromagnetic and relaxation parameters for a 
two-sublattice ferrimagnetic system in terms of the in- 
dividual sublattice parameters.! These effective param- 
eters can be used to analyze the macroscopic steady 
state response of the system in a magnetic resonance 
type experiment. The sublattice equations of motion 
which were used included relaxation terms of the 

Landau-Lifschitz type. 

Because the Gilbert type of relaxation term? is 
apparently more suitable for use in describing experi- 
ments involving very high rates of dissipation, the 
question was raised* as to whether one could similarly 
define effective parameters if one used equations of 
motion which involve this type of relaxation term. Our 
purpose here is to investigate this problem for the 
simplest case in which we include only the external 
and molecular fields acting on the sublattices. 

The Gilbert equation of motion for the ferromagnetic 
case can be written in the form 


dM /dt=yM X H—aM x (dM /d?), (1) 


where the term involving a is a relaxation term of the 
type introduced by Gilbert. This equation has the 
virtue of simplicity in the way in which the magnetic 
field H is included and makes it quite evident that H is 
to be the total instantaneous magnetic field. It can be 
easily shown that (1) can represent a valid vector 
equation only if y and a have the same sign so that the 
product ya is positive. For simplicity, we shall assume 
that y and a are constants. 

If we write H.=H, assume that H, and H, are 
proportional to e'“! and are both small compared to H, 
and neglect second order terms in (1), we can easily 
find the steady state solution of (1). The susceptibility 
tensor elements (i.e., M@z=xH,—ig¢H,) are then found 


1R. K. Wangsness, Phys. Rev. 111, 813 (1958). Hereafter, we 
shall refer to this paper as EP. 

2T. L. Gilbert, Armour Research Foundation report, May 1, 
1956 (unpublished). 

3G. T. Rado (private communication). 


to be given by 
Dyx=YHM +iwyaM?, (2) 


D,o=wyM, (3) 
where 
D,='H?—[1+ (aM)? u*+ 2iwyaHM, — (4) 


and M,=M<const. We shall refer to these specific 
results later. 
II 
In order to examine the ferrimagnetic two-sublattice 
case, we can proceed exactly as in EP. We write an 
equation of motion for the ith sublattice of the Gilbert 
form: 


dM, ,/dt=7:.M;XH,;—ai:M;X (dM,/d0). (5) 


The total field H; on the ith sublattice is given by 
H,=H-+ AM, and H.=H+AM,, where H is the external 
field and \ the molecular field coefficient. 

With external fields like those above and in EP, the 
component equations of motion are found to have 
exactly the form of EP(8-10), except that now the 
various coefficients have the values 


a,=A=B=E=J=0, (6) 
C= 7H+}iol,—AdA, 
D=6H+}iel_—dyA, 
F=6H+Hiel_+8M, (9) 


G=yH+hiol,+ryM, (10) 


where the various symbols have exactly the forms given 
by EP(11,12,21-23). Thus, we can immediately use all 
of the completely general solutions of the equations of 
motion as contained in EP(24-30) with the same 
notation as EP except for the new values of those 
symbols given in (6)—(10) above. 

Again, we can expand the complicated general results 
in powers of \ and keep only the terms in the highest 


power of A which occurs, and which turns out to be A’. 


In this way we easily find that, to this approximation, 
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the elements of the susceptibility tensor are given by 
Dx =77HM+twy aM’, (11) 
Do=ayM, (12) 


where 


D=72H?—[14 (a.M)* w*+ 2iwy.aHM, 
y-=M/S, 
ae= (a,M ,S;+a2M oS») MS= 0 MS, 


(13) 
(14) 
(15) 


and where S;=M,/y; is the angular momentum of the 
ith sublattice and S=S,+S. is the total angular 
momentum. 

Thus, the quantities y, and a, are the effective 
gyromagnetic ratio and relaxation parameter (to the 
order of ?) for the case of Gilbert type relaxation terms. 
We note that the quantity 


y¥a.=U = (via S P+ 20282") /S? 


is always positive because y,a; is positive; since the 
absorptive component x” is proportional to ya, the 
absorption will always be positive. The ferromagnetic 
case can be obtained by setting yi=y, ai=a, S;=}5S; 
we find that y.=y, a.= 4a, and the values of x and ¢, of 
course, reduce to those given by (2)-(4). 

If we write y=x'— ix”, we easily find from (11) and 
(13) that 


Dy! = 2HM[y2H?— (1—a2M*)w*J, 
Dy! = wy a M*Ly 2+ (102M), 


D=|D\?=[y2H?— (1-—a2M?)a* P+ (20a M)?. 

We see that the denominator of x”, regarded as a func- 
tion of H, will be a minimum and that ’ will be zero 
for the value H, given by 


77H ?—(1—(a.M)* *=0 (19) 


which we can take as our resonance condition. If we 
write H?=w*/y/,, we find from (14)—(15) and (19) that 


Y 2 = M? [S?— (y:01S P+ 720252")? |. (20) 


Ill 
There are several interesting points of difference 
between the results just obtained and those found with 
the use of Landau-Lifschitz relaxation terms as given 
in EP. Comparing (14) and (15) with EP(39) and (40), 
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we see that the relaxation parameters a; are now much 
less obtrusive in the expressions for the effective param- 
eters. In the present case, the effective parameters are 
no longer continuous through a compensation region 
but have infinite discontinuities there*; this difficulty 
was not present in EP. 

If we now compare (11) and (12) with EP(36) and 
(37), we see that the distinction between y,’ and y., 
and the new term in ¢ involving 6, which we found 
before do not arise when Gilbert-type relaxation terms 
are used. In principle, these differences should offer an 
experimental way of deciding between the relative 
adequacies of these two types of relaxation terms. 

As usual, the values at the compensation points 
M=0 and S=0 are of particular interest. At M=0, 
x=¢=0 from (11) and (12). To look at this more 
closely, we can evaluate the general terms to order A 
for M=0. This is quite straightforward and we find 
that x= —1/A and ¢=0. Thus, at M=0, x” and ¢ are 
both at most of the order of \~*; these results are 
exacily the same as found in EP for Landau-Lifschitz 
terms. 

In obtaining (11)-(15), we divided both the nu- 
merator and denominator by S*. If we first multiply 
back by S*, we can then set S=0 and so evaluate x and @ 
at this compensation point. We easily find that ¢=0 and 


x= (HM —iwQ)/[H?+ (#0/M)"]. 


Thus, ¢ is at most of order (1/A) at S=0. At first sight, 
the expression for x would seem to be erroneous because 
it indicates that one could not get a resonance for a 
real value of H; this is also shown by (20) since it 
cannot be satisfied by a real y, for a small region 
around S=0. However, this apparent fault is simply 
a consequence of only keeping terms of order \? in our 
calculations here, as it is known® that the resonance 
condition at S=0 involves A, and further calculations 
which include the terms of order will rectify this. 

A brief investigation of the expected behavior of the 
resonance line width AH can be made exactly as was 
done in EP. One finds, again, that AH satisfies the 
equation EP (61) with, however, a replaced by Q of (15). 
Thus, for the case of Gilbert-type relaxation terms 
also, the product MAH will vary continuously through 
the compensation region. 


‘One must continually remember while making these com- 
parisons that, so far, we have calculated only terms to order A’. 
5 R. K. Wangsness, Phys. Rev. 93, 68 (1954); 97, 831 (1955). 
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This paper describes some experiments in which an electric discharge, between the surface of a molten 
pool of germanium and a nearby solid germanium electrode, was found to repel surface scum from the 
vicinity of the discharge. It also reports some experiments in which it was found possible to produce crystal 
nucleation by the application of a relatively low electric field to the surface of a supercooled germanium 
melt. No explanation for either of these phenomena is proposed. 


I. ELECTRICAL REPULSION OF SCUM ON 
MOLTEN GERMANIUM 


HE presence of scum on the surface of a germanium 

melt sometimes occurs during crystal-growing 

operations. In this section experiments are reported in 

which it was found that when a gas discharge was made 

to occur between the surface of a germanium melt and 

a nearby solid germanium electrode, scum on the melt 
surface was repelled from the region of the discharge. 

The experiments were performed in an induction- 
heated, vertical crystal-growing furnace of typical 
design sketched in Fig. 1. A mass of 20-ohm-cm n-type 
germanium was melted in a graphite crucible; a con- 
tinuous dc electric discharge was then initiated between 
the melt surface and a germanium crystal held above 
the melt in the chuck normally used to hold seeds for 
crystal growing. The germanium electrode crystal was 
roughly in the shape of a ;/g-in. diameter rod terminat- 
ing in a hemisphere of the same diameter, and was held 
typically } in. above the surface of the 1}-in. diameter 
melt. 

The power source used was a vacuum-tube regulated 
supply designed to furnish small constant currents over 
a wide range of output voltages. The open-circuit out- 
put voltage was about 400 volts. The circuit diagram 
is shown in Fig. 2. 

A discharge could be ignited by bringing the electrode 
tip to within about half a millimeter of the melt surface, 
producing before ignition a field of roughly 5000 v/cm. 
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Fic. 1. Elementary sketch of apparatus. 


When the discharge occurred, it appeared to be quite 
stable; steady currents of as little as 5X 10~* amp were 
observed. The cathode was heated much more than the 
anode. The discharge appeared, visibly, to be confined 
to a thin cylinder less than a millimeter in diameter, 
which could be drawn out in length to nearly a centi- 
meter before it became unstable and vanished. It is not 
clear whether this should be termed a glow discharge 
or an arc. 

In nitrogen at atmospheric pressure, it was observed 
that any scum on the melt surface was repelled from 
the discharge when the polarity was such that the melt 
was negative, but not when it was positive. A discharge 
current of as little as half a milliampere sufficed to 
force all scum to the crucible wall; the scum would 
immediately return on cessation of the discharge. 
Further experiments showed that this repulsion was 
very pronounced in nitrogen, faint but definitely notice- 
able in hydrogen, and not observable in argon or helium 
(all at atmospheric pressure). The above polarity re- 
quirements held for hydrogen as well as nitrogen. 

We are unable to propose an explanation of this 
phenomenon, although it seems reasonable that the 
presence of the discharge in some way locally lowers the 
surface tension of the molten germanium. Similar be- 
havior is also observed' in the case of mercury ar 
cathode spots in mercury-pool rectifiers. 

Prolonged maintenance of such a discharge in a 
nitrogen atmosphere was accompanied by an increase 
in the amount of scum on the melt surface, and by a sooty 
black deposit on the solid electrode. X-ray analysis® of 
a meager sample of this deposit showed that it was 
germanium, with no more than five percent of 
impurities. 


«beep 


Fic. 2. Power supply. 
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1 R. L. Longini, Westinghouse Research Laboratories (private 
communication). 

? This analysis was made by A. Taylor, Westinghouse Research 
Laboratories. 
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II. ELECTRICAL INDUCTION OF NUCLEATION 
IN SUPERCOOLED GERMANIUM 


It is well known that, in liquid germanium of suffi- 
cient purity and cleanness, a supercooling of many 
degrees may be maintained for long periods of time, 
without nucleation. In this section experiments are 
described in which crystal nuclei were made to form on 
the surface of a supercooled germanium melt by the 
application of a direct electric field to that surface. 

The apparatus was the same as described in Sec. I. 
The germanium was entirely melted in a graphite 
crucible, then supercooled. It was observed that 25°C 
of supercooling could be maintained for some minutes 
without nucleation, despite the presence of appreciable 
vibration. Direct voltage of about 400 v was then 
applied between the melt and the germanium crystal 
electrode. 

When voltage was applied, under suitable circum- 
stances as described below, crystallites appeared on the 
surface of the melt, usually with no apparent time lag 
(less than 0.1 second) but occasionally not for several 
seconds. There appeared to be a radially outward force 
acting on these crystallites, for they immediately moved 
outward, more appearing at the center at a rate typically 
ten per second. Once formed, these crystallites grew in 
apparently normal fashion, regardless of presence of 
field. 

It should be pointed out that the induction of nuclea- 
tion occurred without the passage of any observable 
current as indicated by a meter in the circuit. Probably 
a more sensitive test is that no gas discharge was 
observed. 

A series of experiments showed the following results: 


1. Nucleation did not occur in hydrogen or argon, 
but only in nitrogen (all at atmospheric pressure). 

2. Nucleation did not occur even in nitrogen unless 
there had previously been a glow discharge as described 
in Sec. I, between electrode and melt. This glow dis- 
charge in some way conditioned the melt so that nuclea- 
tion could be caused by subsequent application of an 
electric field. The polarity, duration, and intensity of 


BENNETT 


this discharge appeared unimportant. In every case, 
however, the total charge passed exceeded 10-* cou- 
lomb ; a critical value less than this may exist. The melt 
need not be supercooled during this discharge. 

3. The effect produced by the discharge described in 
item 2, whereby the melt was made susceptible to 
nucleation by subsequent application of an electric 
field, was temporary. The melt reverted to a non- 
nucleable state in roughly fifteen minutes, if main- 
tained molten. 

4. The process was sensitive to the polarity of the 
applied field, nucleation occuring only when the melt 
Was positive. 

5. The rate of application of field did not seem to be 
significant. Nucleation occurred at about the same 
electrode-to-melt distance whether (a) the voltage was 
suddenly switched on with electrode near melt or (b) the 
voltage was applied with electrode far away, the elec- 
trode thereafter being slowly lowered until nucleation 
occurred. 

6. There appeared to be a critical field, of the order 
of 200 v/cm, below which nucleation was not induced 
and above which it was. 

7. This critical field did not depend, at least to a first 
approximation, on the amount of supercooling, which 
was varied between 0 and about 25°C. 

8. Nucleation could be induced even at the smallest 
observable supercooling (less than }°C). 

Again we can propose no mechanism to explain this 
behavior. The requirement of a preceding gas discharge 
suggests that this discharge may form over the melt 
surface a germanium nitride film which is in some way 
essential to the nucleation, and that this film may be 
volatile, thus accounting for the temporary nature of 
the nucleability. Such a suggestion, however, can only 
be considered tentative. 

It should be added in closing that experiments have 
shown that neither of the two types of phenomena 
described in this paper occurs in liquid indium anti- 
monide in a nitrogen atmosphere. 
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The optical spectrum of Co** in CaF» is analyzed. Absorption bands are found at 3 yw, 1.54, and 550 mu. 
These bands show fine structure. In addition there are weak and narrower bands at 19 220, 19 580, 20 450, 
21 750, 22 000, and 25 750 cm“, and intense lines at 44 250 and 48 200 cm™. The spectrum is interpreted to 
arise from transitions from the orbital singlet to various Stark levels split by spin-orbit interaction, and 
yields values of Dg=340+10 cm™, E(P) =14 0004100 cm™, and E(G) = 16 2504100 cm. The spectrum 
of Co** in the eight coordinated cubic symmetry is compared with Co?* in octahedral and tetrahedral 
symmetry as well as with Cr** in octahedral symmetry. 


INTRODUCTION 


ECENTLY, one of us (W.L.) has reported in 

detail on the interpretation of the paramagnetic 
and optical spectra of Co** in the octahedral cubic 
field of MgO.' It was shown that it is possible to fit 
the optical absorption spectrum to a simple energy 
level scheme with the use of a few parameters. These 
parameters are the crystal field strength, usually 
denoted by Dg, and the separation between the term 
values of the d’ configuration in the crystal when Dg=0. 
Most of the energy levels split up in a number of Stark 
levels. The number of transitions between the ground 
state and the various excited Stark levels is usually 
larger than the number of free and independent 
parameters necessary in the cubic field scheme. One 
has, therefore, independent checks in the correctness 
of the interpretation and the assignment of the various 
transitions. The most significant result of this and other 
investigations of the series?’ is that the Slater integrals 
seem to be reduced by about 10% in the octahedral 
field of six surrounding oxygen atoms. 

This paper reports the optical absorption spectrum 
and the interpretation of the spectrum of Cot in 
the crystal of calcium fluoride. The crystal field caused 
by eight surrounding charges is of considerable interest. 
First, the sign of the cubic field (Dg) of an eight- 
coordinated complex is the opposite of that of an 
octahedral coordination. This has the important result 
that the order of the Stark levels of a given term is 
reversed. In the particular case of Co** the lowest 
level will be an orbital singlet ([':), and the spectrum 
will resemble that of d’ configuration (V** or Cr***) 
in an octahedral field. Secondly, it was of interest to 
see what the crystal field strength and the magnitude 
of the Slater integrals are in this symmetry, and to 
compare. these results with those of octahedral com- 
plexes. Thirdly, we thought that these results might 
shed some light on the much studied spectra of Crt+* 
in Al,O; or the alums with their many and sharp lines. 


t Supported by the Air Research and Development Command, 
J. §. Air Force through its European Office. 

1 W. Low, Phys. Rev. 109, 256 (1958). 

2 W. Low, Phys. Rev. 109, 247 (1958). 

3 W. Low, Phys. Rev. 105, 807 (1957). 


Finally, we wanted to correlate our results with the 
results of paramagnetic resonance measured by the 
Oxford group.! 

THEORY 


Calcium fluoride crystallizes in what is called the 
fluorite structure. Each calcium ion is surrounded by 
eight F~ ions at the corners of a cube and each F~ ion 
by four Ca** ions at the corners of a regular tetrahedron. 
The crystal field caused by the eight nearest neighbors, 
expressed in spherical harmonics, is 


y= VotDil— (28 /9)V P+ (2 9) (70)3( Yi+ Y>*) ], (1) 
and for a sixfold coordination 
V=VotDal (7/2) V 2+4(70)'(Ve+Ve4)]. (2) 


We have terminated the series at the fourth power of 
Y since matrix elements involving higher order spherical 
harmonics do not contribute so long as one is concerned 
with the energy levels within the d" configuration. Vo 
in Eqs. (1) and (2) are constants. These shift all the 
levels of a given configuration by the same amount. 
It signifies to a large extent the lattice energy and the 
heat of solution of the paramagnetic ion. These con- 
stants, however, will differ for different configurations. 
Assuming point charges, Dy is given by (Z,e*r*/a°) 
X (41/9)!, where a is the interionic distance. Such a 
naive model gives the ratio of the crystal field strength 
for the two symmetries, assuming D, having the same 
magnitude, as 8:9 and with the opposite sign. 

We have calculated the energy level scheme as a 
function of both positive and negative Dg for all the 
levels of the d’ configuration at the Rehovot com- 
puter. These have also been calculated by Tanabe 
and Sugano® and our results are in agreement. We 
have used the representation of Finkelstein and Van 
Vleck,® in which the energies of the various term 
values are along the diagonal. This has the advantage 
that these term values can be treated as parameters to 


4M. Baker (to be published). We are indebted to Dr. Baker 
for communicating to us his results prior to publication. 

5 Y. Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 753 (1954); 
9, 766 (1954). 

6 R. Finkelstein and J. H. Van Vleck, J. Chem. Phys. 8, 790 
(1940). 


775 





776 R. STARL 
be adjusted to fit the experimental spectrum. This 
has been outlined in reference 1 and the reader should 
consult this paper for details and notation. 

In the next section it will be shown that in some cases 
the fine structure of various orbital Stark levels is 
resolved. We, therefore, have diagonalized the total 
matrix including spin-orbit coupling for the first few 
levels. To first order, the levels are given as follows: 


Cubic field + spin-orbit coupling 


rs —12Dq 

r+; —2Dq+ jr 

I's —2Dq—}r 

I's — 2Dq— (5/4) 

I's +6Dq—6+ (15/4)d 
I's +6Dq—5+ 3d 
rs+Ts +6Dq—6—(9/4)r 
I"s E(P)+6+ (15/4)A, 
I's E(P)+6+ A, 
rz;+Trs E(P)b— (9/4)Ap, 


(3) 


where A is the spin-orbit coupling in the crystal (— 180 
cm~ in the free ion), 6 is the mutual repulsion between 
the two I’, levels, and E(/) is the energy separation of 
the center of gravity of the P term from that of the 
F term when Dg=0. 

In the second order the ground state I, is shifted 
slightly and the I’; and I's levels are split by about 


\*/A, where A is the separation between adjacent 
orbital Stark levels. This turns out to be not entirely 
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Fic. 1. Optical absorption in the infrared, 7 = 290°K. The structure 
at 2950 cm™ is probably not connected with Cot. 
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negligible, but in view of the limited accuracy of the 
experimental results the second order correction is 
neglected. 


EXPERIMENTAL RESULTS AND INTERPRETATION 

Single crystals of CaF, containing Cot* were grown 
as outlined in reference 1. The exact amount of Cot* 
is not known but is estimated to be about 0.1—0.3 
mole percent. The crystals are of a beautiful wine red 
color. CaF. cleaves readily along the [111] directions. 
The crystal is transparent when cleaved along this 
direction and needs no additional polishing. 

The infrared spectrum was investigated on a 
Perkin-Elmer spectrophotometer. The visible and 
ultraviolet spectrum was obtained on a variety of 
spectrometers, among them Beckman DK and a Cary 
spectrophotometers. 

In Fig. 1 is shown the weak infrared spectrum. It 
consists of one wide or bell-jar line of width of about 
400 cm, and centered about 3350+50 cm~. Actually 
the line can be resolved into at least two components 
one at 3200 cm™ the other at 3440 cm™. In addition 
there are weak lines at 1550 cm™ and 1425 cm” with 
a width of about 50 cm~'. These two far infrared and 
narrow lines are probably crystal vibration spectra. 
The next group of lines occur at about 1.5 4 and 550myu 
and are shown in Figs. 2 and 3. Figure 2 shows the 
spectrum at room temperature and underneath the 
spectrum of pure CaF» crystals of approximately the 
same thickness. If the background is subtracted, one 
finds that the best fit gives two lines, one a wide line 
with its center of gravity at about 5900+100 and 
the other a narrower line at 6600+100 cm™. The 
wide line seems to consist of two lines at 5800 and 
6100 cm. The next group of lines at 550 my is similar 
in structure to that of 1.5y4. There is a wide line, 
probably a doublet centered at 17 800+ 200 cm, and 
a narrower line on top at 18 550+50 cm™. In addition 
there are a number of certain but weaker lines at 
19 220+100, 19580+100, and 20450+100 cm™; a 
doublet at 21750 and 22000 cm, and a line at 
25 750 cm~. There are relatively strong absorption 
lines at 44 250 and 48 200 cm—. A number of very weak 
lines are found between 28 000 and 37 000 cm™, some 
of which are doubtful. These are shown in Figs. 4 and 5. 

A casual inspection of the relatively strong groups 
at 3 and 550 my shows that the crystal field strength 
is relatively weak and about 340 cm. A detailed 
calculation and the experimental values are given in 
Table I. 

The experimental values listed in column 3 have 
been evaluated as follows. Assuming that the multiplet 
structure in each of the three groups arises from spin- 
orbit interaction as given in Eq. (3), we have constructed 
the unperturbed value in a slightly arbitrary fashion. 
We have assumed that the line of the multiplet lying 
at the highest wave number is the transition to 's+T; 
and that the wide line at lower wave numbers includes 
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Fic. 2. Optical absorption spectrum in the visible range, T= 290°K. The line at the bottom shows the absorption of a pure CaF» crystal. 


the transitions to the two levels of I's and I's. Correcting 
now these levels for the spin-orbit interaction, using 
Ao= — 180 cm™, the free-ion spin-orbit interaction, we 
have constructed the unperturbed degenerate orbital 
6200 and 18 200 cm™. 
probably not much in error, as can be seen as follows. 


levels at These values are 
The total width of the three transitions should corre- 
spond approximately to the multiplet separation given 
by Eq. (3). The group at 34 is about 400 cm~ wide, 
in agreement with the theoretical value of 2 or 360 
cm, The group at 1.5 4 has a width of 800 cm~, and 
that at 550 my of about 750 cm™, compared with the 
theoretical value of 6\ or approximately 1100 cm™ and 
900 cm™ (the spin-orbit coupling Ap of the P state is 
about — 150 cm~). 


thisiids 


births 
350 400 


ath 
450 


tid iiiidi tii tari 
550. 600 650 700 


As seen in column 4, the difference between the 
calculated value and the experimental value is within 
the error of the measurements, except for the transition 
Tr; and [',(?G) levels in which the calculated level is 
lower than the experimental value. There is an addi- 
tional anomaly in that this transition is of much larger 
intensity than the transition to T; or I's levels. This is 
explained by the proximity of the I'y(4P) level. The 
I'4(?G) level borrows intensity from the T',(4P) state, 
and this also causes the shift of about 400 cm~'.’ The 
order of this shift is reasonable. The agreement between 
the experimental results and the theoretical calculation 
is really too good, if one takes into account all the 
assumptions. 
the doublets at 22000 cm™. The 
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Fic. 3. Optical absorption spectrum in the visible range, T=90°K. 


7 See reference 2 for a similar interaction between I’; states in the Ni** spectrum, 
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Fic. 4. Ultraviolet spectrum, 
T=90°K. 


calculated values of *H Stark levels, assuming that 
E(H) is about 22 000 cm, range from 25 000 cm (Ts) 
to 29000 cm~! (T',). The ?P level, after taking care of 
the Trees correction, falls at 23400 cm~. Therefore, 
it is very likely that the doublet at 22000 cm“ 
two close-lying I's and Ts levels of the *P state. The 
discrepancy of about 1500 cm™ is not very alarming 
since the actual position E(?P) is unknown in the 
gaseous ion. The calculated value of the ?P level, even 
if the Trees correction is taken into account, is often 
too high by about 1000 cm™ compared with the 
experimental value in the iron group spectra. 

The two strong lines at 44 300 and 48 000 cm™ are 
likely to be transitions to another configuration. The 
next configuration having the same multiplicity is 
3d®4s 4D and centered about 56 000 cm™ above the *P 
level in the free ion. In view, however, of the fact that 
Vo in the cubic potential equation (1) may differ by a 
considerable amount, this configuration as well as 
others may fall considerably lower than in the free ion. 
If this interpretation is correct, then the separation of 
4000 cm™ indicates a Dg’ value of about 400 cm™ for 
this configuration. 

We have considered the possibility that the fine 
structure of the three bands at 3y, 1.54, and 550 mu 
may be caused by axial crystal fields rather than by 
spin-orbit coupling. In order to check this, the spectrum 
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Fic. 5, Ultraviolet spectrum, T=90°K. 
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was taken at two different and arbitrary orientations. 
No significant difference in the spectra was found. 
Because of the relatively large line width, even at 
liquid air temperatures, this check may not be conclu- 
sive. Further work at very low temperature may narrow 
the lines sufficiently so that the fine structure can be 
resolved completely. Even if axial fields were present, 
it would not cause a significant change in Dg or in 
E(P) and E(G). 


COMPARISON WITH SPECTRA OF d’ OR d' 
CONFIGURATIONS IN CUBIC FIELDS 


A. Comparison with Ni** in an Octahedral Field 


Table I indicates that the crystal field theory accounts 
reasonably well for the observed spectrum. Additional 
support for our interpretation of the first three bands is 
given by the comparison with the strong absorption 
bands of Ni** in the octahedral field of MgO.? Ni** 
has d® electrons. If we neglect the spin-orbit coupling, 
than the first three bands of Ni** have the same group 
representations, and the same behavior as a function 
of the crystal field strength as Co** in the fluorite 
symmetry. A comparison of the two spectra shows 
indeed many similarities. For example, the third band 
(fF) -T,(P) is 2—3 times more intense than the 
first two ions. This is somewhat strange and difficult to 
explain. In the strong-crystal-field limit this transition 
represents a two-electron jump, i.e., (de®dy*) *T2(F) 
— (de'dy') *T'4(P) and (de®dy*) 4T2(F) — (dédy*) ‘T4(P), 
respectively. Presumably in the relatively small crystal 
field the I's level is a mixture of the two configurations 
de‘dy’ and dédy'. Even so it is not quite clear why the 
third band in both these ions is so much more intense 
than the first two bands. 


B. Comparison with Co** in Octahedral and 
Tetrahedral Symmetry 

The spectrum of Co** in MgO can be interpreted 
with Dg=960 cm, E(P)=12 500 cm, E(G) = 16 100 
cm; or a depression of 2050 cm™ and 450 cm™, 
respectively, from the free-ion values.! This should be 
compared with the results given in Table I. These 
relations indicate the strong correlation between the 
crystal field strength and the decrease in the term 
values (see Sec. C for more details). 

The crystal field strength in the octahedral symmetry 
is about 2.8 times stronger than in the fluorite symmetry. 
A calculation of the crystal field potential using a 
point charge model indicates that this is to be expected. 
The interionic distance of Ca—F is about 2.36 A and 
that of Mg—O is about 2.10 A. Since the charge on the 
oxygen is twice as much as that on fluorine, one finds 
that Dg of MgO is (2.36/2.10)°X9/8X2=4 times 
that of the CaF». It is seen, as indeed expected, that 
the model of point charges cannot predict the crystal 
field strength. The calculation of Dg from first principles 
is a rather difficult problem and depends on a detailed 
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TABLE I. Comparison of experimental absorption lines with calculated transition frequencies. The theoretical frequencies have 
been calculated using Dg=340 cm“. The experimental absorption lines have been corrected for shifts caused by spin-orbit interaction, 
assuming \= — 180 cm"! (see text). 


Theoretical 
trequency 
(cm~) 


_Transition 
from ground 
state I'2(4F) 


Experimental 
frequency 
(cm~) 
3350+50 
6200+ 100 
18 200+ 100 
19 220+50 
19 580+ 100 
20 450+ 100 


(cem~!) 


3400 
6040 
18 280 
18 800 
19 650 
20 380 


I's (*F) 
T.CF) 
r,(4P) 
I's, r iCG) 
lr, (?G) 
TG) 


Deviation 


+ 160+ 100) 
— 80+ 100 
+420+50 | 
—70+100} 
+70+100) 


Energy level of 


free ion*® 
(cm™) 


Energy level 
in crystal 
Dq=0 (cm~) 


Difference 
(cm™) 


E(P)=14 000+100 14 565 565+ 100 


E(G)= 16 240+100 165 300+ 100 


*C. E. Moore, Atomic Energy Levels, National Bureau of Standards Circular No. 467 (U. S. Government Printing Office, Washington, D. C., 1952), Vol. 2. 


knowledge of the microscopic polarizability and on 
the detailed nature of the wave function as well as on 
the bonding mechanism. 

The small crystal field strength results in narrower 
lines so that the fine structure is partially resolved. 
It is, therefore, planned to investigate systematically 
the spectra of d’ configurations at liquid helium 
temperature. 

Spectra of Cot** in crystals of tetrahedral symmetry 
have so far not been reported. However, McClure’ has 
investigated Cot* in ZnO powder and Orgel® has 
summarized solution data for Co** in presumably 
tetrahedral symmetry. From the spectrum of Cott 
in ZnO as shown in Fig. 4, reference 8, we infer that 
Dq=380—390 cm™ and that E(P) is less than 11 300 
cm or depressed by 3300 cm~ from the free-ion value. 
The solution data of the chloride, bromide, and iodide 
indicate Dg values from 360-290 cm and E(P) from 
10 700-9000 cm. 

This interpretation of the above data of ions in 
tetrahedral symmetries is, however, probably incorrect. 
The potential for tetrahedral symmetry can be expressed 


as 


= VotDz3[ (20 3)(VYe+YV3 >) ] 
+Di[— (14/9) ¥P+ (1/9) (70) Ve+¥e)]. (4) 


As long as one operates within the d‘ configuration the 
second term in the potential (term in Y;) will not 
contribute anything to the matrix elements involving 
the crystal field opotential. Comparison of Eqs. (1) 
and (4) shows than that the fluorite and tetrahedral 
potentials have the same sign, and for the same value 
of D, the coefficient for the tetrahedral potential is 
exactly one half of that for fluorite symmetry. One 
would expect the spectra in these two symmetries to 
be similar. Superficially the two spectra are similar, 
both having apparently an orbital singlet as the ground 
state. However, as will be shown in detail in a forth- 
coming calculation on the spectrum of Fe** in tetra- 
hedral symmetry, the second term in Eq. (4) causes 
considerable admixtures from higher configurations of 
odd parity.” These matrix elements are of such magni- 
8D. S. McClure, J. Phys. Chem. Solids 3, 311 (1957). 


9L. E. Orgel, J. Chem. Phys. 23, 1011 (1955). 
10 W. Low and M. Weger (to be published). 


tude as to cause relatively large shifts of the various 
Stark levels. One can, therefore, draw no inferences 
regarding the crystal field strength Dg or even the 
energy levels scheme from the experimental spectrum 
without additional and elaborate calculations. 


C. Comparison with d’ Spectra in 
Octahedral Symmetry 

The optical spectra of d*, Cr*+ complexes, have been 
studied in detail. The spectra of V*+* are only known in 
solution. The spectra of Cr** are peculiar in that they 
often show very narrow lines in addition to the broad 
bands. These have been studied in detail by many 
authors."' We shall not be concerned here with these 
sharp lines but with the broad bands. The spectrum 
in Al,O;:Cr** (0.25% by weight) has three absorption 
bands as shown in Figs. 6 and 7 at 18 150 cm~, 24 900 
cm~!, and 39050 cm~. The last band Ts T'4(4P) is 
reported here for the first time. Assuming a predom- 
inantly cubic field, (and not correcting for the trigonal 
distortion known to exist in AlsOs), we calculate the 
levels at 18150 cm™. 24740 cm™ and 39 325 cm™ 
using Dg=1815 cm™ and E(P)=9600 cm“. The 
E(P) level is depressed from 13770 cm™ by about 
4000 cm, 

If we plot a graph in the fractional change of E(P), 
i.e., AE(P)/Eo(P) against Dg (see Table II), we find 
that the percentage decrease is a (nearly linear) 
function of Dg. This again is indicative of the intimate 
relationship between the crystal field strength and the 
depression of the Coulomb energy. 


t 1 iit a 

T T 
300 400 500 600 800 
Fic. 6. Optical absorption spectrum of Cr** in Al,O; in the 


visible region, T=77°K. Note the satellite structure on both 
transitions starting on the high-wavelength side. 





1 See, for example, F. H. Spedding and G. C. Nutting, J. Chem. 
Phys. 2, 921 (1934); 3, 369 (1935). J. H. Van Vleck, J. Chem. 
Phys. 8, 790 (1940); S. F. Jacobs, thesis, Johns Hopkins, 1956 
(unpublished); and private information; has studied these lines 
very thoroughly. 
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Fic. 7. Optical ab- 
sorption spectrum of 
Cr*+ in Al,O; in the 
ultraviolet region, 
T =77°K. 
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The third band of Cr** spectrum is of considerable 
smaller intensity than the first two bands. Since we 
have a strong crystal field this represents a double 
electron jump. Presumably the small but not negligible 
intensity of this band is caused by the trigonal compo- 
nent of the crystal field potential.” 

Nevertheless the Cr*+ spectrum is distinctive in its 
difference rather than in its resemblance to the Cott 
spectrum. We do not intend to discuss the details of 
the Cr*+ spectrum which is very complicated, and 
despite the pioneering work of Van Vleck"* is not yet 
understood entirely. Here we only want to point out 
the main differences: 


(a) The Cr**+ spectrum shows many sharp lines 
whereas the Co** spectrum does not. 

(b) Superimposed on the first two bands of the Cr** 
spectrum is an additional spectrum, resembling a 
vibration spectrum with some peculiarities. The most 
intense peak of this spectrum falls where the crystal 
field transition ',—> I’; is of negligible intensity. 


+ 


The reasons for these differences may be connected 
with the strong crystal field which exists in chromium 
complexes. The Stark splittings are larger than the 
term separations of the free ion. In the trivalent ions 
one may have to consider an energy level scheme of 
the complete XV» complex. Possibly the differences 
may be also connected with the trigonal field of Al,Os. 
Similar peculiarities are found in Al,O; containing 
other trivalent ions, for example: vanadium. 


CONCLUSION 


The small crystal field strength lets us predict that 
the paramagnetic resonance spectrum would be found 
at g=2.0023— (8/3400), if the spin-orbit constant A 
is the same as that of the free ion g=2.42. The spin- 


#2 C. J. Ballhausen (private communication). 


AND W. LOW 


TABLE ITI. Comparison of crystal field strength (Dq) 
and E(P) for d* and d’ configurations. 


Dg (AE(P)/Eo(P)} 
in cm~ X100% 


Crystal 
CaF, 
MgO 
AlsO; 


AE(P) 


565-4100 
2050-4200 
4000-4400 


3.80.7 
14 414 
29 +3 


960 
1815 


lattice relaxation time will be considerably reduced 
from that of the Cr** ion since the separation between 
the ground state is only 3400 cm™ instead of 18 000 
cm. Indeed we have been unable to observe any 
paramagnetic resonance spectrum at liquid air tempera- 
ture or at liquid hydrogen temperature. 

The failure to observe any resonance, however, is 
disconcerting. Baker reports that he observed a 
spectrum at 20°K with S=}, g.=3.4, B=0.017 cm™, 
and g;,~6.6, which he attributes to Cot* since the 
hyperfine structure showed a spin of 7/2.4 Moreover, 
he also obtained a well-resolved anisotropic fluorine 
hfs, and an indication that the interaction is with four 
fluorine atoms only. The anisotropic hfs interaction 
with the fluorines can be explained, according to him, 
if strong covalent bonding exists so that the Russell- 
Saunders coupling is broken down. However, the large 
g factor is indicative that the ground state cannot be 
an orbital singlet which would result from a strong 
bonding model. 

Our results cannot be reconciled with these para- 
magnetic data. The optical spectra indicates very 
conclusively that the ground state is an orbital singlet 
and that Russell-Saunders coupling is a good approxima- 
tion. It is difficult, therefore, to obtain such a large and 
anisotropic g factor. Secondly, the small crystal field 
and the small reduction of the E(P) level suggest that 
the complex is essentially ionic. The extensive hfs 
interaction with the fluorines can, therefore, also not 
be explained. We strongly suxpect, that the spectrum 
may be that of V** in the symmetry of CaF:. The 
predicted g factors in this case would be similar to 
that of Co** in octahedral symmetry, and would obey 
the approximate relation g,,+2g,= 13, which is seen to 
hold true (6.6+2X3.4=13.4).* 
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* Note added in proof.—This assumes that the lowest level is the 
doublet at 15/4. Since, however, \ is positive for V** it is unlikely 
that this doublet would be lowest. We have not yet calculated 
what g factor would be obtained for the doublet level and quartet 
level at —9/4). 
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Calculation of Migration and Binding Energies of Mono-, Di-, and 
Trivacancies in Copper with the Use of a Morse Function* 
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A machine calculation has been made of the migration and binding energy of a trivacancy in copper with 
the use of a Morse function. It was found that a very large relaxation occurs for one atom into the trivacancy. 
This relaxation causes the trivacancy to be shared equally by four atomic sites and resultsin a large contribu- 
tion (about 2.3 ev) to the binding energy. The migration of a trivacancy requires a partial dissociation 
of this configuration. The energy of migration is calculated to be 1.9 ev. Thus, a trivacancy is highly stable, 
quite immobile, and is, therefore, probably the nucleus for void formation. For purposes of comparison the 
migration energies of mono- and divacancies were also computed by the same method without relaxation. 


These energies are 1.3 and 0.2 ev, respectively. 


I. INTRODUCTION 


HE changes which occur in the annealing kinetics 
of quenched and damaged metallic lattices as a 
function of annealing temperature and defect concentra- 
tion are generally interpreted in terms of the migration 
and/or recombination of defects. At the present time 
there exists some disagreement on the assignment of 
activation energies in annealing curves to specific defect 
migration. A comprehensive review of this problem in 
radiation damage studies is given by Dienes and 
Vineyard,' and Broom? summarizes the difficulties in 
cold-work experiments. Koehler e/ al.’ interpret the 
annealing kinetics of quenched gold in terms of mono- 
and divacancies, but admit that the role of trivacancies 
is not known. These few examples describe the specula- 
tions which are being made on the role of clusters of 
point defects in damaged lattices. The simplest cluster 
is the divacancy and a theoretical estimate of its 
migration energy has been made by Bartlett and Dienes.‘ 
No calculation has been made of the energy of motion 
of the trivacancy or larger clusters. The present calcula- 
tion was made in order to estimate the importance of 
the role of trivacancies in annealing and, as a natural 
result, to estimate the difficulty of calculating the 
properties of quadri- and higher vacancy clusters. These 
latter calculations are important to the field of void 
formation in metals. More precisely, one would like 
to know the minimum number of vacancies in a cluster 
which renders the cluster immobile and forms, there- 
fore, the nucleus of a void. 
The calculation of the energy of motion of a tri- 
vacancy is rather complex because of large relaxation 


* Supported in part by the U. S. Atomic Energy Commission. 

t Guest Scientist at Brookhaven National Laboratory, from 
Frankford Arsenal, Philadelphia, Pennsylvania. 

1G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957). 

2T. Broom, Advances in Physics, edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1954), Vol. 3, p. 26. 

3 Koehler, Seitz, and Bauerle, Phys. Rev. 107, 1499 (1957). 

+ J. H. Bartlett and G. J. Dienes, Phys. Rev. 89, 848 (1953). 


effects. An IBM 653 digital computer was therefore 
used for the calculations with the most important 
relaxations considered. At the same time the energies 
of motion of the mono- and divacancy were recomputed 
with more neighboring atoms considered than had been 
done by Bartlett and Dienes. 

In a face-centered cubic lattice the trivacancy is 
expected to have, from purely geometric considerations, 
its lowest energy configuration in the form of an 
equilateral triangle whose side is the nearest neighbor 
distance. (It will be shown later that because of large 
relaxation effects this configuration is not the most 
stable one.) An example of this configuration is shown 
in Fig. 1 where the vacancies, labeled V, are at (000), 
(110), and (01-1), the coordinates being given in units 
of one half of the lattice parameter. There is one atom 
only, (10-1), that is equidistant from the three 
vacancies. This atom and the three vacancies form a 


Fic. 1. Schematic diagram of atoms involved in trivacancy 
motion in face-centered cubic lattice. The V’s are vacancies, M is 
the moving atom, and R is the relaxing atom. The line from R to 
the center of the tetrahedron shows the path of relaxation. The 
line from M including the lower dashed portion shows the path 
of the moving atom. 
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tetrahedron. The word tetrahedron will be used through- 
out this paper and will refer to this group. The simplest 
type of motion which the trivacancy can have is for one 
of the vacancies to interchange with this fourth atom in 
tetrahedron. This motion, however, will not allow the 
trivacancy to migrate through the lattice for it cannot 
escape from this tetrahedral box. And, as will be shown 
later, this motion has no physical meaning because of 
the large relaxation around the trivacancy. If a tri- 
vacancy is to migrate it must partially dissociate. If the 
atom at (011) is considered to be the moving atom there 
are two possible paths. The (011) atom can exchange 
with the vacancy at (000), which causes the trivacancy 
to partially dissociate. A second jump is required, (020) 
to (011), to complete one unit jump of the trivacancy. 
It would then be re-formed in an equilateral triangle 
at (01-1), (110), and (020). Instead of this double jump 
the atom at (011) may exchange directly with the 
vacancy at (01-1) and in this case the trivacancy will 
be re-formed at (000), (011), and (110). Both of these 
paths had to be considered and it will be shown that 
the atom at (011) moves directly to the (01-1) vacancy 
in one jump. 


II. METHOD OF COMPUTATION 


The interaction energy of the atoms in a copper 
crystal was represented by a Morse function, according 
to which the potential energy E(r;;) of two atoms 7 and 
j separated by a distance r;; is given as 


E(9;;) = DL e224 ii-r0) — Jeo rii—r0) 7}. (1) 


where a and D are constants and 1 is the equilibrium 
distance of approach of the two atoms. 

The atom at (011) was selected as the moving atom 
and the volume bounded by it and the three vacancies 
was made into a three-dimensional grid in units of one 
tenth of a half-lattice parameter, e.g., the X distance 
0 to 1 was divided into tenths. Such a grid of about 
500 points contains both of the paths previously dis- 
cussed by which a trivacancy may move. 

The moving atom (011), referred to as M, has two 
nearest neighbors in equivalent positions (020) and 
(—110). The relaxation of these atoms was computed 
as the fourth atom in the tetrahedron, (10-1), was 
relaxed. It was found that, although (020) and (— 110) 
relaxed inward about 7% of a half-lattice distance, 
(10-1) relaxed into the geometric center of the tetra- 
hedron. The calculation of the energy of the moving 
atom at different grid points was therefore done for 
several positions of (10-1), the relaxing atom, referred 
to as R. The energy of the system for each position of 
the moving atom and the relaxing atom can then be 
represented by 


E,= Eut+Er—(Er.m)+E1, (2) 


where £, is the energy of the system, Ey, is the sum of 
the interaction energies of the moving atom, Ep is the 
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sum of the interaction energies of the relaxing atom, EF, 
is the sum of all of the other interaction energies in the 
crystal which are not changed in this calculation, and 
Er. is the individual interaction energy between R 
and M which has been counted twice, once in Ey and 
once in Ep, and is therefore subtracted. The path of 
the moving atom will then be that in which &, is a 
minimum, and the energy barrier for the migration of a 
trivacancy will be the difference between the smallest 
and largest energies encountered by the moving atom 
in following this path. 

The writers relied on the results of an unpublished 
calculation for the choice of a, ro, and D in Eq. (1). 
Girifalco and Weizer® have recently determined the 
constants of Eq. (1) for copper by summation over the 
lattice and by matching the cohesive energy, compressi- 
bility, and lattice parameter to experimental values. 
For copper they obtained ro>= 2.866 A, D=0.3429 ev, 
and a= 1.3588 A-". Since relaxation effects in the present 
calculation had to be considered, a small number of 
symmetrical interactions were used; the interactions 
of the atoms in question with the first and second 
nearest neighbors of the three vacancies and of the 
moving atom (i.e., first and second nearest neighbors 
of 4 sites). A more extended calculation using just the 
Morse function was not considered since Seeger and 
Bross® have shown that additional factors such as 
electronic effects may be important in defect 
calculations. 

Relaxation effects were computed first. The atoms 
at (011), (—110), and (020) were relaxed inward and 
the minimum energy position was found to be about 
12% of a half-lattice distance. The atom at (10-1) was 
relaxed next and a minimum position found. This atom 
was then held in the new position and the first three 
atoms were again relaxed. They moved back to a posi- 
tion of about 7% of a half-lattice distance. When the 
position of (10-1) was recomputed, it was found to be 
in the geometrical center of the tetrahedron with coordi- 
nates of (3, 3, —3). When (011), the moving atom, is 
moved, it is opposed by two atoms, (— 110) and (020), 
on one side and one atom, (10-1), on the other side. It 
was felt that since the relaxation of (10-1) was very 
large compared to the other two, all of the important 
relaxation during the passage of the moving atom could 
be confined to this one. Hence (—110) and (020) were 
held fixed in their relaxed positions for the remainder 
of the calculation. Five positions of (10-1) were chosen 
along the line of relaxation ranging from its original 
lattice site to its fully relaxed position. The grid of the 
moving atom was computed five times, one for each 
position of the relaxing atom. The energy of the relaxing 
atom was also computed for each of its five positions. 
All atoms were held in their original position (un- 


5L. A. Girifalco and V. G. Weizer (to be published). For a 
description of their general procedure, see L. A. Girifalco and 
J. R. Streetman, J. Phys. Chem. Solids 4, 182 (1958). 

® A. Seeger and H. Bross, Z. Physik 145, 161 (1956). 
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relaxed) and the computation for the moving atom was 
made first with the addition of an atom at (01-1) and 
then with the addition of an atom at (110). These two 
computations gave the energies of motion of the 
divacancy and the single vacancy in a similar manner 
to that of Bartlett and Dienes except for the addition of 
more neighbors and different constants in the Morse 
function. 


III. RESULTS 


The first result of importance was that the relaxed 
position of the atom at (10-1), the fourth atom in the 
tetrahedron, is in the middle of the tetrahedron. This 
means that the stable configuration of a trivacancy is 
not a simple sum of three vacancies but rather the three 
vacancies are shared equally by four atomic positions. 
Expressed another way, a trivacancy can be considered 
as a quadrivacancy in a tetrahedral configuration with 
an interstitial in the center. This will affect the equilib- 
rium formula for trivacancies which will be considered 
in more detail in the next section. The relaxation energy 
of this atom, i.e., the change in energy in going from 
its lattice site position to its relaxed position, is —2.3 ev. 
This affects strongly the binding energy of a trivacancy, 
which will also be discussed later. 

The minimum energy path of the moving atom (011) 
is not to (000) in a two-step jump but directly to (01-1) 
in a slightly curved path lying in a plane with (011), 
(101), (10-1), and (01-1) at its corners. This is indicated 
in Fig. 1. At the midpoint of its motion it is at the 
coordinates (0.35, 0.65, 0). The path in the lower planes 
is symmetrical to the first half unit it reaches an equiva- 
lent relaxed position near the site (01-1). The tri- 
vacancy has geometrically moved to (000), (110), and 
(011). Now a new tetrahedron is formed with the atom 
at (101). This atom relaxes into the center of the new 
tetrahedron and the trivacancy, or the tetrahedral 
grouping of three vacancies, has moved one unit. When 
the moving atom, (011), begins its motion, the relaxing 
atom, (10-1), is obviously at its fully relaxed position. 
As the moving atom approaches the midpoint of its 
path the relaxing atom is driven further back towards 
its lattice site. When the moving is one tenth of a unit 
in (Z=0.1 plane) from the midpoint the relaxing atom 
has been pushed all the way back to its lattice site, 
(10-1). The relaxing atom stays in this position for 
the rest of the path of (011) and remains there even 
when the moving atom is in its new position near (01-1). 
The relaxing atom of the new tetrahedron which is 
being formed, (101), begins to move inward when the 
moving atom reaches the Z= —0.1 plane and is fully 
relaxed when the moving atom has reached its new 
position. 

A plot of the energy barrier, as a function of Z, 
encountered by the moving atom is shown in Fig. 2. 
Each position of Z corresponds to a minimum energy 
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Fic. 2. Energy barrier diagram for motion of trivacancy in fec 
lattice. (The dip at Z=0 may not be real.) 


in the XY plane. The calculation is not sufficiently 
precise to determine if the dip at fhe top is real. It is, 
however, a small percentage of /the total energy for 
the jump, which is 1.9 ev. 

The energy of motion of th divacancy was found 
to be 0.2 ev and that of thé single vacancy 1.3 ev.’ 
However, relaxation and electronic effects were not 
considered and they may alter the energy of motion. 


IV. DISCUSSION 


The formation of a single vacancy in face-centered 
cubic materials requires the breakage of 12 bonds and 
the formation of 6 on the surface. The energy of forma- 
tion of a vacancy can then be expressed as 


E,; = (12—6)(E./6)—W, (3) 


where Fy" is the energy of formation of a single 
vacancy, E, is the cohesive energy, and W is the 
energy gained by electronic redistribution and atomic 
relaxation. By simple bond counting, the binding energy 
of a divacancy is approximately §£, if it is assumed 
that the change in W is unimportant. In this case the 
binding energy is near 0.6 ev. If W is taken into consid- 
eration the binding energy is estimated to be about 
0.3 ev.4 Seeger and Bross® also arrive at a value of 0.3 ev, 
which will be used for the purposes of this discussion. 
By continuation of this counting process one estimates 
the binding energy of a trivacancy relative to a di- 
vacancy to be 0.3 ev, and the binding energy of a 
trivacancy relative to isolated vacancies is therefore 
about 0.6 ev. This energy corresponds to a trivacancy 
configuration with the three vacancies on adjacent 
lattices sites. Additional stabilization is gained by the 
relaxation of the fourth atom into the trivacancy. The 


present calculation indicates that this is of the order of 
2.3 ev so that the total binding energy of a trivacancy 
is about 2.9 ev. The absolute magnitude of this number 


7It should be noted that according to the present calculation 
the ratio of the activation energies of a divacancy relative to a 
single vacancy is about 0.15. The earlier and somewhat cruder 
calculation by Bartlett and Dienes (see reference 4) gave a ratio 
of 0.35 for a comparable a. 
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should not be taken too seriously. The energy of forma- 
tion of three isolated vacancies in copper is about 3 ev 
and the 2.9-ev value would imply that most of the 
vacancies are present in the form of trivacancy clusters. 
This is almost certainly not the case and the true value 
of the binding energy is less than the 2.9 ev calculated 
here. The error with respect to a proper quantum me- 
chanical calculation is impossible to estimate. It is 
well possible that the equilibrium concentration of 
trivacancies is of the same order of magnitude as that 
of the monovacancies. The calculations show very 
clearly that the trivacancy is very stable. This high 
binding energy plus the high mobility energy indicates 
that the trivacancy is the original nucleus for a void. 

The final configuration for a quadrivacancy is not 
known. One possibility is that the fourth vacancy 
will remove the atom from the center of the tetrahedron, 
making a tetrahedron of four vacancies. The other 
possibility is that a trivacancy will capture another 
vacancy in a position that is nearest neighbor distance 
to only two of the { vacancies which made up the 
tetrahedron, and the atom in the center would shift to 
a new relaxed position with much less symmetry. A 
calculation of these configurations would require the 
successive relaxation of about twelve atoms which is 
far beyond the scope of the present work. 

In order to calculate the concentration of various 
vacancy clusters, the combinatory pre-exponential 
factors as well as the energies of formation are required. 
The equilibrium formulas for the various vacancy 
clusters are given in the appendix. 
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APPENDIX 


The equilibrium formulas for vacancy clusters are 
given by the relations 


ne m\? E, 
“=c,(~) en(—), 

N N kT 

nN3 m\3 E2t+ FE; 
=c,(=) exp(- -~ =), 
N N kT 


n4 mi\* Eot+E3+ Ey 
N N kT 


where N is the number of atoms, m2, 3, and mg are 
respectively the number of di-, tri-, and quadrivacancies 
and Ee, E;, and Ey, are their respective incremental 
binding energies (e.g., EZ; is the binding energy for a 
trivacancy relative to a divacancy). The numerical 
coefficients C2, C3, and C4 are obtained by computing 
the number of independent orientations of each cluster. 
This is done most simply by first considering the 
vacancies to be distinguishable, computing the number 
of orientations possible, and then making the vacancies 
indistinguishable by dividing by the number of possible 
permutations. For a divacancy the coefficient is 


C.=12/2!=6. (7) 
For a trivacancy in the relaxed configuration deter- 
mined in this paper,® the coefficient is 
C3=12X4X1/4!=2. (8) 
Until the shape of the quadrivacancy is known, its 
coefficient cannot be written. 


8 For a trivacancy in the form of an equilateral triangle (no 
relaxation), C; would be 12 4/3!=8. 
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Phosphor with Fluorescence Larger Than the Energy Gap 
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Under certain conditions of excitation a Pr**-activated SrS phosphor exhibits an emission which is 
energetically greater than the energy gap. This emission is observed at 77°K and not at room temperature. 
It is proposed that the excitation and short-wavelength emission take place between levels of the Pr*® 
center. At 77°K the reduction of lattice vibrations effects the isolation of the Pr** site from the lattice and 
hence the probability of hole transfer from the activator to the lattice is diminished. The nature of the 


energy levels of the Pr ion is discussed. 


N previous investigations!? of SrS phosphors acti- 

vated with rare earth ions, the fluorescent emissions 
excited by 280 or 296 my radiation were examined both 
at room temperature and at 77°K. The exciting radi- 
ations were more energetic than the absorption edge 
which occurs at 354 my. The spectra were analyzed 
with respect to crystalline field interactions with the 
rare earth ions. In the case of the phosphor activated 
with Nd**, there resulted an emission band at a wave- 
length just shorter than an emission attributed to 
possible edge emission caused by band-to-band recom- 
binations. This short-wavelength emission is observable 
at 77°K and not at room temperature. The present note 
describes a more striking example of fluorescence bands 
lying at wavelengths shorter than the energy gap, 
observable at 77°K and not at room temperature. 

The sample in question is one containing Pr** present 
in the SrS at a concentration of 0.04 mole percent. Its 
preparation, the apparatus, and the experimental pro- 
cedure have been described in references 1 and 2. 
Radiation at 280 or 296 mu is shorter than the absorp- 
tion edge of SrS, and so excitation by either wavelength 
results in the generation of electrons and holes. Fluo- 
rescent emission occurs when electrons and_ holes 
recombine at Pr centers. When the sample is excited 
by 280- or 296-my light at room temperature there is 
broad emission between 450 and 650 my with peaks 
located near 496 mu (2.50 ev) and near 540 my (2.30 
ev), as reported in reference 1. With 296-my exciting 
light, there is also a shoulder located near 420 my 
(2.95 ev). When the sample is excited by 280-my light 
at 77°K the fluorescence is changed, as reported in 
reference 2, in the following manner: (1) the band near 
496 my (2.50 ev) is greatly resolved and is the same as 
that shown near 496 my in Fig. 1, (2) there emerges a 
peak near 420 my (2.95 ev) which is seen as a shoulder 
in Fig. 1, and (3) the room-temperature peak near 
540 mu (2.30 ev) disappears. However, when the 
sample is excited with 296-my light at 77°K there is a 
marked change in the spectrum as seen in Fig. 1. In 
addition to the 420- and 496-my bands that occur at 
room temperature with either 280- or 296-my excita- 


1S. P. Keller, J. Chem. Phys. 29, 180 (1958). 
2S. P. Keller and G. D. Pettit, J. Chem. Phys. (to be pub- 
lished). 


tion and at 77°K with 280-mu excitation, there has 
emerged three new bands peaked at 334 mu (3.71 ev), 
357 mu (3.48 ev), and 398 my (3.11 ev). Previously® 
we had determined the energy gap of SrS to be 3.50 ev 
at room temperature, but reflection measurements 
made at 77°K indicate that the gap shifts to about 
3.60 ev. Hence we see from Fig. 1 that some emitted 
light is more energetic than the gap width. The observed 
emission is characteristic of Pr-activated phosphors 
only, and so we can rule out such explanations as 
exciton emission. The spectrum can be pictorially 
represented in the energy level diagram shown in Fig. 2. 
The arrows represent the observed optical transitions 
and the numbers represent the energy, in electron 
volts, of the transitions. The distances between levels 
are not to scale. The level labelled “excited state” was 
arbitrarily chosen as the initial state for the three 
most energetic transitions. The *P levels were not chosen 
as the initial states because of the lack of observable 
structure on these short-wavelength emissions. The 
lower levels drawn within the valence band represent 
levels occupied by inner-configuration electrons of the 
Pr ion. One normally does not expect discrete levels in 
the valence band, least of all deep-lying levels, to retain 
holes. However, the Pr** ion is not in a simple substi- 
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‘1G. 1. Fluorescent emission of SrS:Pr** at 77°K, excited 
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Fic. 2. Energy level diagram for Pr** in SrS. The numbers 
represent energy in electron volts and the double-headed arrows 
represent observed optical transitions. 


tutional site, as pointed out in reference 2, a conclusion 
based upon the amount of crystal field splitting ob- 
served for the *P levels. Since the Pr** ion is not part 
of the periodic lattice, it seems reasonable that its 
levels, especially the deeper lying ones, can be distinct 
from those of the lattice. The isolation of the Pr** from 
the lattice would be more complete at low temperatures 
where lattice vibrations are diminished. As a result, 
one would expect the discrete levels of the Prt** to 
retain holes more readily at low temperature than at 
room temperature where the lattice vibrations supply 
a mechanism for and increase the probability of hole 
transfer. This is verified by the fact that the short- 
wavelength emissions are seen only at low temperature 
and not at room temperature. 

The role of the exciting radiation is now examined. 
Excitation spectra for the various emissions were deter- 
mined. These were obtained by measuring the effective- 
ness of various wavelengths of exciting light in causing 
the emission of different wavelengths of fluorescent 
light at 77°K. The results are presented in Fig. 3. The 
excitation peak at 290 my has been attributed in an 
earlier work‘ to absorption by the base material SrS. 
The excitation peaks at 301 and 316 my are attributed 
to absorptions by the Prt* and excitations in these 


‘ Keller, Mapes, and Cheroff, Phys. Rev. 108, 663 (1957). 
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regions result in emissions peaked at 334, 357, and 
398 mu. Excitations at 290 my or lower result in the 
emissions peaked near 420 and 496 my. An emission at 
about 412 my shows excitation peaks in both the SrS 
and the Pr** excitation regions since it is located 
between the emission bands characteristic of each. An 
emission near 494 my has its major excitation in the 
SrS excitation region but there is also excitation in the 
Pr** region which indicates that the excitations at 
316 my possibly involves an excitation to the state 
labelled ‘excited state” of Fig. 2 with a subsequent 
transition to the *P levels and hence to the *H, level. 
It is possible that the 316-my excitation peak involves 
excitations to the ‘excited state” level whereas the 
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Fic. 3. Excitation spectra for various wavelengths of emitted 
light, determined at 77°K. The open numbers indicate the wave- 
length, in my, and the numbers in parentheses indicate the 
energy, in ev, of the emitted light. Comparisons of relative inten- 
sities of different curves are not meaningful. 


301-my excitation peak involves excitations to the con- 
duction band. 

Our data do not allow us to identify unambiguously 
the lower levels drawn within the valence band which 
we attribute to Pr inner configurations. Nor can we 
state clearly what exact transitions occur during the 
301- and 316-my excitations. However, the data do 
enable us to talk about Pr** ions being largely isolated 
from neighboring lattice sites and giving rise to fluo- 
rescent emission larger than the energy gap of the host 
material SrS due to excitations and emissions occurring 
within the Pr ion. 
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The dependence on lattice parameter, or pressure, of the energy gap between the last filled and first 
empty energy band in LiH is investigated. The crystalline potential is approximated by a Wigner-Seitz 
atomic-spheres potential, corrected to account for the effects of overlapping spheres, and the wave functions 
are expanded in symmetrized plane waves. In addition the effect of varying the relative size of the lithium 
and hydrogen ion spheres is considered. The energy levels at the top of the filled band and the bottom of the 
empty band are determined at several values of the lattice parameter, using 6, 7, 8, 9, and 10 symmetrized 


plane waves. The problem of convergence is examined. 


The model predicts that transition to the metallic state should occur at a pressure of about 35 megabars. 
The results are discussed in light of recent experimental investigations. 


INTRODUCTION 


ECENT measurements! of the resistivity of various 
normally insulating crystals at very high pressures 
indicate that some may undergo transition to a metallic 
state. Theoretical calculations? have been made to 
determine at what pressure hydrogen and _ helium 
become metals. The pressures predicted are about } and 
30 megabars, respectively. The latter of these is 
generally felt to be a rather large overestimate, but 
even so, the pressures required are too large to be 
obtained experimentally at the present time. With 
this in mind, an attempt was made to select a material 
that would lend itself both to experimental measure- 
ments and to theoretical calculation. Since the group 
at Livermore! was experimentally investigating LiH, 
it seemed desirable to carry out the theoretical calcula- 
tion for this crystal. After the calculations had been 
carried to completion it was found that the choice of 
LiH was not so fortunate. Further evidence of this 
was provided by the experiments of Griggs* and co- 
workers at the University of California at Los Angeles. 
Qualitatively it is easy to understand what must 
happen if a metallic transition is to occur. Under 
normal conditions, the energy bands of an insulator 
are filled, hence an applied electric field must be large 
enough to excite an electron across the forbidden 
energy gap before any increase in the electron wave 
vector is possible. As a result, the crystal exhibits very 
high electrical resistance. Metallic conductivity can 
occur if the material possesses a partially filled energy 
band. If an empty energy band can be made to cross a 
filled energy band, then at this point, the material 
+ This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

* This research is in part the subject of a thesis submitted by 
the author to the University of California in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy. 

1B, J. Alder and R. H. Christian, Phys. Rev. 104, 550 (1956). 

2 Calculation for hydrogen: E. Wigner and H. B. Huntington, 
J. Chem. Phys. 3, 764 (1935); for helium; C. A. ten Seldam, 
Proc. Phys. Soc. (London) A70, 97, 529 (1957). 
assy” McMillan, Michael, and Nash, Phys. Rev. 109, 1858 


becomes a metal. Thus in order to determine at what 
pressure an insulator becomes a metal, one must 
calculate the pressure at which an empty energy band 
crosses the filled band. 

When one examines the band structure of a metal 
such as Zn as a function of lattice parameter, it is 
found that for an expanded lattice the upper energy 
band no longer overlaps the filled band. The metal 
would then become an insulator. One is thus led to 
believe that the reverse might be true for an insulator, 
i.e., it will become a metal upon compression. 

As LiH is an insulating crystal with a relatively 
small energy gap (6.5 electron volts) at atmospheric 
pressure, it was thought that it might undergo metallic 
transition at a relatively low pressure. For this reason, 
as well as the fact that LiH is a fairly simple physical 
system, it was chosen for theoretical investigation. 


DERIVATION OF EQUATIONS 


To calculate the transition point, one may proceed 
in either of the following ways: (1) start with LiH in 
the ionic state and determine when the energy gap 
disappears, or (2) start with the metallic state and 
determine when the energy gap appears. In the present 
calculation, the latter approach has been chosen. The 
only consequence of this assumption is that the con- 
duction electrons are spread uniformly throughout the 
crystal. This assumption does not imply that the bands 
must overlap, but rather it implies that the results are 
a better approximation in the limit of overlapping 
bands. In the regions of no overlap, the results are to 
be considered only as a first approximation. 

The effective potential of an electron in a crystal can 
be written in the form 


V (r,k) => a1 (r— Ri) +3 j22(r—R;) +0(7,k), (1) 


where the sum over 7 extends over all Li atoms and the 
sum over j extends over all H atoms in the crystal. 
Here v,(r—R,) represents the contribution to the 
effective potential by a type v atom at position Ry in 
the lattice. The last term in (1) then represents the 
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contribution of the exchange hole arising from exchange 
among the valence electrons. The exchange hole from 
the 15° core of Li is included in 1 by using a Hartree- 
Fock potential. As the exchange potential is primarily 
determined by the electron density, which in a metal 
is nearly uniform, »(r,k) will be replaced by the 
average value V(k). The energy E(k) is then deter- 
mined using only the first two terms of (1) and later 
V (k) is added. 

The wave function ¥x(r) is expanded in terms of 
orthonormal symmetrized plane waves given by 


1 M1 
f(r) =— X cne**-", 


Q) n=1 


(2) 


Here 2=2a' is the volume of a unit cell; cj, is a con- 
stant depending upon the irreducible representation 7 
to which f;; corresponds and upon the plane wave 
component / from which the jth symmetrized plane 
wave is constructed; the sum runs over A= 1, 2, ---, gi, 
where g; is the number of equivalent ky,=k+Ka, 
k being the reduced wave vector and Ky being 27 
times a reciprocal lattice vector. Inserting these wave 
functions into the Schrédinger equation leads to the 
secular equation, 


hk? 
-— Bh) fbb 7 V \a7) || =0, (3) 


2m || 
where 


G7 IV i= f fos*Vfudr (4) 
2 


The derivation of (3) makes use of the orthonormaliza- 
tion of the f;;(r), which can be written as 


J fest vdsy, 
2 


and the relation [kja|=|Ky|=---=|kio;|, which 
results in 


— Vfi5=kefiy. (0) 


In theory, E(k) can now be obtained by solving the 
infinitely large secular equation given by (3). However, 
in practice, one actually solves a secular equation of 
finite order and then tests whether or not the answer 
converges satisfactorily. To reduce the labor involved 
in solving (3), use is made of the symmetry properties 
of the f;;. Since the f;; transform according to an 
irreducible representation of the group of k, the 
matrix elements (i'j’| V|ij) are zero whenever j and ;’ 
correspond to different irreducible representations. The 
secular equation then reduces to several secular equa- 
tions of lower order, as can be seen by writing 

G7'|V i= CAV Lins, (7) 


and substituting in (3). 
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As mentioned above, V will be taken as the sum of 
the first two terms in (1). The matrix elements then 
become 


V sr _ faelz ?} toe R,)+> v2(r— R) [fdr 
2 - Y 


foes * a(n figPdr 


7. 


crystal 


+f fos®*oe(ryfiydr, 


crystal 


(8) 


where the superscript has been added to the fi; to 
indicate expansion of the wave function about a lithium 
site (1) or a hydrogen site (2). If v; and v2 are spherically 
symmetric and drop off sufficiently rapidly, (8) reduces 
to 

4m 2 98591" Cy OFC ge O 


—kin | 


xf rvi(r) sin(|Kin—Kin|r)dr. (9) 


0 


From (3) and (9) it is seen that knowledge of the v;(r) 
and the C;; is sufficient to determine E(k). 

In order to calculate the symmetrized plane wave 
coefficients Cj, it is necessary to know the crystalline 
structure and to what symmetry group the k vector 
belongs. LiH is a NaCl-type structure, i.e., it has face- 
centered cubic symmetry. In the present calculation, 
two k vectors are of interest, namely the one at the 
top of the filled energy band and the one at the bottom 
of the empty band. As ten Seldam’ has pointed out, it 
seems very likely that for a lattice with face-centered 
cubic symmetry the top of the filled band will occur 
at the point W = (r/2a)(2,1,0), a corner of the Brillouin 
zone, and the bottom of the empty band will occur at 
the point L= (7/2a)(1,1,1), the center of a hexagonal 
face of the zone, as is the case in the free-electron 
model. LiH is known to be a NaCl-type structure 
under normal conditions, with lattice parameter 
2a9= 4.085 A, and it is assumed here that the compres- 
sion does not distort the structure nor cause a transition 
to a lattice of some other type. Since the two valence 
electrons per unit cell were originally the hydrogen 1s 
and lithium 2s electrons, the wave function for this 
point must have an s component. The only state 
possessing an s component is W ; hence the wave func- 
tion for this point will transform according to the 
irreducible representation Wy, in the notation of 
Bouckaert, Smoluchowski, and Wigner.* The character 
of the wave function for this state is the same, whether 
viewed from a lithium or a hydrogen site; hence for 
this level Cp, =Cy,. The first empty level is formed 


* Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 
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TABLE I. Character table for point W = (x/2a)(+2, +1, 0). 








—1 
0 


Definition of operators 








‘Values of (2a/x)k used 
(012), (032), (412), (432), (052), (016), (036), (452), 
(416), and (072). 


by taking a wave function with odd symmetry about 
the hydrogen sites while retaining even symmetry 
about the lithium sites, as argued by Ewing and Seitz® 
in their analysis of LiH under normal conditions. This 
leads to a wave function that transforms according to 
L, about the lithium sites and according to L2’ about the 
hydrogen sites. As a result, for this level, Cjxa #~Cj,. 

It is readily shown, using (5) and referring to Table I, 
that for point I’, 


Cr =Cp® =NA, (10) 


where N is the number of plane waves used to construct 
the symmetrized plane wave f;;. Referring to Table II 
it is found that for point ZL, 


Cr“ = N * 
Ca® = 44, 


CRYSTALLINE POTENTIAL 


As indicated above, the present calculation assumes 
that the crystal is in the metallic state. The two 
conduction electrons per unit cell (Li 2s and H 1s) are 
therefore assumed uniformly distributed throughout 
the cell. There then remains one hydrogen ion and one 
lithium ion per unit cell to be accounted for. As the 
hydrogen ion is simply a proton, it is replaced by a 
point positive unit charge. For the lithium ion, the 
potential as determined by Fock and Petrashen® from 
a Hartree-Fock calculation is used. Finally, the ex- 
changes and correlation energy of Bohm and Pines’ is 
added at the end. By constructing the potential in this 


5D. H. Ewing and F. Seitz, Phys. Rev. 50, 760 (1936). 

6V. Fock and M. J. Petrashen, Phyik. Z. Sowjetunion 8, 547 
(1935). 

7D. Pines, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 368. 
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TABLE II. Character table for point L= (ax/2a)(+1, +1, +1). 


2Ci1 XJ 


| & 


Re Ree 


AC) (0) 


7 Values of (2a/r)k used 


113), (133), (333), (115), (315), (533), (155), 
(117), and (137). 


way, both exchange and correlation effects are taken 
into account. 

To write the total cystalline potential as the sum of 
the potentials from each unit cell, the usual Wigner- 
Seitz cellular approximation is made. This approxima- 
tion, however, tends to overestimate the potential in 
the regions where the atomic spheres overlap and 
underestimate the potential in the regions between 
spheres. An attempt was made to correct the potential 
for this effect, using the method suggested by Heine.* 
A correction potential is defined as the difference be- 
tween the actual crystalline potential and the potential 
calculated from the atomic spheres model. This cor- 
rection potential can be calculated exactly for a simple 
cubic lattice of protons with a uniform negative charge 
density equal to one electron per unit cell. The exact 
potential of an electron in this lattice has been derived 
by Bacon? and is 


1 4r 
—V(r)=—- 


1 
>’ — exp[— (K2/4S*)+iK,-r] 
K 2 


‘ 
e Q i ‘ 


1 2 ? ™ 
. | f exp + —, (12) 
t {r—R,|ly/m Yg\r-R,| QS? 


where |e| is the charge on the proton, K;, is a reciprocal 
lattice vector, R; is the position vector of the ith 
proton, and S is an arbitrary parameter chosen in such 
a way that both of the sums converge rapidly. For a 


8 V. Heine, Proc. Roy. Soc. (London) A240, 361 (1957). 
®R. Bacon, Technical Report No. 15, September 1955, Case 
Institute of Technology (unpublished). 
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TABLE III. Potentials in a simple cubic proton lattice. 
Atomic units are used throughout. 








t/a —aV (Pi) —aVas(Pi) 


near (000) — 1.790098" — 2.417988" 
00) 2.353132 1.712912 
10) 1.286612 0.672242 
11) 0.846716 0.284110 
OO) 0.951265 0.211222 
10) 0.693298 0.050728 
11) 0.516526 0.000808 
40) 0.464681 0 0.219451 0.054854 
ht) 0.353145 0 0.107878 0.026970 

Pr }4) 0.245267 0 0 0 
C= —0.245267/a 


—aVc(Pi) 


0.382623 
0.394953 
0.369103 
0.317339 
0.494776 
0.397303 
0.270451 


—avc(Pi) 


0.382623 
0.367983 
0.353103 
0.314339 
0.247388 
0.198652 
0.135226 


Point 


near P, 
> 








* Plus 1/r +O(r’). 


simple cubic lattice, taking S=v3/a, where a is the 
lattice constant, and carrying the sums out to tenth 
nearest neighbors gives the potential to six significant 
figures. The results for some selected points in the lattice 
are given in Table III. The calculation was carried out 
with the aid of an IBM-650 machine and using the 
Rand approximation for the error function appearing 
in the second summation. 

The potential of the above lattice is easily calculated 
using the atomic spheres (AS) approximation. It is 
given by 

Vas(r)=>.0|r—R,|, (13) 
where 
> 
+———,, r<%e 


2ro «270? 


r=1% (14) 
and ro= (3/42) 'a=0.62035049a. The value at each of the 
ten selected points in the lattice is presented in Table 
III. The correction potential Vc(r), defined by 

Vc(r) +C=V (r)—Vas(n), (15) 


with the constant C chosen to make Voc(r)=0 at 





4 
© VALUES TAKEN FROM TABLE II 
}— PLOT OF EQUATION (16) 
1 7 

| 


-G% IN ATOMIC UNITS 











Ou 0.2 3 


Fic. 1. Comparison of the atomic spheres approximation to the 
correction potential with the exact correction potential for a 
simple cubic proton lattice. 
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r=}v3a, is also given. The potential Vc(r) was then 
replaced by an atomic spheres approximation, 


Ve(r) => ac(|r—Ri}). (16) 


where v¢(r)=0 for r>}3v3a. From (16), it is possible to 
determine wc(r) using the above results for Vc(r). The 
results are listed in Table III and shown in Fig. 1, 
from which it is evident that replacing Vc(r) by the 
above atomic spheres approximation introduces very 
little error. The resulting data were then fitted, using 
the method of least squares, to a polynomial of the 
form 


» 
(a/e*)tc=Aot > An(r/a)**, 


n=0 


(17) 


for V=0, 1, 2, ---, 5. For a potential of this form, the 
associated charge density is zero at r=0. This is a 


the atomic spheres approximation approaches the exact 
value as r tends to zero. The best fit obtained was with 
N=4, and is 


(a/e)v¢(r) = —0.382623+-0.938324(r/a)? 
— 8.73843 (r/a)*+40.9871 (r/a)>— 59.5367 (r/a)® 
+26.9304(r/a)’, OSr/aS3v3 
r/a=4v2. 


w(r) =0, (18) 


In order to obtain analytic expressions for the 
matrix elements given by (9), it is necessary to have 
an analytic expression for the potentials. Consequently, 
the numerical data of Fock and Petrashen*® (FP) for 
the Lit potential for 2s- and 2f-like electrons was fit 
using the method of least squares to a polynomial of 
the form 


(19) 


N 
—vpp(r)= >> Agr”, 
e 


n=0 


for V=1,2 ---, 8. It was found that a good fit to the 
potential is obtained for r<1 but for larger values of r, 
the approximation is inadequate. Furthermore, for 
r=3, the potentials varied very nearly as r~. Satisfac- 
tory fits were obtained by taking for the s-like potential 
(using atomic units) 
vf P(r) = — 3714+ 3.576424 1.237767 — 24.7369r* 

+ 62.6362r?— 71.9648r'+ 41.9090r>— 11.9835r6 

+1,3287977, O<r<1.06 

vF P(r) = —(1—eF"")/y, 1.068783 


v,FP(r)=—1/r, rZ3. 


and for the p-like potential, 
vpF P(r) = — (3/r) +3.14499+5.91101r—27.7024r° 
+ 42.7366r'— 33.8858r!+ 14.607 Ir’ — 3.23965r6 
+0.289060r7, O<rS1 


»,FP(r) re (1+ 2e2-8214r) /y 1srs3 


vy P(r)=—1/r, r23. 
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Equations (20) and (21) are plotted in Fig. 2, and 
compared with the values obtained directly from the 
Fock and Petrashen® data, with the potential defined as 


v4(r) =— (3, /r) +2F)— Ff 10/fei, (22 ) 


in the notation of Fock and Petrashen. Since the 2s 
function foo has a node at r=0.83 atomic unit, the 
s-like potential vo(r)=v,(r) calculated from (22) goes 
to + at this point, the sign being minus if approached 
from r<0.83 and plus if approached from r>0.83. This 
singularity arises because of the inclusion of exchange 
energy and occurs over a small region of space. Hence, in 
the present calculation, the curve has been smoothed and 
the results shown in Fig. 2 are for the smoothed Fock 
and Petrashen data. 


RESULTS AND CONCLUSIONS 


To test for convergence, the eigenvalues were calcu- 
lated from (3) using 6, 7, 8, 9, and 10 symmetrized 
plane waves. For points W and ZL, this corresponds to 
taking 32, 36, 44, 52, and 56, and 34, 40, 46, 52, and 64 
plane waves respectively. Some selected results obtained 
with the aid of an IBM-704 computer are listed in 
Table IV for several values of the lattice parameter. 
Various methods for estimating the eigenvalue for the 
infinite matrix were considered, but in light of the fact 
that it is the difference in energy levels which is im- 





FROM FOCK AND PETRASHEN 
FROM FOCK AND PETRASHEN 
FROM EQUATION (20) 
FROM EQUATION (21) 


-rv(r) IN ATOMIC UNITS 
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Fic. 2. Comparison of the approximate Li* core potentials with 
those calculated by Fock and Petrashen using the Hartree-Fock 
method. 
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TABLE IV. Energy values for points W and L. All units are 
atomic units. @ is the Li-H distance. ¢ is taken equal to zero 
except where indicated. 


Point W 
9 10 Ew* Ew> 


1.8359 1.8358 1.2345 1.1774 
0.8640 0.8640 0.3724 0.3234 
0.5735 0.5734 0.1239 0.0781 
0.2130 0.2130 —0.1694 —0.2101 


0.8694 
0.5792 
0.2194 
Point L 
9 10 E.® E> 
1.1744 
0.9701 
0.8748 
0.7149 


1.1750 1.1744 
0.9708 0.9702 
0.8755 0.8749 
0.7156 —0.7149 


0.3227 0.2370 
0.2882 0.2156 
0.2571 0.1896 
0.1981 0.1390 


® Energy using 10 symmetrized plane waves and including the Bohm 
and Pines correlation energy. 
+ Same as above except ¢ is taken as 0.3 


portant it was felt that such a correction should not be 
significant. In fact, the energy gap was found to vary 
only slightly in going from 8 to 9 to 10 symmetrized 
plane waves as is evident from Table IV. To these 
energies must be added the correlation energy which 
in the present calculation is given by Eq. (82), page 
408, of reference 7. The final results are presented as 
Ew and E;, in Table IV with corresponding plots 
appearing in Fig. 3. 

In interpreting the results it should be remembered 
that for values of a<1.5 a.u. (atomic units), some error 
will be introduced by the overlap of the Li ion cores 
This can be seen immediately by noting that the Li-Li 
distance is V2a, and the extent of the Li ion core is ~1 
a.u. Also, the present calculation is not expected to be 
applicable for the nonmetallic phase as in this limit the 
approximation of a uniform electron density is not 
valid. 

The dependence upon lattice parameter can now be 
used to obtain the dependence upon pressure through 


+ —_ 
40 30 
PRESSURE IN MEGABARS 











E IN ATOMIC UNITS 
nv = 


° 
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Fic. 3. The energy gap in LiH as a function of lattice parameter. 
The metallic transition point is shown for e=0 and e=0.3. 
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the relation 


ao 4 
p~0.3863(~) 
a 


a\? 
x| 1-o.2508( =) cata megabars. (23) 


ao 


which is easily obtained from Eqs. (32.2) and (32.3) of 
Léwdin.” The pressures obtained from (23) are shown 
in Fig. 3. Here p=0 corresponds to atmospheric pres- 
sure. The values given by Eq. (23) are known to be 
reasonably good for pressures {10° atmospheres but 
may be in error for higher pressures. 

Although the present model is not expected to give 
accurately the energy gap at the equilibrium lattice 
spacing, do, it does surprisingly well. The worst value 
is obtained using Li and H spheres of equal size and 
neglecting the Bohm and Pines exchange and cor- 
relation energy which, it can be argued, is not effective 
in the nonmetallic state. In this case the energy gap is 
found to be 8.6 ev. At present no experimental measure- 
ment of the gap exists, but an upper limit can be 
obtained from the optical absorption measurements of 
Bach and Bonhoeffer." They observe a diffuse absorp- 
tion band at 1900 A which is equivalent to 6.5 ev. 
This corresponds to the optical gap and not the thermal 
gap, which is important in the present calculation. The 
upper limit of the thermal gap is the optical gap, but 
in general it is smaller. From the work of Ewing and 
Seitz’ on LiH and LiF, it appears that the decrease 
may be of the order of 1 to 2 ev. It is thus seen that the 
present calculation overestimates the energy gap at 
worst by a factor of 1.9 at the equilibrium lattice 
spacing. This overestimate is attributable in part to the 
assumption of a uniform electron density in the crystal, 
which is certainly not true for the equilibrium value of 
the lattice parameter. A further error has been intro- 
duced by assuming the Li and H spheres to be the 
same size. Ewing and Seitz’ and Lundqvist” both find 
that the Li sphere contains about 2.7 electrons and the 
H sphere contains about 1.3 electrons at a=d». This 
is readily understood, since the presence of the Li 1s° 
core electrons causes the effective volume available to 
the conduction electrons to be smaller in the Li sphere 
as compared to the H sphere. In order to account for 
this effect, the present calculation was generalized to 
include a parameter ¢ such that the charge in the Li 


1 Per-Olov Léwdin, A Theoretical Investigation into Some 
Properties of Ionic Crystals (Uppsala, 1948). 
1 F, Bach and K. F. Bonhoeffer, Z. physik. Chem. 23, 256 


(1933). 
2S. O. Lundqvist, Arkiv. Fysik 8, 177 (1954). 
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sphere was 1—e and the charge in the H sphere (of 
equal volume) was 1+. For e=0.3, the overestimate of 
the gap at a=dp is reduced from a factor of 1.9 to a 
factor of 1.8. The remaining 80% overestimate is then 
attributable to the assumption of a uniform electron 
density. 

From Fig. 3 it is seen that for e=0 the transition to 
the metallic phase occurs for a=1.235 a.u. and cor- 
responds to a pressure of 35.2 megabars. If instead 
were chosen as 0.3, the transition is found to occur for 
a= 1,24 a.u. corresponding to a pressure of 34.6 mega- 
bars. It is thus apparent that the metallic transition 
point is somewhat insensitive to the choice of « and 
occurs at a pressure of about 35 megabars. Experi- 
mental results to date are few. Griggs and co-workers* 
have made static measurements on LiH up to about 
240 kilobars at room temperature and observed no 
transition, in fact they observed a negligible decrease 
in the resistivity of their specimen. The measurements 
of Alder and Christian! are made using the shock-wave 
technique, and hence the crystal is at a temperature of 
perhaps 500 or 600°C at the time of measurement. 
However, this corresponds to a rather small energy and 
should not seriously affect the results. They have made 
measurements up to about 100 kilobars and observe no 
transition to the metallic state, although they do inter- 
pret their data as indicating that the energy gap has 
decreased to about 2 ev at a pressure of the order of 
100 kilobars. In view of these experimental results it is 
felt that the present calculation gives a reasonable 
estimate for the metallic transition point in LiH. 

The possibility of a transition to the more densely 
packed CsCl] structure has not been considered. It is 
conceivable that such a transition could cause a sudden 
decrease in the energy gap and eventually result in a 
metallic transition at a lower pressure than that 
predicted for the NaCl-type structure. However, 
neither the experiments of Griggs nor Alder indicate a 
transition up to pressures of about 240 kilobars. 
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Heat-capacity measurements have been made on two face-centered-cubic alloys of the type Cu:_22ZnzNiz 
at temperatures below 4.2°K for the values x~0.03 and x~0.08. The heat capacity has been found to obey 
a law of the type C,=y7+ (464.5/0p*)T? cal/mole (°K). The Debye characteristic temperature 0p is nearly 
the same as that for pure copper. For an alloy having x~0.03, @p is approximately 1% higher than @p for 
pure copper. However, y increases rapidly with increasing x, and is approximately 20% higher than the + 
for pure copper when «~0.03. The results are found to be incompatible with a rigid-band model approach 


to alloy theory. 





INTRODUCTION 


IGID-BAND interpretations of properties of 

binary alloys have occasionally been advanced.'~* 
These interpretations have been applied to low-temper- 
ature heat-capacity measurements?“ and to the results 
of magnetic moment and magnetic susceptibility meas- 
urements.*~7*0 The atomic moments of nickel alloys" 
containing small amounts of Mn, Fe, Co, Cu, Pd, Zn, 
Al, and Sn have been interpreted by this method,’:” 
and the explanation of the atomic moment of the 
Cu-Ni alloys*-” is regarded as one of the successes of 
this type of analysis. These explanations of the atomic 
moments of alloys involve the assumption that the 
nickel atoms and the solute atoms share a common set 
of bands, and that in the case of Cu and Zn doped into 
Ni, the 4s electrons of the solutes fill the holes in the 
nickel 3d band. The simplest interpretation of the 
low-temperature heat-capacity measurements of binary 
alloys involves the assumption that the addition of the 
heavier element fills electronic states in AK space and 
shifts the position of the Fermi surface without changing 
the shape of the V(£) versus E curve. If this is the case, 
and if we assume that ¥ is proportional to the density 
of states at the Fermi surface, then low-temperature 
heat-capacity measurements on alloys of the type 
Cuy-2zZn,Ni, should produce values of y which are 
independent of x. This is so because the electron-to- 
atom ratio is independent of x, and the lattice spacing 
is almost independent of «x. 


1 Hoare, Matthews, and Walling, Proc. Roy. Soc. (London) 
A216, 502 (1953). 

2F. E. Hoare and B. Yates, Proc. Roy. Soc. (London) A240, 
42 (1957). 

3 John A. Rayne, Phys. Rev. 108, 22 (1957). 

4 John A. Rayne, Phys. Rev. 110, 606 (1958). 

5 E. P. Wohlfarth, Proc. Roy. Soc. (London), A195, 434 (1949). 

8 E. P. Wohlfarth, Proc. Leeds Phil. Lit. Soc. Sci. Sec. 5, 89 
(1949). 

7N. F. Mott, Proc. Roy. Soc. (London) 47, 571 (1935). 

8 E. C. Stoner, J. phys. radium 12, 372 (1951). 

® Charles Kittel, Introduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1956), second edition, pp. 329-337. 

10N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Clarendon Press, Oxford, 1936), p. 197. 

11M. Alder, Ph.D. thesis, University of Zurich, 1916 (unpub 
lished). 


EXPERIMENTAL PROCEDURE AND RESULTS 


Two samples approximating the type Cuy».Zn,Ni, 
were prepared, one with the value x~0.03, and one 
with «~0.08, hereafter referred to as the 3% and 8% 
samples. The 3% sample was melted in a sealed evacu- 
ated quartz tube. The tube was tipped repeatedly to 
ensure mixing, and was subsequently plunged into 
water while the mixture was molten. The 8% sample 
was melted in an alumina crucible under an argon 
atmosphere and was similarly water-chilled. Both 
samples received homogenizing heat treatment con- 
sisting of 48 hours of annealing at 900°C in sealed 
evacuated quartz tubes with a small amount of zinc 
powder enclosed to prevent dezincing of the surface. 

Part of the 3% sample was polished, etched, and 
examined microscopically for evidence of coring. No 
such evidence was found. Both samples have been 
chemically analyzed and found to be nearly uniform in 
composition. The 3% sample was examined spectro- 
graphically and found to contain approximately 0.02% 
of solid impurities by weight. Chemical analysis showed 
that the Cu-Ni-Zn part of the sample consisted of 
93.62% Cu, 3.17% Zn, 3.21% Ni at the top and 
93.73% Cu, 3.03% Zn, 3.24% Ni at the bottom, per- 
centage being atomic percent. The source of materials 
for the 8% sample was the same as that for the 3% 
sample, and it is therefore assumed that the impurities 
are the same. Chemical analysis at the top and bottom 
of the 8% sample showed that the Cu-Ni-Zn part of the 
sample consisted of 84.26% Cu, 7.73+0.03% Ni, and 
8.01+0.02% Zn with the composition varying by the 
amount indicated over the length of the sample. The 
Cu-Ni-Zn compositions are given in atomic percent. 

The two samples, weighing 402 and 363 grams for 
the 3% and 8% samples, respectively, were provided 
with carbon resistance thermometers and Manganin 
heaters, lacquered in place with Tuffernell baking 
varnish. They were placed in a standard liquid-helium 
calorimeter. The thermometers were calibrated and 
heat-capacity measurements were made. The ther- 
mometer calibrations consisted of 11 data points for 
the 3% sample and 8 data points for the 8% sample. 
These data were used to find least-squares values for 
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Fic. 1. C,/T versus T? for two pseudo-copper alloys 
(Cuj_2,Ni,Zn,) and for pure copper. 


constants A, B, and C in the relationship 
[ (logR)/T }'= A+B logR+C(logR)?. 

This relation is a variation of the one suggested by 
Clement and Quinnell.” The least-squares fit resulted 
in rms deviations of +0.00162°K and +0.00246°K for 
the 3% and 8% sample thermometer calibration curves. 
A series of heats was taken on each sample, and the 
data was processed by the IBM-650 computer, which 
was also used to produce a least-squares fit of C,/T 
= 7+ (464.5/6p*)T? cal/mole (°K). Results are plotted 
in Fig. 1. The least-squares fit resulted in the values 
y= 2.029X 10~ cal/mole (°K)? for the 3% sample and 
y= 2.37X10~ cal/mole (°K)? for the 8% sample. Pure 
copper® has y=1.65X10~ cal/mole (°K)*. The values 
for the Debye characteristic temperature @p were 
349.1°K and 349.6°K for the 3% and 8% samples, 
respectively. This compares with the value @)=344°K 
for pure copper. The average deviation of the 3% 
sample from the law 
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| cal/mole (°K)? 


C, r=| 2.029% 10-% —- 

349.13 (°K)? 
was 0.42%. The 8% sample data scattered about twice 
this much. Corrections for the Tuffernell, carbon 
resistor, and aluminum radiation shield would reduce 
the y values by one or two percent. 


DISCUSSION OF RESULTS 


Alloys of the type Cu;2,Zn,Ni, have not only the 
same electron-to-atom ratio as pure copper, but also 
the same crystal type, and nearly the same lattice 
constant, melting point, and mass-to-atom ratio, for 
small values of x. Furthermore, for the values of x used 
in this work, they are not near any phase boundary." 
The Cu-Ni system is face-centered-cubic (fcc) in all 
proportions. The Cu-Zn system is fec up to 32% Zn. 
The Cuj2:Zn,Ni, is fec up to x=0.28. Since Zn and 

2 J, R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 

18 W. S. Corak ef al., Phys. Rev. 98, 1699 (1955). 

4 Metals Handbook (American Society for Metals, Cleveland, 
Ohio, 1948). 


Ni are neighbors to copper in the periodic table, doping 
copper with Ni and Zn causes a minimum of pertur- 
bation in the potential which the copper lattice presents 
to the electrons. 

The measured excess of the value of y for the pseudo- 
copper above that for pure copper” is incompatible 
with a rigid-band-model approach to alloy theory. It 
is impossible to attribute this increase in y to a change 
in the lattice spacing. The nominal 3% sample has been 
found to be made up of fcc crystals with a lattice 
spacing of 3.584+0.003 A. This is about one percent 
smaller than the spacing for pure copper, which is also 
fcc. Such a decrease in the lattice spacing is usually 
regarded as being associated with a decrease in the 
density of states and therefore a decrease in y. The 
present results show an increase in y. 

It may be noted that both the alloys used in these 
measurements deviate slightly from the ideal form 
Cuy-22Zn,Ni;z. The nominal 3% alloy is slightly nickel 
rich, whereas the nominal 8% alloy is zinc rich. If we 
attempt to retain a rigid-band viewpoint, these devi- 
ations from the ideal do not explain the large increases 
in y over the value for y for pure copper. An alloy" 
of 90% Cu, 10% Ni has the value y=2.45x10-4 
cal/mole (°K)*. Interpolation shows that the nickel 
excess in the nominal 3% sample could be expected to 
cause an increase in y of 0.01610~ cal/mole (°K)? 
over the value for pure copper. The observed increase 
is approximately 20 times this amount. A similar 
attempt to keep a rigid-band viewpoint while explaining 
the results of the measurement on the nominal 8% 
sample leads to the same lack of success. 

The observed increase in y for the 3% alloy may be 
accounted for by attributing it to the zinc doping and 
nickel doping separately. This represents an abandon- 
ment of the rigid-band approach. Interpolating from 
the previously mentioned 90% Cu 10% Ni measure- 
ment, we find that the nickel concentration in the 
nominal 3% alloy causes an increase in y amounting to 
0.256 10~ cal/mole (°K). Similarly, referring to the 
results of Rayne,’ we find that the zinc concentration 
can be expected to increase y by 0.1110~ cal/mole 
(°K)*. If we add these increases to the y for copper,” 
we get a predicted total y value of 2.016X 10~ cal/mole 
(°K)?, which compares to a measured value of 2.03 
X10-* cal/mole (°K)? for the nominal 3% sample. 
Corresponding calculation for the nominal 8% alloy 
shows a similar agreement between the calculated and 
measured values. 

CONCLUSION 

The usual rigid-band-theory explanations of the 
results of the measurements of the atomic moments of 
binary alloys of nickel are in conflict with the pseudo- 
copper heat-capacity measurements. The present results 
are most easily understood if it is assumed that there 

16 Guthrie, Friedberg, and Goldman, Bull. Am. Phys. Soc. Ser. 


II, 1, 147 (1956). Also, G. L. Guthrie, Ph.D. thesis, Carnegie 
Institute of Technology, 1957 (unpublished). 
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are unfilled states of 3d character in the alloys used in 
the present measurements. It is apparent that rigid- 
band interpretations of properties of binary alloy 
systems should be used with extreme care if at all. It 
is doubtful if low-temperature heat-capacity measure- 
ments of binary alloy systems can be used to construct 
density-of-states curves for pure metals. 
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The room-temperature optical transmission spectra of pure and doped SrTiO; crystals have been studied 
after heating them in oxygen and vacuum; spectral measurements were made in the quantum energy range 
from 0.1 to 3.4 ev. 

A blue color, with strong attendant absorption in the infrared, can be induced in the pure crystals by 
heating them in vacuum with absorption maxima occurring at 0.9 and 2.9 ev. This induced absorption can 
be removed by heating the crystals in oxygen. Prolonged heatings of the pure, stoichiometric crystals in 
oxygen have failed to induce any measurable change in the transmission spectra in the aforementioned 
energy range. 

Optical absorption can be induced in iron- and cobalt-doped SrTiO; crystal samples by heating them in 
oxygen; this absorption can be removed by heating the crystals in vacuum. The induced absorption occurs 
primarily at high quantum energies in the spectra of these doped crystals, with maxima occurring at 2.75 
and 2.2 ev in the iron-doped samples, and at 3.0 and 2.6 ev in the cobalt-doped samples. It is suggested 
that the induced absorption observed in the doped crystals involves a controlled change in the valence 


states of these impurities. 


INTRODUCTION 
NVESTIGATIONS of the optical properties of 
single crystals of pure strontium titanate have been 
reported several times in recent years. These crystals 
are grown by the flame-fusion method using an oxygen- 
hydrogen flame in a Verneuil-type furnace at a tem- 
perature of about 2100°C; the purity of the SrTiO; 
furnace feed material and the details of the crystal- 
growing process may be found elsewhere.':? The struc- 
ture of SrTiO; is that of a cubic perovskite, with one 
molecule per unit cell; strontium ions are located at the 
corners of the unit cell, oxygen ions at the centers of 
the cell faces, and a titanium ion at the center of the 
unit cell. These SrTiO; crystals have a high index of 
refraction (2.407 at 5893 A), a low-frequency room- 
temperature dielectric constant at 310, and a dielectric 
loss tangent of 0.00025 when they are in the stoichio- 
metric condition.?* The onset of fundamental electronic 
t This work was supported by the U. S. Atomic Energy Com- 
mission. 
1L. Merker, Mining Eng. 7, 645 (1955). 
2 Levin, Field, Plock, and Merker, J. Opt. Soc. Am. 45, 737 


(1955). 
3A. Linz, Phys. Rev. 91, 753 (1953). 


absorption occurs at a quantum energy of about 3.2 ev,! 
and the optical absorption coefficient rises to about 10# 
cm at an energy of 3.5 ev as estimated from diffuse 
reflectance measurements made in this laboratory. The 
absorption coefficient of these crystals in the stoichio- 
metric condition is less than 10~' cm™ over the energy 
range from 0.25 to 3.1 ev.? Strong absorption occurs 
for energies less than 0.20 ev, the maximum being 
located at 0.075 ev.* 

For the most part, the previous investigations of the 
pure SrTiO; crystals were performed on them in the 
stoichiometric state. The present work is concerned 
primarily with the transmission spectra of both pure 
and doped SrTiO; crystals which are not in the stoichio- 
metric condition. 


EXPERIMENTAL PROCEDURES 


The pure and doped crystal samples used in this 
work were sawed from the boule form into slabs, ground 
to the desired thicknesses, while maintaining parallel 
faces, and then polished on a rotating wax lap using a 


"43. A. Noland, Phys. Rev. 94, 724 (1954). 
5 J. T. Last, Phys. Rev. 105, 1740 (1957) 
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slurry of Linde Type A-5175 aluminum oxide in distilled 
water as the polishing agent. 

The room-temperature transmission spectra were 
obtained using a sample-in, sample-out method. The 
measurements were made using a Perkin-Elmer Model 
12C Spectrophotometer using both fused silica and rock 
salt optical components. A tungsten ribbon filament 
lamp and a Globar served as the radiation sources; a 
1P28 photomultiplier tube, a lead sulfide cell, and a 
radiation thermocouple were used as the detectors. 
With different combinations of these components, 
transmission measurements could be made over the 
quantum energy range from 0.085 to 3.6 ev. Trans- 
mission measurements could be reproduced to +0.5% 
in this energy interval. 

The vacuum heatings given the samples were carried 
out in either a Kanthal-wound or a platinum-wound 
resistance furnace of the tube type with which either 
Mullite or vitrified alumina tubes were used as the 
vacuum envelopes. The samples were contained in 
platinum boats during the heatings, with only the 
edges of the samples in contact with the boats. The 
sample temperatures during the heatings were moni- 
tored by a Pt-Pt, 10% Rh thermocouple placed close 
to the sample inside the vacuum chamber. The kinetic 
pressure inside the furnace tubes during the vacuum 
heatings was 5X10-* mm Hg or less; these furnaces 
were also used for heating the samples in flowing 


oxygen at atmospheric pressure. The crystal samples 
were lightly polished after each treatment. In all the 
crystal samples investigated, it was found that the 
induced absorption was distributed throughout the 
thicknesses of the slab-shaped samples, and not merely 


near their surfaces. 
EXPERIMENTAL RESULTS 
Pure Crystals 


The transmission spectra of a representative pure 
SrTiO; crystal sample after having been given various 
heatings are given in Fig. 1. The theoretical transmis- 
sion spectrum of a nonabsorbing dielectric slab is given 
by curve 1; the relation 7=2n/(n?+1) is used, where 
T is the transmission of the slab, and m is the index of 
refraction. The solid part of this curve was obtained by 
using published values of m, and the dashed portion of 
the curve was determined by using values of » obtained 
by making a Cauchy extrapolation of the published 
values of into the near infrared.? The sharp decrease 
in the transmission for energies greater than 3.15 ev 
is ascribed to the onset of fundamental electronic ab- 
sorption, whereas the rapid decrease in transmission 
for energies less than 0.2 ev is presumed to be due to 
lattice excitation. It is seen that curve 2, the sample in 
the untreated condition, lies just below the theoretical 
curve over most of the transparent region of the 
stoichiometric crystal, i.e., 0.2 to 3.1 ev. The vacuum 
heating of the pure crystals does induce some absorption 
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in the visible which gives rise to a blue color in them, 
but inspection of curves 3, 5, and 6 indicates that the 
induced absorption is greatest in the infrared. The 
vacuum heating has induced transmission minima at 
0.9 and 2.9 ev with the transmission decreasing for 
quantum energies less than 0.4 ev. Comparison of 
curves 2 and 4 in the vicinity of 1 ev would seem to 
indicate that the untreated crystal was slightly oxygen 
deficient. 

Heating this sample in the stoichiometric state at a 
temperature of 860°C for two hours in vacuum failed 
to induce measurable absorption. (It is therefore 
thought that the “freezing-in’” temperature for the 
diffusion of oxygen in SrTiO; is somewhere around 
850°C.) It should be mentioned here, that for all the 


— Alp) 


UNDOPED SrTiO, SINGLE CRYSTAL 
¢ = 0.089 cm 


5 2.0 
hy (ev) —> 
Fic. 1. Transmission spectra of heat-treated pure SrTiO; 
crystal. (1) Plot of T7=2n/(n?+1); (2) untreated crystal; (3) 
3 hours at 1040°C in vacuum; (4) S5thours at 1250°C in oxygen; 
(5) 2 hours at 1040°C in vacuum; crystal brought back to 
stoichiometry by cxygen heating, then (6) 2 hours at 960°C in 
vacuum. 


sample heatings reported in this work, it took no more 
than twenty minutes after the end of a heating run for 
the sample temperature to drop to 850°C. 

The induced absorption spectra caused by the vacuum 
heating of the pure crystal sample are given in Fig. 2. 
Curves 1, 2, and 3 of Fig. 2 were derived by subtracting 
curves 3, 5, and 6 from curve 2 in Fig. 1. The induced 
absorption extends over a rather broad spectral region; 
however, two absorption maxima occur at energies of 
0.9 ev and 2.9 ev. It is estimated that the diffusion coef- 
ficient for the induced absorption at 0.9 ev in these 
spectra is about 5X 10-5 cm*/sec at a temperature of 
1040°C. It should be noted that the oxygen heatings 
used to remove the vacuum-induced absorption did not 
induce any measurable change in the transmission 
spectra from that of the stoichiometric case, even 
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though the heating times and temperatures were re- 
spectively longer and higher than those used in the 
vacuum heatings. Several other untreated pure samples 
were heated in oxygen at 1150°C for two hours and 
heated again for 5} hours at 1250°C. The transmission 
spectrum for each of these samples was measured after 
each oxygen heating; no significant changes (greater 
than 1%) from the untreated-sample spectra were 
noted in any of these spectra. It would appear therefore 
that prolonged oxygen heating of the pure crystals in 
the stoichiometric condition causes no induced absorp- 
tion in the energy range from 0.13 to 3.2 ev. 


Doped Crystals 


The transmission spectra obtained from a SrTiO; 
single-crystal sample containing iron as a deliberately 
added foreign impurity (0.02% Fe,O0; by weight added 
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Fic. 2. Induced absorption in a pure SrTiO; crystal caused by 
vacuum heating. (The induced absorption coefficient, k, has been 
calculated correcting for both reflection losses and multiple 
passages of light through the sample.) (1) 3 hours at 1040°C; 
(2) 2 hours at 1040°C; (3) 2 hours at 960°C. 


to the furnace feed material) after having been given 
several heat treatments are shown in Fig. 3. It first 
should be noticed that none of the treatments given 
the crystal engendered any significant changes in its 
transmission spectra for quantum energies less than 
1.5 ev (the region where the absorption induced by 
vacuum heating of the pure crystals is the greatest). 
The untreated crystal was a light yellowish-brown 
color, and its spectrum is given by curve 2. Heating the 
sample in oxygen caused it to turn a dark brown color; 
the spectrum is given by curve 3. Two subsequent 
oxygen heatings of the sample failed to induce any 
further optical absorption in the crystal; hence it would 
appear that there is a “saturation effect’? occurring. 
The crystal was then heated in vacuum causing it to 
become almost colorless; the spectrum of the crystal in 
this state is given by curve 4. It is noteworthy that 
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Fic. 3. Transmission spectra of heat-treated iron-doped SrTiO; 
crystal. (1) Plot of T7=2n/(n?+1); (2) untreated crystal; (3) 54 
hours at 1200°C in oxygen. Crystal heated for 5 hours at 1215°C 
in oxygen, and then for 2 hours at 1325°C in oxygen. No measur- 
able change in the spectra could be detected after each heating 
from that given by curve 3; then (4) 2} hours at 1300°C in 
vacuum; (5) 3 hours at 1360°C in oxygen. 


this spectrum approaches that of a pure crystal in the 
stoichiometric condition. Heating the crystal in oxygen 
again caused it to turn a dark brown color, and the cor- 
responding spectrum is shown by curve 5. These phe- 
nomena have been observed with several other iron- 
doped crystal samples. 

The induced absorption spectra in the iron-doped 
SrTiO; crystal caused by the oxygen heat treatments 
are shown in Fig. 4(A). Curves 1, 2, and 3 in Fig. 4(A) 
were derived by subtracting curves 3 and 4, 2 from 4, 
and 4 from 1, respectively, in Fig. 3. Curves 1 and 2 in 
Fig. 4(A) represent the optical absorption induced in 
the iron-doped samples by heating it in oxygen; curve 
3 measures the difference in absorption of the iron- 
doped crystal in the “almost colorless” state from that 
of a pure crystal in the stoichiometric condition. The 
spectra in Fig. 4(A) indicate that two absorption bands 
centered about quantum energies of 2.2 and 2.75 ev 
are induced by heating the iron-containing SrTiO; 
crystal in oxygen. It is expected that curve 3 should 
go through a maximum at higher energies and then go 
to zero at a quantum energy of about 3.25 or 3.3 ev. 

The spectra obtained from a cobalt-doped SrTiO; 
crystal sample (0.02% CoO; by weight added to the 
furnace feed material) after having been given various 
heat treatments are shown in Fig. 5. The untreated 
crystal was orange in color, and its spectrum is given 
by curve 2. Heating the sample in oxygen caused it to 
turn a darker orange color and the spectrum of the 
crystal in this state is shown by curve 3. A subsequent 
vacuum heating of the crystal rendered it almost color- 
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Fic. 4. (A) Induced absorption spectra of iron-doped SrTiO; 
crystal caused by oxygen heating. (See text for explanation.) k was 
calculated as in Fig. 2. (B) Induced absorption spectra of cobalt 
doped SrTiO; crystal caused by oxygen heating. (See text for 
explanation.) k was calculated as in Fig. 2. 


less and its spectrum in this condition is given by 
curve 4. Heating the crystal in oxygen again caused it 
to turn a bright orange color, and then curve 5 was 
measured. Similar results were obtained with other 
cobalt-doped SrTiO; crystal samples. 

The optical absorption induced in the cobalt-doped 
SrTiO; crystal by heating it in oxygen are shown by 
curves 1 and 2 in Fig. 4(B). Curves 1, 2, and 3 in Fig. 
4(B) were derived by subtracting curves 5 from 4, 2 
from 4, and 4 from 1, respectively, in Fig. 5. Curves 1 
and 2 represent the optical absorption induced in the 
cobalt-doped crystal by heating it in oxygen, whereas 
curve 3 is a measure of the difference in the optical 
absorption of the cobalt-doped SrTiO; crystal in the 
“almost colorless” condition from that of pure SrTiO; 
in the stoichiometric state. There appear to be two 
induced absorption bands in these spectra located at 
2.6 and 3.0 ev. 

In examining the results given in Figs. 4(A) and (B), 
it is evident that the primary effect of the oxygen heat 
treatments is to induce optical absorption at high 
quantum energies; the gross features of the induced 
spectra in the two figures are rather similar; however, 
there are differences in their details. It should also be 
noticed that this phenomenon is a reversible and easily 
measured effect in these crystals. By applying Smakula’s 
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equation to the 2.75-ev band of curve 1 of Fig. 4(A) 
(saturation case in the iron-doped SrTiO; sample), one 
obtains a value of (Vf)=1.2X10"* per cc, where N is 
the concentration of absorbing centers and f is the 
oscillator strength for this optical transition.® 

The absorption spectra for SrTiO; and BaTiO; 
crystals for quantum energies less than 0.2 ev are 
given in Fig. 6. Curve 1 gives the absorption spectra 
of a pure, untreated SrTiO; crystal sample before and 
after heating in oxygen. The absorption spectra of an 
iron-doped crystal before and after heat treatment in 
oxygen are given by curve 2. The position of the absorp- 
tion maxima at 0.163 ev is not measurably affected by 
either the presence of iron as a foreign impurity in the 
SrTiO; or by heating the pure or iron-doped crystals in 
oxygen; preliminary measurements have been made on 
SrTiO; crystals doped with chromium, nickel, and 
manganese, and similar results have been obtained. 

The absorption spectrum of a Harshaw polydomain 
BaTiO; crystal is given by curve 3; an absorption 
maximum at 0.153 ev is apparent. The 0.163-ev band in 
pure SrTiO crystals in the stoichiometric condition has 
been previously reported by Noland‘ and Levin ef al.,” 
and the 0.153-ev band in BaTiO; has been observed by 
Hilsum’; it is possible that these two bands are satellites 
of the strong 0.076-ev and 0.062-ev lattice absorption 
bands observed in SrTiO; and BaTiO; by Last.’ It 
seems probable that these satellite bands are caused by 
lattice excitation in the perovskite structure of these 
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Fic. 5. Transmission spectra of heat treated cobalt doped 
SrTiO; crystal. (1) Plot of T=2n/(n?+-1); (2) untreated crystal; 
(3) 5 hours at 1190°C in oxygen. Crystal heated for 2 hours at 
1325°C in oxygen; no measurable change in spectrum after this 
treatment from that given by curve 3; then (4) 2} hours at 
1300°C in vacuum; (5) 3 hours at 1260°C in oxygen. 


°F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 664. 
7C. Hilsum, J. Opt. Soc. Am. 45, 771 (1955). 
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titanate because their occurrence does not seem to be 
measurably affected by the presence of some foreign 
impurities or by oxygen heating. Preliminary vacuum 
heating experiments indicate that optical absorption 
is induced in the pure SrTiO; crystals which extends to 
the low-energy side of the 0.163-ev band. 


DISCUSSION OF RESULTS 


The optical absorption spectra obtained for the pure 
SrTiO; crystal samples in the stoichiometric condition 
in this work are in substantial agreement with those 
obtained by Noland‘ and Levin ef a/.,? on these crystals. 
The vacuum and oxygen heating experiments carried 
out with the pure crystals show that the induced ab- 
sorption is a reversible effect and the amount of induced 
absorption can be controlled experimentally. It seems 
likely that the vacuum heating of these crystals has a 
reducing effect upon them causing a loss of oxygen from 
their perovskite lattice; part of the observed induced 
absorption is probably caused by the excitation of 
electrons trapped at oxygen ion vacancies in the defect 
lattice. It is noteworthy that the induced absorption 
extends over a large energy range and probably extends 
into the low-energy region where it is believed that lattice 
excitation is the dominant mechanism for optical 
absorption. 


Doped Crystals 


The gross appearance of the optical absorption 
induced in both the iron- and cobalt-doped SrTiO; 
crystals by heating them in oxygen is rather similar, 
although, as was mentioned before, there are some 
detailed differences between the two spectra. It is 
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Fic. 6. Low-energy absorption spectra of BaTiO; and SrTiO3. 
(See text for explanation.) Absorption coefficient, a, has been 
calculated, correcting for reflection losses. 
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thought that there is a common mechanism giving rise 
to the observed high-energy absorption induced in both 
the iron- and cobalt-doped crystals. In contemplating 
possible origins of this induced absorption, one should 
take under consideration at least the following experi- 
mental observations. 

(1) It has not been possible to induce measurable 
optical absorption in the pure, stoichiometric SrTiO; 
crystal samples by heating them for prolonged periods 
of time at high temperatures in flowing oxygen, whereas 
it is possible to induce absorption (primarily at low 
energies) by heating them in vacuum for shorter times 
at considerably lower temperatures. In the latter effect, 
the amount of absorption induced can be controlled by 
varying the time and/or the temperature of vacuum 
heating; furthermore, the absorption thus induced can 
be removed either partially or completely by heating 
the crystals in oxygen. 

(2) It is possible to induce optical absorption at 
primarily high energies in the iron- and cobalt-doped 
SrTiO; crystals by heating them in oxygen. This 
induced absorption can be removed by subsequently 
heating the crystals in vacuum. The spectra of the 
crystals then approach that of a pure crystal in the 
stoichiometric condition. 

(3) There appears to be a ‘‘saturation effect” in the 
amount of optical absorption which can be induced in 
either the iron- or cobalt-doped SrTiO; crystals after 
extended heating times in oxygen at high temperatures. 

(4) Since the optical absorption induced in the doped 
SrTiO; crystals by heating them in oxygen occurs 
primarily at large quantum energies, the induced ab- 
sorption probably results from electronic rather than 
lattice excitation. The preferred chemical valence states 
of both iron and cobalt are known to be +2 and +3. 

It seems clear from the above that the presence of 
iron or cobalt in the lattice as well as the presence of 
an oxygen atmosphere during high temperature heating 
are necessary for the production of the high-energy 
absorption in the doped SrTiO; crystals. The reversible 
nature of induced absorption and the “saturation effect” 
observed in the doped crystals suggests that the valence 
states of the iron and cobalt impurity ions in the lattice 
are changed by the different heat treatments given 
these crystals. It seems reasonable to assume that both 
the iron and cobalt ions are oxidized to the +3 valence 
state by the high-temperature oxygen heating. 

One is tempted to assume that iron and cobalt ions 
substitutionally replace strontium ions in the SrTiOg; 
lattice because it was possible to get both the iron- and 
cobalt-doped crystals into the ‘‘almost colorless’’ state. 
When the doped crystals are in this state, it is assumed 
that the iron and cobalt are in the +2 valence state 
giving rise to a transmission spectrum which approaches 
that of a pure crystal in the stoichiometric state. If the 
iron and cobalt ions existed in either the +2 or +3 
valence state while being situated in either titanium or 
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interstitial positions in the lattice, the methods used 
in the coloring and the bleaching of these crystals and 
the requirement of local electric charge neutrality 
would demand that either electrons or holes be trapped 
in their vicinity, and should give rise to optical ab- 
sorption; hence it should not be possible to get these 
crystals into the “almost colorless” state. Since this 
does not agree with experiment, it seems reasonable 
that the iron and cobalt ions do not occupy these 
positions in the lattice. However, even if all the iron 
(or cobalt) in the crystal were in the +2 valence state 
substituting for the strontium ions, it should be ex- 
pected that their presence in the crystal will slightly 
increase the optical absorption in the low-energy tail of 
the fundamental electronic optical absorption band. 
This effect is probably contributing to part of the 
absorption given by curves 3 of Figs. 4(A) and 4(B); 
certainly the oxygen-induced absorption is also con- 
tributing to this curve since no serious attempt was 
made to maximize the transmission spectra by suc- 
cessive heat treatments of the doped crystals in vacuum 


or oxygen. 

These strontium titanate crystals are grown under 
reducing conditions at a temperature arouns 2100°C, 
Even though Fe2O; (or Co.OQ3) is added to the furnace 
feed material, it seems reasonable that iron (or cobalt) 
in the +2 valence state exists in the molten cap of the 
boule under these conditions, and hence it is probable 
that these impurities replace Sr** in the growing crystal. 
(It is interesting to note that if all the iron added to 
the furnace feed material remained in the finished 
crystal and contributed to the induced absorption, an 
iron concentration in the order of 10'* per cc would be 
expected, whereas the iron concentration as calculated 
previously from the saturated 2.75-ev band isin the order 
of 10'* per cc if all the iron remaining in the crystal con- 
tributes to the intensity of this band. Considering the 
relatively high volatility of iron at the temperature 
of crystal growth, such a possible large concentration 
difference is not unexpected.) 

During the course of this work, it was found that 
x-ray irradiation of the doped crystals in the ‘almost 
colorless” state at room temperature caused the 
iron-doped crystal to become brown colored and the 
cobalt-doped crystal to become orange colored; similar 
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x-ray irradiations of pure SrTiO; crystals in the stoichio- 
metric condition failed to induce any measurable 
optical absorption. The x-ray-induced color is not 
stable in either of the doped crystals at room tem- 
perature, but fades in the presence of room light (this 
is not true of the color induced by oxygen heating). A 
similar irradiation effect has been observed by Soshea, 
Dekker, and Sturtz in MgO crystals containing iron.® 
They attribute the induced absorption in the MgO to an 
x-ray-induced change in the valence state of the iron 
ions. It is probable that a similar explanation is in order 
for the x-ray-induced color in the iron- and cobalt-doped 
SrTiO; crystals investigated in this work. 

It is of interest to speculate about possible color 
center models which give rise to the optical absorption 
induced by oxygen-heating the iron- and cobalt-doped 
SrTiO; crystals assuming that these ions substitute for 
Sr** in the SrTiO; lattice. The model which seems most 
attractive at present is similar to the one suggested by 
Wertz and Auzins for substitutional impurity ions in 
the +3 valence state in MgO.° Their suggestion as 
applied to doped SrTiO; in the colored condition would 
be Fe** or Co** substituting for Sr?+ with one of the 
six nearest neighbor strontium ions absent; local charge 
neutrality requires that a hole be trapped at this 
vacancy. If the use of this model for doped SrTiO; is 
valid, then the induced absorption is probably due to 
optical excitation of this hole. 

Experiments similar to the ones described here have 
been carried out with SrTiO; crystals doped with 
chromium, manganese, and nickel; oxygen and vacuum 
heatings of these crystals cause large changes in their 
transmission spectra, but these results do not fall into 
the simple pattern followed by the iron- and cobalt- 
doped crystals. 
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Millimeter-Wave Paramagnetic Resonance Spectrum of °S State 
Impurity (Fe*+*+*+) in MgWO, 


MArTIN PETER 
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A broad-band millimeter-wave paramagnetic resonance spectrometer has been assembled. At room 
temperature, with a line width of one oersted and a time constant of one second, the least number of spins 
that can be detected is 2X10", in reasonable agreement with theoretical prediction. 

The spectrum discovered by Bowers in slightly Ni-doped MgW0O, has been investigated and ascribed to 
an impurity in the ®S state (Fe***). It is described by the spin Hamiltonian: 


H=D(S2—}S(S+1)]+£(S2—S,?)+g6H-S, 


with 


S=$; D=-—20.6 kMc/sec; 


E=+45,22 kMc/sec; 


g=2.0 (T=78°K). 


The y axis is parallel to the } axis; the z axis is turned away from the +a axis towards the +c axis by 


41.5 degrees. 


A. APPARATUS 


HE millimeter-wave paramagnetic resonance spec- 

trometer shown in Fig. 1 has been assembled. 
It is similar to one described by Bowers, Mims, and 
Korb! except for addition of an electromagnet and a 
linear detection system. From other paramagnetic 
spectrometers it is distinguished by the absence of a 
cavity. Hence, a reduction in sensitivity results which 
can be calculated as follows: our wave guide is filled 
with a sample whose length equals one wavelength X. 
A comparison of attenuation in the wave guide, 


AV /V =4rX"'l/d, 
and that in a reflection cavity, 
AV/V= V24X"Oo, 


shows the equivalent Q of straight wave guide to be 
2v2ql/X, or, in our case, Qeqg~ 10. An optimum 9-k Mc/sec 
system has been discussed by Feher.’ Its Q is 500 times 
higher, its sample volume 70 times higher, its frequency 
8.3 times lower than in our case. This lets us expect a 
10 times better theoretical performance limit for the 
75-kMc/sec system than for the X-band system. A 
more direct calculation, using the formula 


a= 8rv’Np?/ckTAv 


given by Gordy,’ yields for Av=2.8 Mc/sec, an obser- 
vation band width of 1 cps, a power source of P;=10~ 
watt, and an ideal noise figure, the result that 2 10 
spins can be detected. A more realistic noise figure is 
obtained by using Strandberg’s formula‘ 


d~ (RP2/f)+1, 


where f is the modulation frequency (= 200 cps) and 


! Bowers, Mims, and Korb (unpublished). 

2G. Feher, Bell System Tech. J. 36, 449 (1957). 

§Gordy, Smith, and Trambarulo, Microwave Spectroscopy 
(John Wiley and Sons, Inc., New York, 1953), p. 197. 

4M. W. P. Strandberg, Microwave Spectroscopy (John Wiley 
and Sons, Inc., New York, 1953), p. 90. 
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R is a crystal constant (= 10!* watt~ sec). With this 
figure, we expect to see 10" spins. Experimentally we 
have estimated a lower limit of 2X 10" detectable spins. 
The limit of 2X10" spins could be approached through 
use of the well-known bridging techniques. 

The microwave power was generated by backward 
wave oscillators, designed and lent to us by C. F. 
Hempstead. Frequency was measured with wave- 
meters, and the magnetic field was measured with a 
rotating-coil-type gaussmeter, which was calibrated 
by proton probe. The absence of resonant cavities made 
possible the use of the remarkable wide tuning range of 
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Fic. 1. Millimeter wave paramagnetic resonance spectrometer. 
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Fic. 2. Spectrum of ferric ion in MgWO.. 


the backward wave oscillator, as illustrated in Fig. 2 
where the spectrum of a single crystal of MgWO, is 
shown. The magnetic field varies from 0 to 12 kilo- 
oersteds, the frequency from 48 to 82 kMc/sec. 


B. SPECTRUM OF °S STATE IMPURITY IN MgwoO, 


Monoclinic single crystals of MgWO, (space group 
P2/c), both pure and with added impurities, were 
grown by Van Uitert. The spectrum, shown in Fig. 2, 
was attributed to an impurity in the ®S state, probably 
sitting on the Mg** site. The absence of hfs strongly 
suggests Fe*** as the impurity. Crystals were grown 
of MgWO, with and without iron doping, without 
changing the intensity of the spectrum. This indicates 
that even the “pure” MgW0O, is saturated with Fe*** 
ions, and that the doping results in an increase of Fe 
ions of different valency. 

The oxygen positions in the isomorphous NiWO, 
have recently been determined by Keeling.’ The sur- 
roundings of the Mg** ion are shown in projection on 
the ac plane in Fig. 3. The diad axis goes through the 
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Fic. 3. Positions of oxygens surrounding Mgt? ion in MgWO,, 


projected along } on the ac plane. 


®R. O. Keeling, Jr., Acta Cryst. 10, 209 (1957). 
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Mg** site and fixes one of the magnetic axes. The 
other two are shown as dotted lines. 

Since the monoclinic angle is almost 90°, the crystal 
could not be readily oriented from angular measure- 
ments alone. A zero-level Buerger precession camera 
photograph was therefore taken by Geller of a thin 
(010) plate that was cleaved off our crystal. The sense 
of the deviation of the 8 angle from 90° was observed 
and then confirmed by comparison of the intensities 
of the (102)-(102) and (302)-(302) pairs of reflections, 
as suggested in Keeling’s article. In this way it was 
found that the y axis is parallel to the 6 axis, and that 
the z axis is turned away from the +a axis towards 
the +c axis by 41.5 degrees. 

Lines as narrow as 200 Mc/sec were observed, both 
at 2°K and at 78°K. The levels observed and their 
Zeeman splitting in the z direction are shown in Fig. 4. 
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Fic. 4. Levels of ferric ion in MgWO, and Zeeman 
effect for H || s axis. 


The spectrum can be described within the accuracy of 
our measurements by a spin Hamiltonian containing 
only second-order terms: 

H= g8H-S+ D[S2—4S(S+1) ]+E(S2-S,7). 

The effective spin is 3, and the impurity is assigned 
to be in the 3d°®S state. Because of the Kramers 
degeneracy, the energies are given by equations of only 
the third degree. The theory of cubic equations allows 
us to relate the ratio E/D=y in a simple way to the 
ratio of the two observed zero-field transition fre- 
quencies fi, fo (x= fi/ fo). We set 

cosy = [ (4a?+ 4a 1)/(42°+4a4+-4) J}. 
Then y’ satisfies the cubic equation: 
(1+3y")?=0.292(1—9y*)? sec?(3y). 
In this way, the values of D and E are determined from 
the zero-field splitting of our slightly Ni-doped sample 
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(T=78°K): 
D=-—20.6kMc/sec, E=+5.22 kMc/sec. 

The signs are determined by comparing intensities at 

2°K and at 4°K. From the tetragonal eigenfunctions, 

for which m is a good quantum number, our functions 

are transformed by the matrix® 
+§ +} 
0.990 —0.134 
0.113 0.917 0.387 

_ —0.087 —0.378 0.921 
6 For an explicit description of the evaluation of a spin Hamil- 


tonian, see T. O. Woodruff and W. Kinzig, J. Phys. and Chem. 
Solids 5, 268 (1958). 
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The fact that the linear Zeeman effect for H along 
the three magnetic axes as predicted from these func- 
tions agrees with our observations (for g= 2.0) means 
that the fourth-order terms in the spin are small within 


the accuracy of our measurements. 
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Electrical Conduction in Crystals and Ceramics of WO;7 


S. SaAwapa* AND G. C. DANIELSON 
Department of Physics and Institute for Atomic Research, Iowa State College, Ames, Lowa 
(Received October 13, 1958) 


The specific resistivities of crystals and ceramics of WO; have been measured from room temperature to 
1000°C, and the sign and order of magnitude of the Hall coefficient have been examined near room tem 
perature. From the results for single crystals, it was found that WO; behaves like an impurity semiconductor 
having a saturation region below 740°C and becoming intrinsic above 910°C. The specific resistivity versus 
temperature curve had a distinct anomaly at 740°C suggesting an alteration in the electronic structure at 
this temperature. Below 740°C, the specific resistivity of ceramic samples showed a remarkable hysteresis 
phenomenon, probably arising from a cracking of crystallites on heating. The sign of the Hall coefficient was 
positive at room temperature and its magnitude gave reasonable values for the number and mobility of the 
carriers. Nonohmic and rectifying characteristics were observed by means of an oscilloscope. 


I. INTRODUCTION 


LTHOUGH WO; has attracted much notice from 

the viewpoint of ferroelectricity and antiferro- 
electricity, the measurement of the dielectric constant 
and the observation of D-E hysteresis loops are difficult 
because of its semiconductive property. On the other 
hand, only a few measurements of electrical conduction 
have been reported.'~* No measurements of electrical 
conduction in single crystals have been made. In this 
investigation, the specific resistivities of single crystals 
and ceramics were measured from room temperature 
to 1000°C, and the sign and order of magnitude of the 
Hall coefficient were examined near room temperature. 


II. EXPERIMENTAL PROCEDURE 


Electrical measurements were performed by the de 
method using five probes.* Silver and platinum alloy- 


+ This work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

* On leave of absence from University of Tokyo, Tokyo, Japan. 

1B. M. Hochberg and M. S. Sominski, Physik. Z. Sowjetunion 
13, 198 (1938). 

2 W. Meyer, Z. Physik 85, 278 (1933). 

3S. Sawada, J. Phys. Soc. Japan 11, 1237 (1956). 

‘ Morris, Redin, and Danielson, Phys. Rev. 109, 1909 (1958). 

5 Redin, Morris, and Danielson, Phys. Rev. 109, 1916 (1958). 


paste electrodes were found to be undesirable owing to 
their reactive properties with WO, at high temperatures 
and finally, as reported in a previous paper,® platinum 
electrodes pressed on the sample by springs were again 
used. A sample holder and furnace were devised in flat 
forms suitable for insertion between the poles of a 
magnet. Lavite was used as the heat-resistive material. 

In Fig. 1 the sample holder is shown, composed of a 


main part A and a lid B. Two platinum plates C as 











Fic. 1. Sample holder. A: main part; B: lid; Sa: sample; Sp: 
springs; C: current electrodes; P: potential probes. 
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Fic. 2. The sample holder with the furnaces and the water 
coolers between the magnetic poles. 


current electrodes and three platinum knife-edges P as 
potential probes were pressed onto the sample Sa by 
four springs Sp kept near room temperature. As shown 
in Fig. 2, the sample holder, held on each side by a plate 
furnace having spiral windings and by a spirally wound 
copper pipe for water-cooling, was fixed in place between 
the poles of the magnet. 

A 12-inch electromagnet (Varian) was used, in which 
a magnetic field of 10 000 gauss was produced inside a 
two-inch pole gap by a magnet current of 1.05 amp. A 
constant current of either 10 ma or 1 ma flowed through 
the sample from a meter calibrator (Kay Laboratory, 
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Fic. 4. Specific resistivity of a ceramic sample vs temperature. 
Numbers attached to each curve show the order of measurement. 


Model M 10A-10). The potential difference was meas- 
ured by a potentiometer (Leeds Northrup K-3 Uni- 
versal Type, sensitivity 0.1 uv). 


III. RESULTS OF MEASUREMENTS 


Although the domain structure of the sample crystals 
must have been rather complicated due to the un- 
avoidable use of pressed platinum electrodes, the a axis 
seems to have been nearly aligned in the direction of the 
current. The pressed platinum electrodes were relatively 
stable, but had considerably high contact resistance 
with the sample. An aging effect and a nonohmic 
property of WOs;, in addition to the high contact 
resistance between the electrodes and the sample, made 
measurements of the small Hall voltages inaccurate. 
For example, at room temperature, p=1.7X10~! ohm 
cm (specific resistivity) and R=+6.2 cm‘/coul (Hall 
coefficient) were obtained for one crystal (length 
4.0X10-' cm, interval between probes on one side 
1.6X10— cm, breadth 7.99 10-? cm, thickness in the 
direction of magnetic field 6.90X10~? cm; current 10 
ma). The positive sign of R agreed with the sign of the 
thermoelectric power.’ Using the above values of p and 
R, we find for the number of carriers n= 1/Re= 10'8/cm? 
and for the Hall mobility .=R/p=36 cm*/sec volt. 
Such relatively large and low values of m and y do not 
seem unreasonable for WO3;. The value of R seemed to 
decrease slightly with increasing temperature. 

The temperature dependence of the specific resistivity 
of a crystal, measured for a current density of 1 ma 
0.794 mm?, is shown in Fig. 3. This characteristic curve 
was reproducible in repeated measurements on the same 
crystal, and the same result was also obtained for 
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different crystals. Figure 3 shows that WO; is a typical 
impurity semiconductor and becomes intrinsic above 
910°C, the activation energy being about 1.3 ev. The 
temperature region below 740°C is a saturation region 
and the sharp peak at 740°C suggests that the electronic 
structure must be altered in the phase transition at 
this temperature. 

Figure 4 shows the temperature dependence of the 
specific resistivity of a ceramic sample for a current 
density of 1 ma/6.67 mm*. Numbers attached to each 
curve show the order of measurement. As is seen in the 
figure, a hysteresis effect is noticeable for the ceramic 
sample below 740°C; that is, the specific resistivity 
increased in each measurement and became nearly 
stable after the third run. Such a remarkable hysteresis 
phenomenon could be due to a cracking of crystallites 
on each heating. If so, the value of the activation energy 
calculated from the slope of a curve like Curve 3 would 
not have any important meaning, and it might, there- 
fore, have been accidental that the value of 2.2 ev 
obtained from the slope of log p versus 1/T near 550°C 
coincided with the value obtained for the optical 
absorption edge, as reported in a previous paper.® 
Above 910°C, the same curve was obtained for repeated 
resistivity measurements on the same ceramic sample, 
as well as for each measurement on different ceramic 
samples; and this curve for ceramic samples agreed 
very well with the curve for single crystals above 910°C. 
Hence the resistivity curve above 910°C must be 
intrinsic to WO; and independent of the impurity 
concentration. 

The absolute values of the specific resistivity ob- 
tained in the present measurements were twenty or 
thirty times larger than the absolute values of the 
specific resistivity previously reported.* This difference 
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Fic. 5. Nonlinear and rectifying characteristics. (a) Symmetrical 
electrodes. (b) Asymmetrical electrodes. 


is considered to be due partly to the inaccuracy in the 
measurement of dimensions of the small sample 
previously used, and partly to the difference between 
methods of measurement, the constant voltage method 
having been used in the previous research. 

When a current-voltage characteristic was observed 
by an oscilloscope for single crystals and ceramic 
samples, nonlinear and rectifying characteristics were 
obtained as shown qualitatively in Fig. 5. 


IV. CONCLUSIONS 


The true electrical conduction in WO; can be found 
only by measurements on single crystals. In order to 
determine the anisotropy of the specific resistivity of a 
crystal, it is necessary to obtain an electrode which 
imposes no mechanical stress upon the crystal. An 
electrode which is stable and has low contact resistance 
should be devised in order to measure the Hall voltage 
more accurately and as a function of temperature. 
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Effects of Chemical Binding on the Neutron Cross Section of Hydrogen{ 
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John Jay Hopkins Laboratory for Pure and Applied Science, General Atomic Division of General Dynamics Corporation, 
San Diego, California 
(Received September 8, 1958) 


Fermi derived the energy dependence of the neutron scattering cross section of hydrogen chemically bound 
such that it acts as a harmonic oscillator. For comparison with this theory, the total cross section was meas- 
ured with a high-resolution crystal spectrometer for hydrogen bound in four materials. In zirconium and 
yttrium hydrides, in which chemical bonding is relatively isotropic, the predicted structure with discrete 
energy levels is observed. In the less isotropic magnesium hydride, there is some evidence of energy levels, 
although not clearly resolved. For water the variation in the cross section is smooth, with no evidence of 


energy levels. 


HE total cross section decreases with increasing 

neutron energy & from a value characteristic of 
the fully bound atom, a», to a value characteristic of the 
free atom, a;. The ratio of these cross sections is given 
by o,/0;=(A+1)*/A’, where A is the atomic mass of 
the scattering atom. Fermi' treated the manner in 
which the cross section of hydrogen varies from the 
free atom value to the fully bound value in the energy 
region where chemical binding effects are of importance. 
In his treatment, the hydrogen atom is considered as 
bound to an infinitely heavy atom and executes 
isotropic harmonic oscillations with a single sharp 
frequency v. This implies a set of energy levels equally 
spaced by the value /y. For this case, Fermi showed 
the form of the expected variation of the cross section 
with energy to be that shown in Fig. 1. 

As the incident energy increases, the cross section ¢ 
falls rapidly from the fully bound cross section (¢=4e,) 
to a sharp minimum value o=¢; at the threshold of the 
first level. It then varies through a series of peaks of 
decreasing amplitude, returning to the free hydrogen 
cross section at the threshold of each level. The ampli- 
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Fic. t. Theoretical neutron cross section for a bound proton, 
with frequency v of the isotropic harmonic oscillation, plotted in 
terms of the free hydrogen cross section oy. 


t Work performed under a contract with the U. S. Atomic 
Energy Commission. Experimental observations were taken at 
the Brookhaven National Laboratory, Upton, New York. 

* Guest physicist at Brookhaven National Laboratory, Upton, 
New York. 

1 E. Fermi, Ricerca sci. 7, 13 (1936). 


tude of these peaks continuously decreases with in- 
creasing # until finally the cross section is just the free 
hydrogen cross section for E>>Av. Even for an ideal 
substance the sharp minima will be spread out because 
of the thermal motion of the atoms. Figure 2 shows the 
magnitude of the effect on the first minimum for the 
case of zirconium (M=91) and magnesium (M= 24). 
There is a similar effect for the minima occurring at 
higher energies. 

The total hydrogen cross section as a function of the 
energy of the incident neutron has been measured for 
zirconium hydride. Since previous measurements? 
indicated that the hydrogen in zirconium hydride 
executes harmonic oscillations with a rather well- 
defined frequency, zirconium hydride should exhibit 
the effects predicted above. Figure 3 shows the total 
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Fic. 2. Theoretical neutron cross section of bound proton, taking 
account of the thermal motion of the crystal lattice. Cross sections 
plotted in terms of the free hydrogen cross section, os. Curve 1 for 
an infinite mass (Fermi’s curve); curve 2 for zirconium hydride; 
curve 3 for magnesium hydride. 

?Pelah, Eisenhauer, Hughes, and Palevsky, Phys. Rev. 108, 
1091 (1957); Andresen, McReynolds, Nelkin, Rosenbluth, and 
Whittemore, Phys. Rev. 108, 1092 (1957). 
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NEUTRON CROSS 


cross section per hydrogen atom obtained for a sample 
of zirconium hydride (ZrH;.5) by a high-resolution 
neutron crystal spectrometer specially constructed to 
give accurate neutron cross sections. Three well-formed 
peaks appear in the cross section and are due to the 
excitation of the first three energy levels of the hydrogen 
oscillator. The constant cross section for zirconium has 
been deducted from the measured cross section to give 
the results shown. The absolute value of the cross 
section can be in error by 5% because of uncertainty 
in the concentration of hydrogen in the hydride sample. 

In the previous measurements,’ the value of the 
harmonic energy level Avy was determined to be 
0.130+0.005 ev. From the theoretical curves shown 
in Figs. 1 and 2, it is expected that the cross section 
should have a minimum near this energy and other 
minima located near to integral multiples of this energy. 


45 


40 





35 


30 


25r 





7) 
Zz 
c 
4 
@ 
= 
oO 
w 
a” 
” 
mM) 
9 
« 
o 
2 
WwW 
oO 
Oo 
ig 
ra) 
> 
= 























| L wil 
20 25 «(SOO CUSSlCUC AO CUS CUD OS 


INCIDENT NEUTRON ENERGY (EV) 





Fic. 3. The solid curve gives the neutron cross section per 
hydrogen atom in zirconium hydride (ZrH;.5). Arrows indicate 
the excitation levels for H vibrations in Zr lattice. The Fermi 
theoretical curve corrected for thermal motion has been fitted to 
the above data with hy =0.137 ev and agrees with the experimental 
curve except as shown by the dashed curve. Experimental errors 
are indicated. 


Such minima do appear in Fig. 3. The theoretical curve 
from Fig. 2 for zirconium hydride has been fitted to the 
experimental data by treating /y as an arbitrary pa- 
rameter to be adjusted to give a satisfactory agreement 
between the experimental and theoretical curves. A 
value for hy of 0.137 ev gives such an agreement. This 
value agrees within the precision of the experiments 
with the value of 0.130-40.005 obtained before. It is 
seen that for the region below the first harmonic level 
the theoretical and experimental curves agree exactly. 
The curves deviate somewhat in the region of the first 
and second maxima. This deviation is worse for the 
second maximum, as would be expected if the isotropic 
harmonic oscillator model used for the theoretical curve 
is not accurate. 

Further measurements of the above type were made 
for yttrium hydride, magnesium hydride, and water. 
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Fic. 4. Total neutron cross section for hydrogen in yttrium 
hydride, plotted on an arbitrary scale. The well-resolved peaks 
indicate isotropic hydrogen oscillations of about the same fre- 
quency as in zirconium hydride. Experimental errors are shown. 


The cross section for the hydrogen in the metal hydrides 
should demonstrate the above behavior in varying 
degrees depending on the extent to which the hydrogen 
oscillator is isotropic. Figure 4 shows the relative 
hydrogen cross section for yttrium hydride. Since the 
concentration of hydrogen in the hydride was uncertain, 
the cross section per hydrogen atom is not computed. 
The experimental details of this curve are exactly the 
same as those for zirconium hydride. Since the cross 
section exhibits the same well-formed peaks at the same 
energies, the hydrogen oscillator must be nearly 
isotropic and have about the same frequency.* 

Not all hydrogenous substances demonstrate these 
chemical binding effects to the degree shown above for 
zirconium hydride and yttrium hydride. Figure 5 shows 
the relative hydrogen cross section for a powder sample 
of magnesium hydride. The attenuation of the quartz 
sample holder has been taken into account. The lighter 
mass of the magnesium atom compared to zirconium 
gives rise to a substantial modification of the cross 
section due to the thermal motion. Figure 2 shows, 
nevertheless, that this effect would still leave the peaks 
readily recognizable for magnesium hydride if it has 
only one system of energy levels as in yttrium hydride 
and zirconium hydride. Since magnesium hydride has 

3 Separate measurements to be published elsewhere have shown 
that the energy level in yttrium hydride is slightly less than in 
zirconium hydride. 
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Fic. 5. Total neutron cross section for hydrogen in magnesium 


hydride (MgHz2), plotted on an arbitrary scale, with errors as 
indicated. 


a layered structure, however, more than one oscillation 
frequency should be involved, and the resulting curve 
can crudely be considered as the superposition of at 
least two curves of the general type shown for zirconium 
hydride with the minima for each curve occurring at 


different energies. This effect, coupled with the in- 
creased thermal motion due to the lighter mass of the 
magnesium, would be expected to eliminate the sharp 
maxima and minima in total cross section observed for 
isotropic chemical binding. Indeed, although Fig. 5 
shows clear evidence of chemical binding effects on the 
cross section of hydrogen in magnesium hydride, there 
are no clearly resolved energy levels as found in the 
other cases. As mentioned above, a measurement was 
also made on water with the high-resolution spec- 
trometer to see if any structure in the curve not 
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previously reported would be revealed. The results 
were found to be in good agreement with the smoothly 
varying cross section already reported in the literature. 
This would mean that the water molecule has no discrete 
energy levels in this energy region, in agreement with 
the results published elsewhere‘ of a detailed study of 
the chemical binding of hydrogen in water. 

The original theory of Fermi as modified to take 
account of the finite masses of the atoms is nearly 
adequate to describe the observed variation of the 
hydrogen cross section with incident neutron energy. 
There are discrepancies, however, which are probably 
due to an oversimplification in the model. A more 
detailed computation taking into account the Debye 
distribution of the phonons in the crystal would 
probably give a better description of the cross section 
in the region where there are now discrepancies. For 
the hydrides having an isotropic potential well for the 
hydrogen, this type of measurement can determine the 
harmonic energy level with an accuracy of about 5% 
If the potential well is anisotropic (as in the case of 
magnesium hydride) or involves possibly several types 
of harmonic motion (as in the case of water), then the 
resulting curve for the hydrogen cross section is too 
complicated to give detailed information on the 
chemical binding of the hydrogen atom. 
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The variation program for the computation of atomic wave functions which has been developed and 
programed for the IBM-704 electronic data processing machine is detailed. This calculation has been set up 
so as to be able to handle atoms having any combination of 1s, 2s, 2p, 3s, and 3 electrons. One example of 
the program is provided by a calculation of the wave functions for aluminum for all degrees of ionization. 
Another example is provided by a calculation of the fourteen configurations for oxygen having the electron 
distribution (1s)?(2s)?(2p)%(3p). Finally, the three *P wave functions thus obtained are combined by means 


of the configuration interaction. 


I. INTRODUCTION 


N a previous paper! we have described the analytic 

radial orbitals selected by us to represent s and p 
electrons having principal quantum numbers one 
through three. For those electrons having principal 
quantum numbers one and two, we found it a reasonable 
procedure to write out the expressions for the bare 
nuclear field, Coulomb, and exchange integrals in closed 
form. The subsequent machine calculation which con- 
cerns itself primarily with the variation of the total 
atomic energy made up of these closed form integrals 
leads to the best analytic wave functions for these 
representations. This was described in some detail in 
the previous paper. We also remarked there that the 
tremendous addition in complexity with an increase to 
three of the principle quantum number in these energy 
integrals requires a somewhat different mathematical 
technique. The difference is one of detail, however, for 
in principle, the treatment remains a variational one. 
In the present paper we describe this machine com- 
putation for these wave functions and illustrate it with 
a rather complete investigation of aluminum and the 
oxygen configurations arising from the electron dis- 
tribution (2p)*(3p). In the investigation of aluminum, 
we propose to consider all levels of ionization of this 
atom and, in so doing, point up the behavior and 
accuracy of the calculation for the various orbital 
electrons. 


II. GENERAL EXPRESSION FOR THE ENERGY 


Our first problem is the choice of form for the radial 
portion of the orbitals, and this we have written in the 
previous paper as 


R= 22,57 exp[ — Zr], 
Ro, = (1/2V2) 28°25" Za —ZoZer exp —Zar/2], (1b) 
Rop= (1/26) 23°" exp[ —Zar/2], (1c) 
R3,.=Z?""(Zs—Z;Zyr—Z7Z yor") expl—Zrr/3], (1d) 
Rsp=Zu"r*(Zi2—ZurZiw) exp[—Zur/3], (1e) 


(la) 


* Based on work performed under the auspices of the U. S. Air 
Force Ballistic Missiles Division. 
1R. G. Breene, Jr., Phys. Rev. 111, 1111 (1958). 


where of course, 

Vnim(1,0,¢) -_ [ Rni(r) ‘4 Orn (A)Pn(y), 
with the angular portion of the wave function supplied 
by the well-known spherical harmonics. 

Normality is obviously present in Eqs. (1a) and (1c). 
We must, however, assure normality in the other orbitals 
and orthonormality between orbitals possessed of the 
same orbital angular momentum. Z4, Z5, Zs, Z9, Z10, Zi», 
and Z,; allow us to meet these orthonormality require- 
ments. The relations which assure our meeting these 
requirements may be written down in terms of the 
independent parameters Z;, Z2, Z3, Z7, Z11 as 
Zi= 2/4, a= (2Z,+Z2)/6Z2, 
Z5=([4a?/(1—6a+ 12a?) }5, 

Zs= (32;Z10A D—12Z7°Z 0) / A”, 
Ze=Z wD, 
Z=(C'A* }!?/[18275C142D?— 144Z75C4DA 
+ 288Z;'C'— 36Z;5D°A°C*+ 144Z SDC8A? 
+ 144Z;°4*°C*D—576Z;'A*C?— 240Z;°A‘CD 
+720Z77A4+ 24Z,5A4C2D? }}/2, 


(2a) 
(2b) 
(2c) 
(2d) 


(2e) 

Zi2.=HZ;, (2f) 

Z13= [8/3°(2H*— 30H+ 135) ]!/?, g) 

where certain of the constants included are given by 

A=Z,+%32,;, (3a) 
B= 322+ 421, 
"= 3Z,, 


D= (42,27 B’—4Z,Z7A?B—12222;27 B’ 
+ 20222 527°A*) (Z4Z7A BS—Z,2;A°B* 
— 32.2 527A B°+-4Z2Z5Z;A*B)", 


(3b) 


(3c) 


(3d) 


H=302Z,, (3Z3+2Z31). (3e) 


In the previous paper we wrote down the general 
expressions for the total energy, the Hamiltonian, and 
the integrals (J,,, F*, and G*) contributing to the 
energy. We shall simply refer to these equations here. 


809 
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The problem is precisely the same one; we must write 
the general expression for the total energy in terms of 
the integrals. In the present case, however, due to the 
complexity of the integrals concerned, we are unable to 
write down closed form expressions for the F* and G*. 
Our procedure is rather to program on the machine the 
F* and G* in terms of generalized integrals which we 
represent as A*. As an example, F°(2s,3s) was written 
and programed as 
F°(2s,3s) = §(2°259Z7 {Z¢Zs°A°(2,Z2; 2,927 
— 22 FZ1ZZ9A"(2,Z2; 3,327) 
22 °Z;23Z wA(2,Z2; 4,327) 
- 22 2ZZ 2 A"(2,Z2; 5,527) 
+Z2Z7Z9A"(2,Z2; 4,327) +Z2Z7Z 7A (2,22; 6,327) 
2222 42;Z8A(2,3Z7; 3,22) 
+42.Z22:Z:2Z5A"(3,Z2; 3,527) 
—42 742327232 A"(3,Z2; 4,2Z;) 
+4202 2 527L9Z A" (3,22; 5,327) 
— 222 2527°25°A"(3,Z2; 4,327) 
— 222227327 A"(3,Z2; 6,327) 
+2Z7Z59ZA"(2,3Z7; 4,22) 
—22°28Z123Z4A" (3,527; 4,22) 
2222821232 wA"(4,Z2; 4,327) 
22°Z8Z7Z ZA" (4,22; 5,327) 
+Z2Z3Z7Z3A"(4,Z2; 4,527) 
+22239Z7Z°A'(4,Z2; 6,32Z7)}. (4) 
In Eq. (4) the A°(i,7; k,l) are the expressions for specific 
integrals of products of orbitals. As an example: 


x n 1 
41%(2,05 60) = f f —re— ory’ Se—br'dedr’ 
0 0 T> 


604! 


6! 105! 


B(a+b)? B(a+b)® b(a+b) 


240X3! 720 720 


‘ -tieecenbeenancintertn mnvmesemsncnaeeocm, 
b8(a+b)* b8(a+b)* b7(a+b)? a°b? 
(5) 


Utilizing the expressions of which Eqs. (4) and (5) 
are examples, the total energy of an atom in a general 
form has been programed on the IBM-704 electronic 
data processing machine. The procedure for the mini- 
mization of this energy expression by the machine is as 
follows. We first determine the coefficients of the /,,;, 
F*, G* and provide these together with the atomic 
number as input data to the machine. In addition, the 


600 X 2! 


range and increment for our independently varying 
parameters, Z;, Z2, Z;, Z;, and Z,, are furnished as 
input data. We also furnish as input data the gn, ax, dy 
which are appropriate to the atom under consideration. 
For each set of values of these independently varying 
parameters, the machine evaluates the expression for 
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the total energy of the atom, always assuring us, of 
course, of orthonormality through Eqs. (2). In evalu- 
ating a given, say, F* during this computational pro- 
cedure, the machine first evaluates the requisite A* 
which are stored. It subsequently evaluates the desired 
F*, Finally, of course, the machine completes the energy 
evaluation by using the F* and the other expressions as 
needed. Thus, one might say that a chain of evaluations 
is carried out in this variation program as compared to 
the immediate single-step evaluations which are possible 
to the simpler program. 

A modification of this approach has resulted in large 
savings of machine time. We first treat the atom 
stripped of its 3s and 3p electrons by the small variation 
program and, subsequently, use the values thus ob- 
tained for Z,, Z2, and Z3 as starting values in a treat- 
ment of the complete atom by our large variation 
program. 


III. WAVE FUNCTIONS FOR Al! THROUGH Al xi 


We have utilized these programs to treat all degrees 
of ionization of the aluminum atom. This program has 
been applied not only to check our results but also to 
investigate the program itself—to determine the value 
of the approximations which we have adopted. The 
results have been compared with the familiar work of 
Moore’ and are presented in Table I. 

The table contains the computed total atomic energy, 
the computed ionization potential, and the experi- 
mental ionization potential for each of the levels of 
ionization considered. In addition, we indicate the per- 
centage error between the experimental and our 
theoretical results as well as the absolute discrepancy 
between these two figures. The general trend from high 
percentage errors for the outermost electrons to negli- 
gible errors for the innermost electrons would certainly 
be expected since this is merely a reflection of the fact 
that our probabilities are greater for accurately com- 
puting large numbers than for so computing small 
numbers. This should be considered insofar as the 
27.2% error figure in our first ionization potential is 


TaBLe I. The energies and ionization potentials for aluminum. 


Ionization Ab- 
potential (ev) — percent solute 
Cale Exptl error error 


, Energy 
Configuration ev 


5.984 
18.823 
28.44 

119.96 
153.77 
190.42 
241.93 
285.13 
330.1 


4.35 
16.11 
26.85 

109.47 
144.99 
175.06 
245.51 
281.45 
327.38 
389.38 398.5 
438.43 441.9 
2070.06 2085.46 
+0.37 


6537.36 
6533.01 
6516.90 
6490.05 
6380.66 
6235.67 
6060.61 
5815.10 
5533.65 
5206.27 
4816.89 
4378.46 


(1s)2(2s)2(2p)®(3s)2(3p) 
(1s)2(2s)2(2p)®(3s)2 
(1s)?(2s)2(2p)®(3s) 

’ (1s)2(2s)2(2p)6 

y (1s)2(2s)2(2p)5 
(1s)2(2s)2(2p)4 
(1s)#(2s)2(2p)3 
(1s)2(2s)2(2p)? 

< (1s)2(2s)2(2p) 

C (1s)2(2s)2 
(1s)2(2s) 
(1s)? 


—=N 


SNOKKDUNDne~: 
Week Onu VW AeRWw 
COWwWoan 


2308.40 


2 Atomic Energy Levels, National Bureau of Standards Circular 
No. 467, edited by Charlotte E. Moore (U. S. Government 
Printing Office, Washington, D. C., 1949). 
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/ 
/ 


concerned. Actually, in the over-all calculation, the 
first ionization potential seems reasonably good. Nor 
need we flatter ourselves with the ionization potential 
for Al xm since one is almost completely assured of 
excellent results in this region with quite poor approxi- 
mations. 

The notable item is the peaking in percentage error 
of the ionization potentials at each closed shell or semi- 
closed shell position. There is an exception in that the 
ionization potential for Al xm is percentagewise less 
than that for Al x1; however, we can hardly be sur- 
prised at this since the ionization potential increases 
by some 1500 volts or fivefold. The reason for this 
behavior is evidently to be found in our choice of 
angular portion of the atomic wave function. Of course 
this choice can be corrected for by introducing con- 
figuration interactions. If we consider the ionization 
potential for, say, Al 11, we are effectively dealing with 
an alkali-like situation in which our angular portion is 
quite well accounted for by the associated Legendre 
function. As we move away from this alkali-like con- 
figuration, we find a discrepancy in ionization potential 
increasing as is to be expected. Thus, although we 
might improve our radial functions to a large degree by 
the addition of products of polynomials and exponen- 
tials to all of them, we still would anticipate this 
worsening trend in ionization potentials as more elec- 
trons are added to a closed shell configuration. 

There is a rather notable exception to the trend 
remarked in the last paragraph, however—the ioniza- 
tion potential for Al vi. If the error is meaningful and 
not simply accidental, it would appear to point up a 
specific weakness in these radial orbitals. The indication 
would be that improved orbitals are most needed for 
the p electrons; although this can hardly be concluded 
from this single value. 


0.00116 
0.00047 
0.0023 
0 
0.0005 
0.00015 
3.83696 


0 


eal 


/ 


.00069 
0159 


0 
0. 
0 


0.00047 
0 
0 
-0005 
0.00237 


—73.83696 
0.00015 


0.00049 


0. 

0. 

0 

0.00015 
73.83696 

0.00237 

0.00057 


= 


dd 


0.00049 
0.00049 


0.001 


3 


0 
0.00057 
237 


0.00069 
0.00047 
3.83696 
0.00015 
0.00 


= 


0.00049 


z 


0.0000 
0.10123 
0.05071 
3.88630 
0.00069 
0.00047 


43.88 


/ 


7 
7 
1 
04 


0.0000 
0.0000 
0.050 
3.937 
10116 


IV. CONFIGURATIONS IN OXYGEN ARISING 
FROM (1s)2(2s)*(2p)*(3p) 


7 
0. 


As a second check of our variation calculation for 
atomic wave functions, we have determined the wave 
functions for the fourteen pure configurations arising 
from oxygen with the electron arrangement (1s)?(2s)?- 
(2p)3(3p). 

We know that we may obtain all these wave functions 
as a linear combination of whatever wave functions lie 
at the origin of the Slater diagram.’ In the case of 


/ 


0.10123 
0.0004 
0.00069 


0.00059 
3.88630 
71 


0.0000 
0.050 


0.10123 
0.05071 

10047 
0.00069 


1 
04 
1 
7 


/ 
/ 


TaBLE III. The Hamiltonian block corresponding to the origin position of the Slater diagram for oxygen (1s)?(2s)?(2p)8(3p). 


TaBLeE II. The diagonal elements in the Hamiltonian block for 
oxygen (2p)3(3p) corresponding to Mp = Ms=0. 


0.050 
3.937 
0.050 
0.0000 
0.0000 
0.00116 


> 


Energy 

Electron distribution (au) 
Wil (—1-0+1*)(0-)] 73.886 
Yul (—1*0-1+)(0-) ] 73.937 
Yun (—1+1-1+)(—1-)] 73.835 
Yui (0-0*1*)(— 1-)] 73.837 


N 


2: Z3 Zu 


5.944 4.798 1.796 
5.936 4.818 1.797 
5.948 4.780 1.770 
5.947 4.779 1.819 


71 
00047 
) 


0 


Anmnyn 
—73.88630 
0.050 


He WwW 


| 


3 J.C. Slater, Phys. Rev. 34, 1293 (1929), 
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oxygen with a 3p electron, there are fourteen wave 
functions which give M,;=0, Ms=0. This means that 
there will be a nondiagonal 14X14 block of the Hamil- 
tonian corresponding to this position on the Slater 
diagram. Further, it will mean that in order to obtain 
the wave functions corresponding, it will be necessary 
for us to diagonalize this 14X 14 matrix. Before diagonal- 
ization, however, we must determine the matrix elements 
of the Hamiltonian and this, of course, is where our large 
variation program enters. By means of this large 
variation program, we are able to determine the diagonal 
elements for this block. Subsequently, by making use 
of the effective nuclear charges which we obtain from 
our variation calculation, we can quite readily evaluate 
the off-diagonal elements of this block. First, however, 
let us list the fourteen single-determinant functions as 
follows: 


vil (—1-0+1+) (0-)], Yviil_ (O-0t1+) (—1-) ], 
vul (—1+0-1+) (0-)], Yix[ (—17-1-1*) (—1*)], 
vin (—1*0+1-) (0-)], vx[_(0-0+1-) (— 1*)], 
viv (— 1-0-1+) (0+) ], vxil(—1-—1*1+)(41>)], 
vv (—1-0+1-) (0+) ], vxul (—1-—1+1-)(+1+)], 
¥vil (— 1*0-1-) (0*) J, ¥xin{ (— 1-0-0*) (+17) ], 
¥Yvul (—1*1-1+)(—1-)],  Yxiv[.(—1*0-0*) (+1-) ]. 


.50000 


.50000 
90073 


0.50001 
—0.00003 
—0.49999 


—-0 
0 
—0 


0.00392 


0 
0 


0.00392 
—0.00393 


v(4S:4P) 


00589 


-0,00591 


¥(C@D:'P) 
0. 
Oo. 


0361 
~0,00363 
-0,00479 


0. 


¥C@D:3P) 


¥(C@D:8D) 
1.00352 
189 
49835 


0.0067: 
—0.00300 


The symbol ¥(?P:1S), for example, refers to the 4S configura- 
¥(@D:4F) 


?P configuration of O nm. 


¥(@D:'F) 


As an example the symbol y;[ (— 1-0*1*) (0-)] may 
be defined as follows. Within the bracket the first set 
of parentheses refers to the 29 electrons while the second 
set of parentheses refers to the 3p electron. The number 
is the magnetic quantum number with sign as indicated, 
and the sign appearing as a superscript on each number 
refers to the spin. 

Although there are fourteen diagonal positions in 
this block of the Hamiltonian, it turns out that there 
are only four different energies. This means then that 
we have but four variation calculations to carry out 
utilizing our large variation program. As an example, 
the general energy expression corresponding to one of 
these energies may be written as 
E{_(—1-0*1+) (0-) ]J=2/1,.4-2/2,+3]e,+/ sp 

+F°(1s,1s)+F°(2s,2s)+3F°(2p,2p)+4F°(1s,2s) 

+6F°(2s,2p) — (3/25) F?(2p,2p) — 2G° (15,25) 

—G'(1s,2p) —G'(2s,2p) — (3/25)G?(2p,2p) 

+2F°(15,3p)+2F°(2s,3p) +3F°(2p,3p) 

—G°(2p,3p)+6F°(15,2p) — 3G" (2s,3p) 

—4G'(15,3p) — (3/25)G?(2p,3p). (6) 


—0. 


¥(?7D:'D) 


—0.50025 
0.49940 
0.49947 

—0.50073 


tion of O 1 arising from the 
¥(2P:3D) 


0.00869 
.50035 
1040 


¥(?P:3P) 
—0.5 


0.50000 


0.50000 
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.00514 


Table II presents the results of our variation calculation. 
These results consist of the energies as indicated 
together with the effective nuclear charge for the 
various electron configurations which now must be 
utilized in the diagonalization of our Hamiltonian 
block. The off-diagonal elements are then evaluated by 
means of the results for the diagonal elements. 


TABLE IV. 


0.0 
0.0 
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Let us recall that no diagonal elements of our Hamil- 
tonian exist between two wave functions for which 
more than two electrons change their quantum state. 
For the case when two electrons, 7 and 7, change their 
states to, say, 7’ and 7’, the nondiagonal matrix element 
of the Hamiltonian between two such determinants is 


11 | 1 
a\nio)= (ij 7) -(isl-|72), (7) 
Ir, Vi5\ 


j| 


These diagonal elements may be evaluated in terms of 
the G* and F* insofar as their radial portions are con- 
cerned and they may be evaluated in terms of the Slater 
a, and b, insofar as their angular portions are concerned. 
As an example, one may obtain for a typical off-diagonal 
element: 


[(—1-0+1+) (0-) | H| (—1*0-14)(0-)] 
= (3/25) F2(2p,2p) =0.05071466. (8) 


Thus, having carried out the variation part of the cal- 
culation, we were then in a position to set up the block 
of the Hamiltonian corresponding to the origin of the 
Slater diagram. This we have displayed in Table III. 

As available subroutine for the IBM-704 electronic 
data processing machine was utilized for the eigen- 
vector-eigenvalue problem posed by this matrix. In 
Table IV we have displayed the coefficients in the 
expansions for the wave functions corresponding to the 
pure configurations. Each of the terms in a given ex- 
pansion is a single determinant whose effective nuclear 
charges are given in Table II. 

Finally, the eigenvalues corresponding to the various 
configurations are given in Table V. For comparison 
with experiment the energy separations of certain of 
the configurations above the °P state are indicated. 
Also indicated are the corresponding experimental 
separations as given by Moore. The energy of the 
lowest level (°P) has been observed by Moore as 2033.3 
ev. Our result, on the other hand, is 2012.48 ev, a 
variance which is somewhat less than that obtained for 
the ground state of O. The ground state energy for 
oxygen we calculated as 2018.28 ev as compared to an 
experimental value of 2043.3 ev. 


Y¥. CONFIGURATION INTERACTION FOR THE 
EXCITED *P CONFIGURATIONS 


As is apparent from Table V, there are three *P con- 
figurations for O with a 3 electron arising from the 4S, 
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TABLE V. Configuration energies and comparison of separations 
with experiment. The symbol (?P) !S refers to a \S configuration 
arising from the *P configuration of O 1. 


Energy 
above 
(4S) §P 
(exp) 


Energy 
above 
(4S) 8P 
(calc) 


Energy 
(au) 


Energy 


Configu- 
i (em~) 


ration 
—16 183 712 
— 16 183 969 
- 16 200 393 
~16 200 811 
— 16 200 824 
-16 201 119 
— 16 201 383 
— 16 201 383 
— 16 201 909 
— 16 202 094 
— 16 229 694 
— 16 229 701 
16 234 395 257 
- 16 234 652 


50 940 
50 683 
34 259 


— 73.7560 
— 73.7571 
— 73.8320 
— 73.8339 
— 73.8340 
— 73.8353 
— 73.8365 
— 73.8365 
— 73.8389 
— 73.8397 
— 73.9655 
— 73.9656 
— 73.9870 
— 73.9881 


44 318 
41 970 
41 042 


CP) 1S 
@P)'D 
(?P)1P 
(?P) sp 
@P) 38s 
@P)&D 
@D)'D 
(2D) iP 
(2D) 3F 
@D)8%D 
(2D) 3pP 
(2D) 1p 
(45) 8P 
(4S) 5P 


33 533 
33 269 
33 269 
32 743 
32 558 


40 656 
30 005 
27 370 
27 089 
26 669 


*D, and*P states of O11. We now propose to combine these 
three through a configuration interaction analysis. 

Let us designate the three wave functions as yu, 
Yiv, vx. Then the matrix of the Hamiltonian corre- 
sponding to these three configurations is 


0,0010182 


— 73.965529 
0.266387 


— 0.0000436 
0.266387 
— 73.833899 


II — 73.986955 
IV 0.0010182 
Xx —0.0000436 


We now diagonalize this and obtain as energies cor- 
responding to our coupled configurations 

va(?P) ~ 

va(3P) oe 

vo(@P) ~ 


2016.88 ev, 
2013.37 ev, 
2002.34 ev. 
The unmixed *P corresponding energy-wise to Wa 

Yu—had an energy of 2012.45 ev, so that we have 
improved the energy by about five volts. yry had an 
energy of 2011.86 ev while Wy had an energy of 2008.28 
ev. 
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M. J. SEATON 
Department of Physics, University College, London, England 
(Received October 13, 1958) 


The Bethe approximation gives a functional relation between the cross sections for electron impact 
ionization (Q) and photoionization (a). Estimates of Qn and Qo are obtained using experimental values for 


Qn, and calculated values for an, ao, and ane. 


ET Q(£) be the total cross section for ionization 

of an atom by electrons of kinetic energy E and 
let a(W) be the cross section for photoionization, W 
being the energy of the ejected electron. The approxi- 
mation of Bethe! is 


Ty E-I a(W) 4Er 
0(E)=— i) te nf yaw, (1) 
rak J, (J+W) I+W 


where J is the threshold ionization energy, Jy is the 


(c) 


Fic. 1. (a) Experimental cross section for Ne ionization by 
electron impact (Ne+e—Ne*+2e). (b) Calculated cross sections 
for O ionization by electron impact (O+e—-O++2e). The curves 
show the total cross section and the cross sections for O 2p* *P-+O+ 
2p 4S, 2D, and 2P. (c) Calculated cross section for N ionization 
by electron impact (N+-e—>N*+2e). (N 2p? 4S-Nt+ 2p? §P only; 
the transitions 23 4S—2p? 'D and '§ do not occur in photo- 
ionization and may be expected to have small cross sections for 
collisional ionization.) 


i H. Bethe, Ann. Physik 5, 325 (1930). 


threshold ionization energy of hydrogen, a is the fine 
structure constant, and 7 is a constant of order unity. 

We consider two atoms, A and B, for which the photo- 
ionization cross sections @4, dg are such that 


aa (Tx) a4(0)=ag(I px) ap(0). (2) 


Then from (1) and (2) 


T4Qa(T 46) ‘a4 (0)=J pO p(T pe) ap(0). (3) 


The Bethe approximation (1) is valid for large values 
of e=(/J). For values of € which are not large we 
may expect that (1) will give similar percentage errors 
for Q4 and Q, and that the functional relation (3) will 
remain a useful approximation. 

The cross sections On. and ay, have been determined 
experimentally by Bleakney? and by Po Lee and 
Weissler,? and the cross sections @xne, do, and ay have 
been calculated by the Hartree-Fock method by Bates 
and Seaton‘ and Seaton. Owing to the use of approxi- 
mate wave functions, the dipole length and dipole 
velocity formulas give somewhat different results, 
denoted by a“ and a‘. For Ne the geometric mean, 


a=[aa }}, (4) 


agrees closely with the experimental result. The calcu- 
lated ratio dx./do is in good agreement with (2); the 
ratio dne/@n is in slightly worse agreement. 

Figure 1 shows the experimental cross section One 
and the cross sections Qo and Qy calculated by using 
Ox. and Eqs. (3) and (4). Our results for Qo are com- 
pared with experimental results in an accompanying 
paper by Fite and Brackmann.® The very satisfactory 
agreement at moderate and high energies provides a 
useful check on the accuracy of ao calculated by 
using (4). 


2 W. Bleakney, Phys. Rev. 36, 1303 (1930). 

3 Po Lee and G. L. Weissler, Proc. Roy. Soc. (London) A220, 
71 (1953). 

4D. R. Bates and M. J. Seaton, Monthly Notices Roy. Astron. 
Soc. 109, 698 (1949). 

5M. J. Seaton, Proc. Phys. Soc. (London) A67, 927 (1954). 

6 W. L. Fite and R. T. Brackmann, following paper [Phys. Rev. 
113, 815 (1959). 
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Ionization of Atomic Oxygen on Electron Impact* 


Wape L. Fite Anp R. T. BRACKMANN 
John Jay Hopkins Laboratory for Pure and Applied Science, General Atomic Division of General Dynamics Cor poration, 
San Diego, California 
(Received October 13, 1958) 


The cross section for ionization of atomic oxygen has been measured by using modulated atomic beam 
techniques. First the ratio of the cross sections for production of the molecular oxygen ion and for total ion 
production in collisions of electrons with oxygen molecules was measured. Then the ratio of the ionization 
cross section of the free oxygen atom and the cross section for production of the molecular ion in electron 
molecule collisions was determined. From the previously known total ionization cross section of the molecule, 
and the measured ratios, the unknown cross sections were determined. The experimental results are com- 


pared with the calculations of Seaton. 


MEASUREMENT of the cross section of atomic 

oxygen for ionization on electron impact has been 
made using modulated-atomic-beam techniques. A 
beam containing oxygen atoms which was mechanically 
modulated at a frequency of 100 cps was crossed by a 
dc electron beam, and the ions formed were detected 
in a sector-magnetic-field mass spectrometer. Modu- 
lating the neutral beam allowed the signals arising from 
interaction of the two crossed beams to be separated 
from those due to ionization of the residual gas in the 
vacuum, because the former signal appears at the 
modulation frequency and in specified phase. The 
details of this general approach have been described 
elsewhere.! 

The principal source of oxygen atoms was a radio- 
frequency electrodeless gas discharge, the neutral beam 
from which contained insignificant amounts of all 
species except atomic and molecular oxygen. The beam 
ranged from 20% to 30% dissociated, and ionization 
threshold studies indicated that at least 97% of the 
atoms and molecules were in the ground state. 

The first part of the measurement consisted of deter- 
mining the ratio Q,/Q2, where Q, is the cross section 
for single ionization of the neutral atom and Q, is the 
cross section for the process e+O:— O.++2e. This 
ratio was obtained from the comparision of the heights 
of the mass peaks 16 and 32 with the discharge power 
turned off (so that the beam consisted only of Oz) and 
from the changes of the peak heights upon turning on 
the discharge power. The neutral beam carried the 
same mass flow per unit time with the power on and off. 

The second part of the measurement determined the 
ratio Q2/Qr, where Qr is the total ionization cross 
section for the oxygen molecule. This latter cross 
section, measured absolutely by Tate and Smith,’ is 
that for the formation of all ions, irrespective of mass, 
charge, or initial kinetic energy. In order to evaluate 
the ratio Q2/Qr, the mass spectrometer alone was 


* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

1 Wade L. Fite and R. T. Brackmann, Phys. Rev. 112, 1141 
(1958). 

2J. T. Tate and P. T. Smith, Phys. Rev. 39, 270 (1932). 


inadequate. Because the atomic ions appearing from 
electron bombardment of molecules are formed in a 
dissociative process, they possess some initial kinetic 
energy,’ and the collection efficiency of the mass 
spectrometer was therefore less for the atomic ions 
than for the directly ionized molecular ions, which are 
formed with no initial kinetic energy. 

To determine Q2/Q7, simultaneous measurements 
were made of (1) mass-spectrometer signals and (2) 
signals arising from the collection of all ions, using the 
method described by Boyd and Green.‘ Comparison 
of these two signals using an inert gas beam, in which 
case the ions are formed with no initial kinetic energy,’ 
gave the mass-spectrometer collection efficiency for 
such ions. Using a molecular-oxygen beam, the required 
ratio of cross sections at a given electron energy was 
obtained by dividing the O,* mass-spectrometer signal, 
after correction for the slow-ion collection efficiency, 
by the signal obtained when all ions were collected 
indiscriminately. 

Multiplying the measured ratios and the absolute 
values of Tate and Smith for Qr gave absolute values 
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Fic. 1. Cross sections for ionization of oxygen. Qr is the total 
cross section for ionization of the molecule, Q2 is the cross section 
for the process e+O2 — O2*+2e, and Q, is the cross section for 
e+O — O*+2e. The theoretical curve was calculated by Seaton. 


‘3H. D. Hagstrum, Revs. Modern Phys. 23, 185 (1951). 
4R. L. F. Boyd and G. W. Green, Proc. Phys. Soc. (London) 
71, 351 (1958). 
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for both Q; and Q» at a number of different electron 
energies. Relative-cross-section measurements, nor- 
malized to these absolute values, were used to complete 
the experimental curves shown in Fig. 1. This figure 
also presents the theoretical curve for Q, as calculated 
by Seaton.° 

Several comments in regard to our measurements are 
appropriate. First, relative-cross-section measurements 
of Qr confirm the shape of Tate and Smith’s curve and 
disagree with the more recent measurements of Craggs, 
Thorburn, and Tozer.® Second, the ratio of atomic ions 

§ M. J. Seaton, preceding paper [Phys. Rev. 113, 814 (1959) ]. 

®Craggs, Thorburn, and Tozer, Proc. Roy. Soc. (London) 


A240, 473 (1957). 
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to molecular ions formed in collisions of electrons with 
oxygen molecules increases rapidly from zero at a 
threshold energy of 18.5 ev, reaches a maximum at 
about 150 ev, and decreases slightly to a value which 
remains constant at higher energies. Third, at energies 
in excess of about 100 ev, only about two-thirds of the 
ions formed in electron collisions with oxygen molecules 
appear to be O,* ions. Fourth, the cross section for 
ionization of the atom near threshold increases linearly 
with the excess energy of the incident electron. Fifth, 
the agreement between the measured and calculated 
cross sections for ionization of the atom appears quite 
satisfactory. 
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The cross section for production of H~ ions by electron impact in hydrogen gas is studied. The cross 
section exhibits a plateau around 10 ev with a value of 1.2 10~*° cm*. A sharp peak with a cross section of 
3.5X10-* cm? is observed at 14.2+0.1 ev. The first plateau is associated with the reaction H.+e—-H-+H 
and the sharp peak with the production of hydrogen atoms in the first excited state, H2+e—-H*+H-. 


I. INTRODUCTION 


HE formation of negative H~ ions by electron 

impact was first reported by Lozier.' He found 
peaks in the negative-ion current at an electron energy 
of 6.6 and 8.8 ev with hydrogen in the apparatus. 
Because the observed peaks were small, Lozier attrib- 
uted these to an impurity. When water vapor was 
admitted to the apparatus, the peaks appeared at the 
same energy and were more pronounced. The conclusion 
that the 6.6-ev peak observed by Lozier is due to H- 
formation from H,O was recently confirmed in a mass 
spectrometer experiment by Khvostenko and 
Dukel’skii.? With either hydrogen or water vapor in the 
system, they observed a peak in H~ current at 7.2 ev.® 
In addition, Khvostenko and Dukel’skii observed H- 
currents resulting from electron impact on Hy, up to 
38 ev, with a peak at 14.5 ev, but were able to determine 
the cross section only approximately. 

In the present work, the production of H~ is studied 
using ultrahigh vacuum techniques. The electron energy 
scale is established by using the retarding potential 

1W. W. Lozier, Phys. Rev. 36, 1417 (1930). 

2V. I. Khvostenko and V. M. Dukel’skii, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 33, 851 (1957) (translation: Soviet Phys. JETP 
6, 657 (1958). 

3 The peaks observed at 6.6 and 7.2 ev in the two experiments 
could be due to the same phenomenon. Uncertainty in the electron 
energy scale may have caused the discrepancy of 0.6 ev. 


difference method,‘ and correcting for contact poten- 
tials from the onset of the H;* ions. The collection effi- 
ciency for negative ions is higher than in either of the 
two previous experiments so that cross sections can be 
determined. 


II. EXPERIMENT 


A diagram of the tube is shown in Fig. 1. Electrons 
from the tungsten filament F pass through the electron 
gun (P, P2 P;) and are collected, after passage through 
the collision chamber C, by the electron collector E. 
A magnetic field of about 200 gauss prevents electron 
spreading. The collision chamber, formed by grid G, is 
surrounded by a cylindrical grid G; (90% transparent) 
and the cylindrical ion collector M. The ion collector is 
mounted on long glass supports so that electrical leakage 
currents are minimized. The electron gun, using the 
retarding potential difference method, and its dimen- 
sions have been described previously.® Electrons are 
retarded at P» to zero energy and therefore the potential 
Va (see Fig. 1) is the true electron energy except for a 
small correction for the contact potential between Pe 
and G;. To reduce contact potentials, all parts of the 
tube are gold plated. The ion collector is operated a few 
volts positive with respect to G; to collect most of the 


‘Fox, Hickam, Grove, and Kjeldaas, Rev. Sci. Instr. 26, 1101 
(1955). 
5G. J. Schulz and R. E. Fox, Phys. Rev. 106, 1179 (1957). 
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Fic. 1. F is the filament, P:, P2, P; are the three electrodes con- 
stituting the electron gun, C is the collision chamber, G; and G; 
are two concentric cylindrical grids, M is the gold-plated cylin- 
drical ion collector, and E is the collector for electrons in the 
electron beam. 


negative ions produced in the tube. G2 and G; are at the 
same potential. 

A vacuum system using a copper trap® is used. The 
whole system is baked at 400°C. Although background 
pressures of 2X10- mm Hg are obtained without 
refrigeration, it is necessary to use a liquid air trap in 
order to reduce the concentration of water vapor pro- 
duced by the presence of hydrogen and the hot filament 
in the tube. The liquid air trap refrigerates the manifold 
of the vacuum system and the pumping arm of the tube 
so that water vapor produced in the tube is removed 
efficiently. 


III. RESULTS 


The cross section for H~ formation as a function of 
electron energy is shown in Fig. 2. The solid curve is 
obtained using liquid air on the trap and is associated 
with electron collisions in Hy. The dashed peak at 6.8 ev 
is observed with no liquid air and results most probably 
from water vapor.’ The apparent cross section at the 
peak of the dashed curve (with no liquid air) varies 
with the purity of the hydrogen gas admitted to the 
system. The magnitude shown in Fig. 2 by the dashed 
line corresponds to reagent grade hydrogen being intro- 
duced directly. When the gas is admitted through a 
heated nickel leak without refrigeration, the magnitude 
of the peak at 6.8 ev increases tenfold, and therefore 
use of the nickel leak was given up. It is possible that 
the heated nickel leak gives off small amounts of oxygen 
which form water vapor. 

The curve shown in Fig. 2 agrees, in its gross struc- 
ture, with the curve obtained by Khvostenko and 
Dukel’skii for production of H~ in a mass spectrometer,” 
and the dashed curve agrees essentially with the shape 
of the mass spectrometer curve for the production of 
H~ from H,0.$ 


6D. Alpert, J. Appl. Phys. 24, 860 (1953). 

7 The magnitude of the 6.8-ev peak decreases to its equilibrium 
value (7X10- cm?) within seconds after the trap is filled with 
liquid air. 

8 The sharper peaks observed in the present experiment result 
from the small energy spread of the electron beam in the present 
experiment (0.2 volts). The present value of the water vapor peak, 
6.8 ev, compares with 6.6 ev observed by Lozier and 7.2 ev 
observed by Khvostenko and Dukel’skii. 
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Fic. 2. Negative-ion cross section against electron energy in 
hydrogen. The solid curve is associated with the reaction 
H:+e—-H-+H below 13.6 ev and the reaction H.+e-H~+H* 
above 13.6 ev. The simultaneous production of H~ and H* can 
occur above 17.2 ev. The formation of negative ions indicated by 
the dashed curve is obtained when the reagent grade hydrogen is 
introduced with no liquid air on the trap and is interpreted as the 
production of H~ from water vapor. 


The energy scale is obtained from the onset of the 
positive ions of hydrogen at 15.56 volts. The correction 
to the accelerating voltage V4 is 0.2-0.3 volts, and is 
attributed to contact potentials between the retarding 
plate P2 and the collision chamber. A retarding experi- 
ment on the electron beam confirms the above 
correction.° 


® Retarding experiments in tubes of the type shown in Fig. 1 
must be performed by retarding the electron beam before it enters 
the collision chamber (by varying V4 around 0 volts) and keeping 
a fixed electron collection potential of about +2 volts between the 
electron collector E and the collision chamber electrode. Experi 
mentally it is found that serious errors in the retarding curves 
result when the electron collector is kept at the potential of the 
collision chamber electrodes or when the retarding on the beam 
is performed at the electron collector E. Presumably, these limi 
tations are not encountered at high magnetic fields (3000 gauss) 
as shown by H. Shelton [Phys. Rev. 107, 1553 (1957) ]. Even 
with the precautions described above, retarding curves are not 
considered reliable in all cases for determining the contact poten- 
tial unless checked by a known positive ion threshold. The contact 
potential measured in a retarding curve is that between plate P2 
and the entrance hole to the collision chamber whereas,he contact 
potential desired is that between P2 and the inside walls of the 
collision chamber (G,). In many cases, the two values are not 
identical. 
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Fic. 3. Negative-ion current against pressure. The electron 
energy, W, for the three curves is indicated. The data for W=6.8 
ev are taken with no liquid air on the trap. 


The absolute values of the cross section Q given in 
Fig. 2 are obtained in two ways; (A) from the experi- 
mental ratio of H.+ and H~ currents at particular elec- 
tron energies and using Tate and Smith’s” value for the 
cross section of H.*; and (B) from the equation 
QO=1_/(i,.Nl) where i_ is the negative ion current, 2, is 
the electron current, V is the gas density, and / is the 
length of the collision chamber. The two determinations 
differ by 20%. The cross sections given in Fig. 2 are the 
mean of the two determinations and the errors afflicting 
the measurement are estimated at +30%. 

Plots of the negative-ion current against pressure (as 
measured on a calibrated Bayard-Alpert ionization 
gauge!) and electron beam current are shown on Fig. 3 





lon Current 


\— w=10.0ev_, 


(arbitrary units) 


Negative 


W = 6.8 ev 
J 








| | 
| 2 3 4x1077 
Electron Beam Current (amperes) 





Fic. 4. Negative-ion current against electron beam current. 
The electron energy, W, is indicated. 
1 J. T. Tate and P. T. Smith, Phys. Rev. 39, 270 (1932). 
1G. J. Schulz, J. Appl. Phys. 28, 1149 (1957). The emission 
current of the Bayard-Alpert gauge was reduced to 1 microampere 
in order to reduce pumping by the gauge. 
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Fic. 5. Retarding curves for negative ions at two values of 
electron energy, W. The intercept of the curves with the abscissa 
is the kinetic energy of the ions and is indicated by the arrows. 
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and Fig. 4. The anomalous behavior of the pressure 
dependence of the 6.8-volt peak should be noted. It 
indicates that a portion of the 6.8-volt negative-ion 
peak in the absence of refrigeration (dashed line in 
Fig. 2) is due to residual gases and a portion due to the 
formation of water vapor by hydrogen. The formation 
of other compounds beside water vapor by hydrogen 
cannot be excluded.’? Whatever the compound, it is 
condensed by liquid air. The pressure and current 
dependence of the H~ current at 10 and 14.2 volts are 
linear. 

Figure 5 shows a plot of ion current as a function of 
the potential between G,; and M for two values of 
accelerating voltages. The intercept of these retarding 
curves with the abscissa is marked by the arrows and 
indicates the kinetic energy of the ions. The kinetic 
energy, K.E., of the H~ ions resulting from the reaction 
H.+e—-H+H- is given by® K.E.=}(W—D+A), 
where W is the energy of the incident electrons, D is 
the dissociation energy, and A is the electron affinity of 
H. The factor 5 results from the equal division of kinetic 
energy between the dissociated products, H and H-. 
Figure 6 shows a plot of K.E. against W. The solid line 
is drawn with a slope of 3 through the point W=3.7 ev 
{for hydrogen, we have D= 4.46 ev and A =0.75 ev, so 
that (D—A)=3.7 ev]. The circles in Fig. 6 are experi- 
mental and are obtained from Fig. 5 and similar curves 
not shown. The experimental points lie on the theoreti- 
cal line. 

I¥V. DISCUSSION 

We can attribute the portion of the curve of Fig. 2 
below about 13.6 volts to transitions from the ground 
state of Hy to the repulsive part of the H.~ molecule 
with dissociation into H~ and H. Transitions to the 
“bound” state of the H»~ molecule in the Franck- 


2 T. W. Hickmott, Bull. Am. Phys. Soc. Ser. IT, 3, 259 (1958). 
13 J. T. Tate and W. W. Lozier, Phys. Rev. 39, 254 (1932). 
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Fic. 6. Ion kinetic energy vs electron energy. The open circles 
are experimental and the closed circle is the value of the difference 
between the dissociation energy, D, and the electron affinity, A; 
(D—A)=3.7 ev. The solid curve is drawn through this point with 
a slope of 4. 


Condon region result in the formation of H+H- since 
the potential minimum is shifted from the minimum of 
the ground state.'* The small plateau of the solid curve 
at 6.8 ev, of the order of 7X10~** cm?, may be due to 
an impurity, possibly oxygen. An impurity content of 
0.03% of oxygen could account for the residual cross 
section at 6.8 ev.!® 

Above 13.6 volts, a new process for production of 
negative ions is indicated by the sharp rise of the cross 
section. The curve peaks at 14.2+0.1 volts. The electron 
capture process leading to an excited hydrogen atom 
seems to be involved. The onset of this process, from 
Fig. 2, occurs about 0.6 ev below the maximum. How- 
ever, about 0.2 ev tailing must be subtracted from this 
value, so that the capture process seems to set in at 
0.4+0.1 ev below 14.2+0.1 ev, or 13.80+0.2 ev. 
Energetically, the reaction H,+e—H*+H~ requires a 
minimum energy of 13.80 ev, [using the value 
(D—A)=3.7 ev] in agreement with the experiment. 

The preceding interpretation of the experimental 
results is illustrated by the potential energy diagram 
shown in Fig. 7. Here, the theoretical potential energy 
curves for H, and H- are plotted against internuclear 

44 Eyring, Hirschfelder, and Taylor, J. Chem. Phys. 4, 479 
(1936). See also H. S. W. Massey, Negative Ions (Cambridge 
University Press, Cambridge, 1950), p. 27. 

18 Craggs, Thornburn, and Tozer [Proc. Roy. Soc. (London) 
240, 473 (1957) ] find a peak in the cross section for production 
of O- from Oz at 6.7 ev. Their value for the cross section at this 
energy is 2.25X107'8 cm?. 
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Fic. 7. Potential eérgy diagram of the H. molecule and its 
excited state. The curves marked H+H and H+H0~ are taken 
from reference 14. The dashed curves are an interpretation of the 
data in Fig. 2. The dotted curves are speculative extrapolations. 


separation. The Franck-Condon region is indicated by 
the vertical lines. The dashed curves intersect the verti- 
cal lines at that energy at which the cross section for 
negative ion production (Fig. 2) drops to 1/e of its peak 
value. The dotted lines indicate some possible shapes 
of the potential curves and are purely speculative. 

The kinetic energy of the H~ ion produced in the 
reaction H,+e—H*+H~ should be of the order of 
0-0.8 ev. Retarding curves on the H~ ions show an 
abrupt change in shape above 13.8 ev, consistent with 
the expected shape for zero energy ions but a determi- 
nation of the kinetic energy of these ions was not pos- 
sible in this energy range because of secondary electron 
emission from the ion collector due to incident photons. 

Above 17.2 ev, the simultaneous production of H* 
and H~ can occur. This process causes a rising cross 
section at the highest energies used in this experiment. 
Khvostenko and Dukel’skii® find a linearly rising cross 
section between 17.2 and 38 volts. 
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X-Ray Absorption Coefficients of Thorium, Uranium, and Plutonium— 
Experimental Determination and Theoretical Interpretation* 


R. B. Roor, Jr. 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received May 26, 1958: revised manuscript received December 2, 1958) 


The x-ray absorption coefficients of thorium, uranium, and plutonium have been determined for the 
Ka and K@ radiations of silver, molybdenum, copper, cobalt, iron, and chromium. Four absorption edges 
were found in the wavelength region covered. These were identified as the L1, Lu, Lin, M1, edges and a 
1, Mur complex for plutonium. There is considerable disagreement between the experimental coefficients 
and the theoretical coefficients obtained from the /nternationale Tabellen. Reasons for this discrepancy are 
discussed briefly. A correlation is obtained between the absorption of x-ray energy and the number of 
electrons in the 5/ shell. 

Through a consideration of the atomic number, a screening constant, principal quantum numbers, and 
the atomic energy levels for thorium, uranium, and plutonium, the x-ray absorption coefficients of these 
elements have been calculated. Screening constants and quantum conditions in the various equations were 
adjusted until, on the average, the experimental and calculated values agree within 2%. An increase in the 
screening constant of plutonium over that for thorium and uranium is interpreted in terms of the number of 
electrons occurring in the 5f shell. The change in certain quantum conditions for plutonium in comparison 
to those for thorium and uranium is interpreted in terms of plutonium being a subtransitional point within 


the 5/ transition series. 


INTRODUCTION 
S Victoreen! has noted, comparatively little work 
has been done on the absorption of x-radiation 
by atoms. Such available data are scattered widely in 
the literature, and disagreement between observers is 
sufficiently great to make any single value doubtful. 
Thus, Victoreen concludes that there is great practical 
need for reasonably accurate values of the x-ray ab- 
sorption coefficients of the elements. 

This paper deals with the experimental determination 
and the theoretical interpretation of the x-ray absorp- 
tion coefficients of thorium, uranium, and plutonium. 
Consideration is given to the discrepancy between the 
experimentally determined and the calculated value of 
the coefficient of water for Mo Ka radiation. 


EXPERIMENTAL DETERMINATION 
Experimental Method 


Characteristic x-rays, generated in an x-ray tube, 
were collimated, reflected at the proper Bragg angle 
from a freshly cleaved surface of LiF, and then passed 
through a 34-inch diameter hole drilled in two parallel 
steel plates. Wavelengths consisting of \/2 were avoided 
by operating the x-ray tube at a sufficiently low voltage 
so that they were not generated. The x-rays, after 
passing through the hole in the steel plates, were 
detected by a scintillation counter which was coupled 
with a pulse-height analyzer. The absorption cells 
consisted of sealed bags made of 0.004 inch thick 
polyvinyl chloride sheet. Solutions of material to be 
analyzed were introduced into the sealed bags with a 
hypodermic syringe, the polyviny! chloride being essen- 
tially self-sealing. Enough internal air pressure was 

* Work done under the auspices of the U. S. Atomic Energy 


Commission. 
1 J. A. Victoreen, J. Appl. Phys. 20, 1141 (1949). 


maintained in the absorption cells so that when these 
were inserted between the parallel steel plates the 
trapped air acted as a cushion insuring that the two 
sides of the absorption cell remained parallel. Use of a 
solution eliminated the objection of nonuniformity 
frequently encountered in using thin foils of elements 
of high atomic number for absorption work. 


Method of Analysis 


The reduction in intensity of an x-ray beam in passing 
through material is given by the formula 


I=Io exp(—pmpt), (1) 


where J is the measured intensity (after passing 
through an absorption cell filled with solution and 
correcting for both radioactive and instrumentation 
background), J, is the original intensity (after passing 
through a blank absorption cell and correcting for in- 
strumentation background), yu» is the mass absorption 
coefficient, p is the density of the material, and ¢ is the 
thickness of the material. For a two-component system 
this formula can be rearranged as 


In (Jo/D) =psptw;tpoplwe, (2) 


where w is the weight fraction of the component having 
the mass absorption coefficient 4, and w» is the weight 
fraction of the component having the mass absorption 
coefficient po. Since w,=1—w,, the formula can be 
reduced to 

In (Io/I)/pt= (ui— M2) Wit pe. (3) 


A plot of In(Jo/J)/pt against w; results in a straight 
line, the intercept of which is equal to ue and the slope 
of which is equal to (u:—y2). Thus, if solutions of 
varying concentrations; i.e., plutonium in 1M HCIO,, 
are prepared, the x-ray intensities measured, and the 
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data analyzed according to the above formula (where 
2 is the mass absorption coefficient of 1M HCI1O,) the 
mass absorption coefficient, 4, of plutonium, is found 
by adding the experimental intercept to the experi- 
mental slope. 

The practical application of the above equation is 
straightforward. Periodic checks were made to insure 
that Zo and J were measured in the linear range of the 
recording instruments. The weight fraction w,, of 
thorium, uranium, or plutonium was calculated from 
the concentrations of the solutions under investigation. 
The densities of the solutions were experimentally 
determined by weighing known volumes. 

The experiments were performed at room temperature 
of approximately 25°C. Extreme variations of +5°C 
were unlikely but if they had occurred the densities 
would have been affected by only about +1%. The 
determination of the distance of separation between 
the steel plates is important and was accomplished ex- 
perimentally by two different methods. An independent, 
experimental determination of the mass absorption 
coefficient of water for Mo Ka radiation was found to 
be 0.985 cm’g~!. This value leads to an evaluation of 
the separation of 0.2208+0.0041 cm. By using a feeler 
gauge and a micrometer caliper the value of the 
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Fic. 1. Recording trace of solutions of plutonium 
in 1M HC1QO,, Mo Ka radiation. 
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Fic. 2. In(/o/1)/pt vs wp, in 1M HC10, solutions, Mo Ka radiation. 


separation was found to be 0.2210+0.0025 cm. The 
agreement between the two methods was considered to 
be satisfactory. 

It should be noted that any significant variation 
from the value of 0.985 cm’g~! obtained for water for 
Mo Ka radiation will result in values for the separation 
of the steel plates that will not be in acceptable agree- 
ment with the value determined by purely mechanical 
means. The absorption coefficient for water for Mo Ka 
radiation as determined from the /nternationale Tabellen* 
is 1.381 cm*g™ and that from the Handbook of Chemistry 
and Physics’ is 1.132 cm*g™. Use of either of these values 
will yield a totally unacceptable result for the evaluation 
of the separation of the steel plates. Thus, the author 
concludes that the absorption coefficients for water 
for Mo Ka radiation as given by either the /nternationale 
Tabellen or the Handbook of Chemistry and Physics are 
considerably in error. Additional support for this view 
is obtained from the work of Grodstein.‘ Grodstein 
presents absorption coefficients for water corresponding 
to wavelengths of 0.413, 0.620, 0.827, and 1.240 A. By 
interpolating Grodstein’s values and applying the rec- 
ommended limits of error, a value of 1.00.1 cm’g™ is 
obtained for water for Mo Ka radiation, which is in 
satisfactory agreement with the author’s value of 
0.985 cm?g7!. 


EXPERIMENTAL RESULTS 


A typical example of the experimental data is given 
in Fig. 1, which shows the recording trace obtained by 
examining, for Mo Ka radiation, solutions of plutonium 
in 1M HC1O, for which the weight fraction varies 
from 0.0% to approximately 4.0%. Information ob- 
tained from this recording trace is plotted in Fig. 2. 

2 Internationale Tabellen zur Bestimmung von Kristallstrukturen 
(Gebriider Brontraeger, Berlin, 1935), Vol. IT. 

8 Handbook of Chemistry and Physics (Chemical Rubber Pub 
lishing Company, Cleveland, 1952), thirty-fourth edition. 

4G. W. Grodstein, X-ray Attenuation Coefficients from 10 kev to 
100 Mev, National Bureau of Standards Circular No. 583 (U.S 
Government Printing Office, Washington, D. C., 1957). 
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TABLE I. Comparison between experimental and calculated x-ray absorption 
coefficients for thorium, uranium, and plutonium, cm*g™. 





Wavelength, Thorium 
A 


Radiation 


Ag KB 
Ag Ka 
Mo Kg 
Mo Ka 
Cu Kg 
Cu Ka 
Co Kg 
Co Ka 
Fe Kg 
Fe Ka 
Cr Kg 
Cr Ka 


75+1 73 
99+2 100 
88+1 88 
110+1 110 
31447 323 
401+8 415 
44448 468 
562+6 586 
55448 563 
691+20 699 
812+10 805 
1051+17 958 


1.6207 
1.7902 
1.7565 
1.9373 
2.0848 
2.2909 


A value of 1.5 cm*g™ for the intercept and 51.5+1.0 
cm’g™ for the slope may be calculated by passing a 
least squares straight line through the points. The 
absorption coefficient for plutonium for Mo Ka radia- 
tion, 5341 cm’g"", is found by adding the intercept 
and the slope. This value is in good agreement with the 
value of 5343 cm*g™, reported by Williamson, Poole, 
and Marples.* The absorption coefficient obtained for 
other elements and other wavelengths is given in 
Table I and is plotted graphically in Fig. 3. 


Experimental Conclusions 


Figure 4 shows the variation of the Z and M absorp- 
tion edges as a function of atomic number Z, taken 
from the work of Richtmyer and Kennard.® Figure 4 
predicts that for thorium the Z; absorption edge lies 
between Ag Ka and Mo K@, the Ly edge lies between 
Mo Kf and Mo Ka, and the Ly edge lies on the long- 
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Fic. 3. Experimental x-ray mass absorption coefficients vs wave- 
length for thorium, uranium, and plutonium. The dotted line 
indicates the mass absorption coefficients of thorium and uranium 
and the estimated mass absorption coefficient of plutonium, as 
given in the /nternationale Tabellen. 


* Williamson, Poole, and Marples, J. Inst. Metals 85, 431 
(1956-1957). 

®F. K. Richtmyer, and E. H. Kennard, Introduction to Modern 
Physics (McGraw-Hill Book Company, Inc., New York, 1947), 
fourth edition, p. 485. 


Experimental Calculated 





Plutonium 
Experimental Calculated 


7742 77 
70+1 70 
94+2 
53+1 

395+11 

513419 

574+19 

737428 

698+36 

901+21 

1096+27 1112 

1240+ 22 1243 


Uranium 
Experimental Calculated 





85+2 84 
11343 113 
96+2 95 
125+4 128 
31545 319 
396413 410 
441+10 462 
568+7 579 
53243 557 
698+19 691 
854+11 800 
894+-24 885 


wavelength side of Mo Ka; for uranium the Z; and Ly 
edges lie between Ag Ka and Mo Kf, the Lin edge lies 
just to the long-wavelength side of Mo Ka, and the 
M; edge lies between Cr K@ and Cr Ka; for plutonium 
the Ly edge lies between Ag K@ and Ag Ka, the Lu 
edge lies between Ag Ka and Mo K@, the Lin edge lies 
between Mo K@ and Mo Ka, and the M; and My edges 
lie between Cr K8 and Cr Ka. The experimental points 
of Fig. 3 verify the predictions derived from Fig. 4. 
The My, My edges for plutonium are designated as a 
complex because the experimental equipment could not 
resolve any difference between them. 

The dotted line in Fig. 3 indicates the absorption 
coefficients of thorium and uranium, and the estimated 
absorption coefficient of plutonium, as given in the 
Internationale Tabellen. The high atomic number region 
of the absorption coefficients presented in the /nter- 
nationale Tabellen, by failing to predict the L1, Lu, and 
M, absorption edges and yielding numerical values 
that at times disagree with experimental values by 
approximately 25%, lead the author to conclude that 
this region is probably considerably in error. The 
absorption coefficients in the Jnternationale Tabellen 
are based on Jonsson’s’ “universal” absorption curve. 
In deriving this curve, Jonsson measured the absorption 
coefficients of five elements: aluminum, nickel, copper, 
silver, and platinum. While Jonsson’s results can be 
assumed to be correct for the middle region of atomic 
numbers; i.e, Z=20 to 71, extrapolation to either 
lower or higher numbers may not be justified. Woernle® 
has reported systematic deviations from Jonsson’s 
method of representation for light elements (Z=1 to 18) 
and Fig. 3 indicates the amount of disagreement when 
extrapolation is made to high atomic numbers. 

The mass absorption coefficients of thorium, uranium, 
and plutonium between absorption edges can be repre- 
sented by an equation of the form 


Mm=CA*. (4) 
Between the Liz and My edges the value of C is 138, 


7 E. Jonsson, thesis, Upsala, 1928 (unpublished); see reference 9. 
8B. Woernle, Ann. Physik 5, 475 (1930); see reference 9. 
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136, and 145 for thorium, uranium, and plutonium, re- 
spectively. The value of m was determined to be 2.44, 
2.47, and 2.82 for thorium, uranium, and plutonium. 
These elements, therefore, were not found to obey the 
general \’ law. The results are consistent, however, with 
the observation of Compton and Allison,® who note 
that for high Z numbers or long wavelengths, or both, 
the value of is reduced from the “ideal” value of 3. 

If the assumption is made that the absorption of x-ray 
energy by an atom is a function of the electronic 
configuration of the atom, particularly the configuration 
in the outermost shells, then an interesting correlation 
can be made between the way the absorption coefficient 
varies as a function of wavelength (the quantity m in 
im=CX") and the electronic configuration in the outer 
most shells. Seaborg, Katz, and Manning” propose a 
configuration in which the number of 5/ electrons are 
1, 3, 5 or 0, 3, 6 for thorium, uranium, and plutonium, 
respectively. See Table II. Zachariasen and Ellinger,"” 
through the use of experimentally determined metallic 
radii, deduced that the number of 5f electrons in 
thorium, uranium, and plutonium are, respectively, 
0, 0, and 3. If for thorium, uranium, and plutonium n 
increased in a fairly uniform manner, one might argue 
effectively for the constant increase in 5f electrons 
proposed by Seaborg ef al. However, since n for plu- 
tonium is experimentally quite a bit greater than for 





5.00 








74 76 #78 #80 82 84 86 88 90 92 94 
ATOMIC NUMBER, Z 





Fic. 4. Variation of L and M absorption edges as 
a function of atomic number, Z. 


9A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935), 
pp. 526-542. 

1 Seaborg, Katz, and Manning, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1950), National Nuclear Energy Series, Plutonium Project Record, 
Vol. 14B, Div. IV, Part IT, p. 1509. 

1 W. H. Zachariasen and F. H. Ellinger, J. Chem. Phys. 27, 
811 (1957). 
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TABLE II. Correlation between absorption of x-ray energy and 
electronic configuration for thorium, uranium, and plutonium. 


5/ electrons 
Z Seaborg, Katz, Manning Zachariasen, Ellinger 
90 , 1 0 0 
92 ° 3 3 0 
94 5 6 3 


thorium or uranium, the author favors the electronic 
configuration determined by Zachariasen and Ellinger 
on the basis of effective metallic radii. 

The configuration proposed by Seaborg ef al. is for 
the ground state of a neutral gaseous atom. As Seaborg 
points out, one cannot be sure that the configuration of 
a gaseous atom will be the same as the configuration 
of an atom in a compound or even as a hydrated ion 
in solution. However, the correlation between n and 
the configuration given by Zachariasen and Ellinger 
indicates that the metallic properties of thorium, 
uranium, and plutonium are retained upon dissolving 
up to 4 to 5 w/o of these elements in 1M HCIO, and 
that the process of putting into solution either thorium, 
uranium, or plutonium, does not disturb appreciably 
the small energy differences between the 5 f-6d-7s shells 
of these elements. 


THEORETICAL INTERPRETATION 


In the previous sections the author discussed the 
problems involved and the results obtained in the 
experimental determination of the x-ray absorption 
coefficients of thorium, uranium, and plutonium. The 
following sections are an attempt to calculate the x-ray 
absorption coefficients of thorium, uranium, and plu- 
tonium by considering the atomic number, a screening 
constant, principal quantum numbers, and the atomic 
energy levels characteristic of these elements. 


Method of Theoretical Calculation 


Victoreen has shown that the mass absorption coeffi- 
cient of an element is given by an equation of the form 


SK Mé 
pa=netn=|— 4 
NoArA2 AoArA2dA3 


No No 
Jue —-+ oZnle~—, (5) 
A A 


where #»=mass absorption coefficient, ua=true ab- 
sorption coefficient, u.=scattering coefficient, \=in- 
cident wavelength in A, \o=e?/mc?= 2.8197 X10-* A, 
AyA2A3= critical wavelengths in A characteristic of the 
atom under consideration, /y)= e?/mc?= 2.8197 X 10-" cm, 
No= 6.0228 X 10” mole, A=atomic weight (g/mole), 
oo= dimensionless portion of scattering coefficient, and 
Z= atomic number. 

The critical wavelengths \;\2\3, or more conveniently 
the critical wave numbers, 1/A;, 1/2, 1/A3, are calcu- 
lated from the difference in atomic energy levels as 
follows: 


1/\= Eo/he— Ey/he, (6) 





ee 


ROOF, 


JR. 


TABLE III. Screening constants and quantum conditions for thorium, uranium, and plutonium. 


5 
K-Li 
13 23.5 


11 ore 22 
19 7 27.7 


Lu-Lin Lin-M1 


36.5 
38.5 
41.3 


where \= wavelength in A, 4=Planck’s constant (erg 
sec), c= velocity of light (A/sec), and E2, E,= energies 
in ergs of two quantum states within the atom. 

The atomic energy levels of Eq. (6) are calculated 
by means of the expression (Victoreen') 


9 


E (Z—s)*? fa?(Z—s)* at(Z—s)® a®(Z—s)* 
+" . Seen 5 
n° 


12.8n° 


J} 


where R=Rydberg’s constant (0.00109737 A~'), Z 
= atomic number, s= screening constant, n= a principal 
quantum number, and a=2ze*/ch, the fine structure 
constant. The bracketed term in Eq. (7) is the relativity 
correction which must be carried to the higher powers 
of a until the contribution of all the following terms 
may be neglected. 

It may be seen that the bracketed term in Eq. (5) is 
dimensionless and that the units for u», are cm*g™. 
The scattering coefficients for thorium, uranium, and 
plutonium are of the order of magnitude of 0.15 cm’g™! 
and are therefore negligible in comparison to either the 
true absorption coefficients or the mass absorption 


he 4n'‘ 8n® 


a®(Z—s)” @(Z—s)" 
‘ + pubedinannaigiid 


18.28n'° 24.35n"? 


coefficients. 

By substituting and collecting numerical values for 
the constants and neglecting the scattering coefficient, 
Eq. (5) can be reduced to 


(tm) z= Cr— DM’. (8) 


Results of Theoretical Calculations 


In Table III are listed the screening constant, s, 
applicable to a given wavelength region (i.e., s=36.5 
between the L111 absorption edge and the M, absorption 
edge for thorium) and the principal quantum number, 
n, used to determine a critical wave number by use 
of Eq. (7). 


TABLE IV. Values of C and D for use in pm=Cd*— DM! 
for thorium, uranium, and plutonium. 


Thorium Uranium Plutonium 
c D Gc D “4 D 
818 444 987 =615 709-165 
Ly-Ly 483 212 ‘ ; 440 81 
Lu-Lin 440 188 530 242 420 75 
Lin-M; 183 45 180 44 163 19 

M.-My 35 
Vu -Min ‘ . 


K-Ly 


138 15 





AL 


Mi-Mu Mu-Min ne 





1 
1 
1 


cee 43.5 


Table IV lists the values of C and D used in Eq. (8), 
obtained by application of the values of Table III to 
Eqs. (7), (6), and (5). 

Table I allows comparison of the calculated coeffi- 
cients obtained from Eq. (8) with the experimental 
coefficients. 

Utilizing the numerical values of Tables III and IV, 
good agreement is obtained between the calculated 
coefficients and the experimentally observed coefficients 
as given in Table I and graphically illustrated in Fig. 5 
for the Ly—M, region. 

In determining the values listed in Table III, it was 
found that the quantum conditions used to calculate 
a critical wavelength (i.e., 1/A2=2 to © for thorium) 
remained the same on both sides of an absorption edge 
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Fic. 5. Comparison of experimental (I) and calculated (*) x-ray 
absorption coefficients for thorium, uranium, and plutonium in 
the Lin- My region. 


but that the value of the screening constant, s, changed 
(i.e., s jumps from 23.5 to 36.5 across the Lin edge for 
thorium). Minor changes in quantum conditions at an 
absorption edge; for example, 1/A2=2 to 10 instead of 
2 to © (representing a 3.5% decrease in the final 
value of 1/2), even when compensated for by changes 
in the screening constant, s, do not yield calculated 
coefficients that are in acceptable agreement with the 
observed coefficients. 

A comparable situation was found by Victoreen for 
gold in which the observed and calculated coefficients 
were matched by having identical quantum conditions 
on either side of an absorption edge while the value of s 
changed at an absorption edge. 
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Discussion of Theoretical Calculations 


In Fig. 6 the screening constant, s, is shown as a 
function of atomic number, Z. The increase in the screen- 
ing constant for plutonium over that for thorium and 
uranium is interpreted in a manner analogous to Comp- 
ton and Allison’s” treatment for the 4f electrons. If the 
screening constant of Sommerfeld is plotted as a 
function of Z and a line drawn through the points one 
can observe a sharp increase in the slope of the line 
at Z=57, a decrease in the slope at Z= 70 and a further 
decrease in the slope at Z=80. An explanation of these 
changes in slope is obtained by considering that the 
contribution to the screening constant by a single 
electron is greater in a shell of smaller radius than in 
one of larger radius. At Z=47, where the screening 
constants of Sommerfeld start, added electrons enter 
into the 5s or 5p shells, but at the beginning of the 





Fic. 6. Variation 
of the screening con- 
stant, s, with atomic 
number for thorium, 
uranium, and_ plu- 
tonium. 











rare earths, at Z=57, added electrons begin to enter 
the 4f shells, which are presumably of smaller effective 
radii than the 5s or 5p shells, and thus an increase in 
the slope is observed. At Z= 70 when the 4/ shell is filled, 
added electrons enter into the 5d shell which has a larger 
effective radius than the 4f/ shell and a decrease in slope 
is observed. At Z=80 when the Sd shell is filled added 
electrons enter the 6p shell which has a larger effective 
radius than the 5d shell and the slope is thus observed 
to decrease still further. 

Seaborg, Katz, and Manning propose an electronic 
configuration in which the number of electrons in the 


2 See reference 9, p. 627. 
13 A, Sommerfeld, Atomic Structure and Spectral Lines (Methuen 
and Company Ltd., London, 1934), third edition. 
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5f shell is either 1, 3, 5 or 0, 3, 6 for thorium, uranium, 
and plutonium, respectively. On the other hand, 
Zachariasen and Ellinger, through the use of experi- 
mentally determined metallic radii, find a configuration 
which has 0,0, and 3 electrons in the 5 f shell for thorium, 
uranium, and plutonium. By interpreting the increase 
in the screening constant as shown in Fig. 6 as evidence 
for entrance of electrons into the 5f shell, the author 
concludes that the configuration of Zachariasen and 
Ellinger is to be preferred over that of Seaborg et al. 

Through a consideration of the number of electrons 
in the valence states and in the 5f shell as given by 
Zachariasen and Ellinger, Elliott'* has concluded that 
plutonium is a transition element within the 5/ series 
occupying a unique position as an intermediate between 
a “thoride” subseries represented by atomic number 
90 to 93 and an “‘actinide”’ subseries consisting of those 
elements having atomic numbers greater than 94, 

Since in thorium and uranium, electrons seem to 
prefer the valence states (4 and 6 electrons respectively 
for thorium and uranium) it would appear that the 5/ 
shell represents a higher energy condition than the 
valence states. However, in americium electrons seem 
to prefer the 5/ shell (6 electrons) instead of the valence 
states (3 electrons) making the 5f shell representative 
of a lower energy condition than the valence states. 
Plutonium, having nearly equal number of electrons 
in the 5f shell (3 electrons) and the valence states 
(5 electrons) is thus an intermediate with the 5/ shell 
representative of a lower energy than the 5/f shell of 
thorium and uranium but of higher energy than the 
5f shell of americium. 

Support for this scheme of 5/ shell energy levels can 
be obtained from an examination of the quantum condi- 
tions in Table III, which give rise to the critical wave 
numbers used in the calculation of absorption coeffi- 
cients. For thorium and uranium \; is given by the 
difference in energy levels obtained from Eq. (7) when 
n=2 and n= ~, while for plutonium A; is given by the 
difference in energy levels when n=3 and n= ~. Since 
the energy level characterized by n= 2 is greater than 
one characterized by n= 3, this evidence conforms to the 
5f shell energy level scheme outlined above and thus 
tends to confirm Elliott’s conclusion that plutonium 
is a transition point in the 5/ series of elements. 
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The x-ray absorption coefficients of the elements with Z=1 to 17 (excluding helium and neon) have been 
determined for Mo Ka radiation. The values found in the present work are in better agreement with the 
earlier experimental data of Allen than with the semitheoretical values given in the /nternationale Tabellen. 


INTRODUCTION 
N the preceding paper' the author investigated the 
x-ray absorption coefficients of thorium, uranium, 
and plutonium. It was found that between absorption 
edges the mass absorption coefficients could be repre- 
sented by an equation of the form 


jim=CX". (1) 


The value of » was determined to be 2.44, 2.47, and 
2.82 for thorium, uranium, and plutonium, respec- 
tively. These elements, therefore, do not obey the 
general d* law. The results are consistent, however, 
with the observation of Compton and Allison,’ who 
note that for high Z numbers or long wavelengths, or 
both, the value of » is reduced from the “ideal” value 
of 3. 
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Fic. 1. The variation of (u.—b) as a function of Z (a graphical 
presentation of the data of Table I). 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1R. B. Roof, Jr., Phys. Rev. 113, 820 (1959), preceding paper. 

2 A. H. Compton, and S. K. Allison, X-rays in Theory and Ex- 
periment (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1935), p. 542. 


The mass absorption coefficient of a material is 
usually considered to be the sum of a true absorption 
coefficient and a scattering coefficient, i.e., 


Mm= Mat Ms. (2) 


For thorium, uranium, and plutonium the scattering 
coefficient, u,, is negligible and the measured mass ab- 
sorption coefficient represents the true absorption coef- 
ficient with sufficient accuracy for most purposes. 

The departure from the general \* law for thorium, 
uranium, and plutonium raises a question as to the 
validity of a general Z™ law where m is a whole number. 


TABLE I. Experimental x-ray absorption coefficients for Z=1 to 
17 for Mo Ka radiation. 


Ele- Experimental 
ment absorber 


H H.0>. in H.O 

He 

Li LiCl in H.O 

Be Be foil 

B H;BO; in H,O 
CS HC2H;0:2 in HO 
N NH; in H.O 

O HO, in H.O 

F LiF plate 


Me, 
cm?*g~! 


0.38 


Ma, cm’g™! 


0.19+0.10 


pm, Cm2g™! 


0.57+0.10 


0.375+0.122 
0.43+0.24 
0.51+0.06 
0.64+0.02 
0.86+0.02 
1.02+0.02 
1.37+0.04 


0.16 
0.17 
0.18 
0.19 
0.19 
0.19 
0.18 


0.21540.122 
0.26+0.24 
0.33+0.06 
0.45+0.02 
0.68+0.02 
0.83+0.02 
1.19+0.04 


Ne 
Na NaNO; in HO 
Mg Mg(NOs)s in H2O 
Al Al foil 

Si Fused SiO» 

‘ H;P¢ Vs in H.O 


2.36+0.03 
3.29+0.05 
4.58+0.21 
5.86+0.09 
7.38+0.03 
9.38+0.04 
10.67+0.02 


0.18 
0.19 
0.18 
0.19 
0.18 
0.19 
0.18 


2.18+0.03 
3.10+0.05 
4.40+0.21 
5.67 +0.09 
7.20+0.03 
9.19+0.04 
10.49+0.02 


S (NH,4)2SO, in H2O 
Cl NH.CI in H,O 


Thorium, uranium, and plutonium cannot be used to 
test this law due to an insufficient number of experi- 
mental points and the absorption edge discontinuities 
of these elements for x-rays. 

The purpose of this paper is to examine the coefficient 
m in an equation of the form 


Ma=CZ™+5, (3) 


for elements at the opposite end of the periodic table. 
The mass absorption coefficients of some of the elements 
from Z=1 to 17 were experimentally determined. Then 
the scattering coefficient (calculated from the formulas 
of Klein-Nishina*) was subtracted from the measured 


30. Klein and Y. Nishina, Physik 52, 853 (1928). 
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mass absorption coefficient to yield the true absorption 
coefficient, Eq. (2). The true absorption coefficient was 
then analyzed according to Eq. (3). 


EXPERIMENTAL METHOD AND METHOD 
OF ANALYSIS 
A description of the general experimental method 
employed and the general method of analysis of the 
experimental data is given in the preceding paper! 
under these headings. 


EXPERIMENTAL RESULTS 


In order to use Eq. (3), the mass absorption coef- 
ficients of a number of elements must be determined at 
a constant wavelength, and Mo Ka radiation was chosen 
for this purpose. The mass absorption coefficients 
obtained for the elements with Z=1 to 17 are given in 
Table I. Table I also contains the scattering coefficients 
calculated from the Klein-Nishina formulas and the 
true absorption coefficients obtained by application of 
Eq. (2). 

ANALYSIS AND CONCLUSIONS 


Equation (3) can be transformed to 


log (ua— 6) =m logZ+logC. (4) 


A plot of log(ua— 6) vs logZ will result in a straight line, 
the intercept of which is equal to logC and the slope 
of which is equal to m. The quantities 6 and C can be 
estimated from the data in the following manner. For 
hydrogen (Z=1) the quantity mlogZ is zero and 
(u4a—6)=C. Since C is a very small number, then to 
the first approximation let C be zero. Then b=, of 


hydrogen. Successive applications of least-squares 
fitting of points of Eq. (4) will refine the numerical 
values of 6 and C to any desired degree of accuracy. 
Figure 1 is a presentation of the data of Table I ac- 
cording to Eq. (4). For comparison, the experimental 


ABSORPTION: COEFFICIENTS, 


Z=1 TO 17 


TABLE IT. Numerical constants for ua=CZ"+b. 





Internationale 
Tabellen® 


Present 
Allen® 


0.0542 
8.8X 10-4 


0.0100 
22.8 10-4 
3.02 


® See reference 4. 
b See reference 5. 


work of Allen‘ and the semitheoretical values of the 
Internationale Tabellen® are also shown in Fig. 1. The 
numerical constants of Eq. (4) for the three sets of 
data are collected in Table II. 

From an examination of Fig. 1 and Table II, the 
author concludes that the present work is in good 
agreement with the earlier experimental work of Allen. 
Both sets of experimental data, however, are in dis- 
agreement with the semitheoretical values of the /nter- 
nationale Tabellen. It is interesting to observe that the 
values of m obtained from the experimental data 
approach more closely the “‘ideal’”’ value of 4 proposed 
by Bragg,® Richtmyer,’ and Walter* than does the 
value of m obtained from the /nirenationale Tabellen. 

In deriving the mass absorption coefficients listed 
in Table I it was assumed that the chemical combina- 
tion or bonding of the element under investigation 
would be of negligible importance for Mo Ka radiation. 
Several types of bonding are evident in an examination 
of the experimental absorbers: metallic bonding for 
beryllium and aluminum, ionic bonding for fluorine, 
covalent bonding for silicon, and normal oxidation 
states for the other elements. The successful application 
of the experimental points to a straight line analysis 
tends to confirm the validity of the original assumption. 

4S. J. M. Allen, compilation of mass absorption coefficients for 
the Handbook of Chemistry and Physics (Chemical Rubber Pub- 
lishing Company, Cleveland, 1952), thirty-fourth edition. 

5 Internationale Tabellen zur Bestimmung von Kristallstrukturen 
(Gebriider Brontraeger, Berlin, 1935), Vol. II. 

6 W. H. Bragg, Phil. Mag. 29, 407 (1915). 

7F. K. Richtmyer, Phys. Rev. 18, 13 (1921). 

(97) Walter, Fortschr. Gebiete Réntgenstrahlen 35, 929, 1308 
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The perturbations of the energy levels of the hydrogen atom by a possible electric dipole moment of the 
proton, d, have been obtained. The inhomogeneous equation for the first-order perturbation of the wave 
functions was solved analytically. The shifts of the energy levels are of the second order in d. In particular, 
there results a decrease of the Lamb shift between the 2S; and 2P, levels. By equating this decrease to the 
maximum allowed by the approximate agreement between the experimental and theoretical values of the 
Lamb shift, it is concluded that the electric dipole moment of the proton, d, must be less than 1.3 10~ cm 
times the charge of the electron. Calculations have also been carried out for the shifts of the energy levels 
of deuterium produced by a possible electric dipole moment of the deuteron. 


I. INTRODUCTION 


INCE the discovery of nonconservation of parity 

in the weak interactions,' it has become of interest 
to investigate the possible existence of an electric 
dipole moment of the elementary particles. It has been 
shown that a nonvanishing electric dipole moment for 
any elementary particle would imply that time-reversal 
invariance is violated,? unless there is an additional 
degeneracy of the particle states, such as the degeneracy 
involving magnetic pole conjugation considered by 
Ramsey.* Several years ago, Smith, Purcell, and 
Ramsey‘ obtained an upper limit for the dipole moment 
of the neutron d, by a magnetic resonance method: 
d,<5X10-* cmXe, where e is the charge of the elec- 
tron. Very recently, Berley, Garwin, Gidal, and 
Lederman’ have shown that the electric dipole moment 
of the muon must be less than ~2X10~ cmXe, by a 
deflection method which utilizes the longitudinal polar- 
ization of muons from pion decay. Feinberg® and 
Salpeter’ have obtained an upper limit for the dipole 
moment of the electron d, from a comparison of the 
resultant shift of the hydrogen energy levels with the 
possible experimental and theoretical uncertainties of 
the Lamb shift.* The resulting upper limit for d, is 
d,.<1X10-% cmXe. 

In the present paper, we have determined the pertur- 
bation of the hydrogen energy levels by a possible 
electric dipole moment of the proton, d. It is found that 
the presence of a proton dipole moment d would de- 
crease the Lamb shift between the 2S; and 2P, levels, 
in the same manner as a dipole moment of the electron.*.7 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957); T. D. Lee 
and C. N. Yang, Brookhaven National Laboratory Report BNL- 
443, 1957 (unpublished); L. Landau, Nuclear Phys. 3, 127 (1957). 

5N. F. Ramsey, Phys. Rev. 109, 225 (1958). 

‘Smith, Purcell, and Ramsey, Phys. Rev. 108, 120 (1957). 

( ® Berley, Garwin, Gidal, and Lederman, Phys. Rev. Letters 1, 144 
1958). 

6 G. Feinberg, Phys. Rev. 112, 1637 (1958). 

7E. E. Salpeter, Phys. Rev. 112, 1642 (1958). 

§ Triebwasser, Dayhoff, and Lamb, Phys. Rev. 89, 98 (1953). 


By requiring that the decrease of the calculated Lamb 
shift be less than 1 Mc/sec, one finds that the proton 
dipole moment d must be less than 1.3% 10-* cm Xe. 

In Sec. II, we obtain the shifts of the hyperfine levels 
of the hydrogen atom in the 15;, 25;, 2P;, and 2P; 
states. The expressions for the energy level shifts are 
given in terms of certain integrals over the radial parts 
of the perturbations of the wave functions a’. These 
radia! integrals are evaluated in Sec. III, using a 
method’ in which the radial perturbations m’ are 
obtained analytically, by directly solving the inhomo- 
geneous equation for m’. Upon using the values of the 
radial integrals, one obtains the decrease of the Lamb 
shift in terms of d, and hence an upper limit on d. 

Besides the calculations for hydrogen, we also give in 
Sec. II the expressions for the level shifts of the deu- 
terium atom produced by a possible dipole moment of 
the deuteron. In view of the very small upper limit on 
the neutron dipole moment‘ d,, a dipole moment of the 
deuteron dq would represent essentially the effect of a 
proton dipole moment d. 


II. CALCULATION OF THE ENERGY LEVEL SHIFTS 


The energy level shifts due to an electric dipole 
moment of the proton d are of the second order in d. 
The required second-order perturbation of the energy 
E,» is obtained from the first-order perturbation of the 
wave function ¥;. The basic equation for V; is given by 


(Ho— Ey) ¥i= —HM, (1) 


where Ho, Eo, and Wo are the unperturbed Hamiltonian, 
energy, and wave function, respectively; H, is the 
perturbation due to the dipole moment : 


H,=—(A/P)o-?, (2) 


where H, is in Rydberg units; r is the distance from the 
nucleus in units of the Bohr radius aq; A is a constant 


®R. M. Sternheimer, Phys. Rev. 84, 244 (1951); 96, 951 (1954); 
105, 158 (1957). 

R. M. Sternheimer and H. M. Foley, Phys. Rev. 92, 1460 
(1953); Foley, Sternheimer, and Tycko, Phys. Rev. 93, 734 (1954), 
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given by 
A=2d/(ean); (3) 


@ is twice the spin vector of the proton (in units %); 
and # is a unit vector in the direction of r. 

After WV, is determined from Eq. (1), the level shift EZ» 
is obtained from the equation 


Ee= fvcumav, (4) 


where the integration extends over the volume of the 
atom, and the asterisk (for Wo*) denotes the complex 
conjugate. 
In order to solve Eq. (1), we note that this equation 
involves the following radial equation: 
2? 


r n° 


Ju = (A/r*) U0’, (5) 


where #,’ is r times the radial part of the perturbation 
Wi, uo’ is r times the radial part of the unperturbed 
function Yo, and the operator in the square bracket on 
the left-hand side represents (Ho— Eo) in Rydberg units, 
provided that r is in units aq. In Eq. (5), / is the 
azimuthal quantum number of the perturbation, m is 
the principal quantum number of the unperturbed 
state (Ey>=—Z*/n’ ry), and we have considered the 
case of arbitrary Z for the sake of generality. The 
function mo’ on the right-hand side of (5) is normalized 
as follows: 


J uy 2dr= 1. (6) 
0 


We will consider in particular the 15;, 2$;, 2P;, and 
2P; states of the hydrogen atom. As a result of the 
perturbation H,, the ns states are excited into p states, 
and the mp states are excited into both s and d states. 
Following a method used previously,’ the radial pertur- 
bations 1,’ for ns—>p, np—s, and np—d will be obtained 
by directly solving Eq. (5), without any expansion in 
terms of the excited states of the Hamiltonian Ho. Since 
the unperturbed functions uo’ are hydrogenic, it turns 
out that #;’ can be obtained analytically."° The solution 
of Eq. (5) will be discussed in Sec. III. As will be shown 
below, the various energy shifts involve only the follow- 
ing radial integrals: 


« 


E./= f uo uy Hy'dr, (7) 
0 


where H,’= — (A/r’) is the radial part of H;. The values 
of E,' for 1s—p, 2s—p, 2p—s, and 2p—d (as obtained 
in Sec. III) are as follows: 


Ey! (1s>p) = —Z2A2, (8) 
FE! (2s—p) = — (1/8)Z2A?, (9) 
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Ey! (2p—s) = + (1/24) Z2A2, 
Zo! (2p—0d) = — (1/48) Z2A?= — 3 E! (2p), 


where all of the £2’ are in Rydberg units. 

Referring to Eqs. (1) and (4), we wish to determine 
the expressions for E, in terms of the radial integrals 
E,! for the various hyperfine levels. The 15; and 25, 
atomic levels are each split into two levels, F=0 and 
F=1, by the hyperfine structure interaction. Here F is 
the total angular momentum of the atom. We have: 
F=I-+-J, where I is the spin of the proton (I= }¢), and 
J is the angular momentum of the electron. 

We first take as an example the 2.5; state with F=1, 
Myr=1. Here Mr is the magnetic quantum number 
pertaining to F, i.e., the projection of F along an 
arbitrary 2 axis. In all cases, the final result for Z, must 
be independent of Mr. This property can be used as 
a check on the results, by repeating the calculation for a 
different My state. The unperturbed wave function 
Wo for F=1, Mp=1 is given by 


(10) 
(11) 


Vo=W2eXyny= 2-1 ReX yn, (12) 


where yo, is the 2s wave function normalized accord- 


ing to 
f f Yo/r'dr sinbdé= 1, 
0 40 


where @ is the angle between the radius vector r and 

the z axis. Thus Y2,=27'Re,, where Ro,=o'/r, with uo’ 

normalized according to Eq. (6). In Eq. (12), X; is the 

proton spin function with magnetic quantum number 

m= 4, and n; is the electron spin function with m=}. 
H, can be written as follows: 


(13) 


H,=H'(3(e,+ic,) sinbe~‘* 


+4(¢,—i0,) sinde'*+o, cos@}, (14) 


where ¢ is the azimuthal angle, and H,'’=—(A/r*), as 
defined above [Eq. (7) ]. The operator (@-#) does not 
act on ;, and we have o:X;=X;, (0:—io,)X;= 2X_,, and 
(o,+i0,)X,;=0. One thus obtains 
HW = Hy'nyos(X cos0-+-X j sin6e'®). (15) 
The resulting perturbation WV, is given by 
Wir = 2-hay'ny(X, cosd+X_, sinde'*), (16) 


where 1’ satisfies the following equation [see Eq. (5) }: 


\ ow’ Se 


a -) = =H (17) 
4 


r 
From Eq. (16), one obtains 


HWyr= 2 4D y'uy'n4X,. 
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The resulting energy shift E2 is given by 


b= f f (Wo*r)H Wirdr 
0 0 


x<sinodo= f uo H,'u;'dr. (19) 


0 


The radial integral on the right-hand side is just 
E,'(2s—p), as given by Eq. (9), so that 


E,(F=1)=—(1/8)Z°A? ry. (20) 
For the 25; state F=0, the unperturbed wave func- 
tion Vo is given by 


Vor = dito’ (Xin =, sm), (21) 


where X,, and n,, are the spin wave functions for the 
proton and the electron, respectively. By using the 
same procedure as for the state F=1 discussed above, 
one finds 


Vir =} 1y'[ny(—X, sinde~**+X_, cos6) 


+n_3(X, cos0+X_, sinBe**) ], (22) 


whence 


AW yr=3Hy'uy (n_yXy—n4X_y), (23) 


r= f f (Wo*r) HV yrdr sinédé 
0 0 


to (2s—>p)=—(1/8)Z°A* ry. (24) 


Thus E2(F=1) and E.(F=0) are equal for the 2S, 
state. Both levels are shifted downward by the same 
amount, while the hyperfine splitting is unaffected. 
The same is, of course, true for any S state, since we 
have not used the properties of the radial wave func- 
tions except to evaluate E,'(2s—p). Thus for the 15; 
state, we have E,’(1s—p)=—Z?A*; both the F=1 and 
F=0 levels are shifted by this amount, and the hfs 
splitting Av(1s) is not affected. As will be discussed in 
Sec. III, the radial integrals for a given type of angular 
excitation (nl—l') are proportional to 1/n*. The shift 
for the 3S; state is — (1/27)Z*A? ry. 

The 2P, state consists of two levels, F=1 and F=0. 
The energy shift for F=1 will be determined by means 
of the magnetic substate Mr=1. The unperturbed wave 
function Wo for this state is given by 


Vo = = (1 3) Wop omyXy+ (2 3) Wop, 17)- 4X3, ( 5) 
where W2p, m is the normalized 2p wave function pertain- 


ing to magnetic quantum number m. W2», » is normalized 
in the same manner as 2, [ Eq. (13) ]}: 


f f Wop, m| 2dr sin6dé = 1. 
0 0 


(26) 
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Thus we have 
Wop, 1= — (34/2) (tto’/r) sinde’?, 
Wop, 0= (3/2)*(u0'/r) cosd, 


(27) 
(28) 


where a’ is r times the radial wave function, normalized 
according to Eq. (6): 


uo = (Z1/24)r? exp(—Zr/2). (29) 


The 2p electron will be excited into both s and d 
states. In order to obtain these perturbations, it is 
convenient to consider separately the n; and n_, terms of 
Wo [Eq. (25) ], since the operator o-f has no matrix 
elements connecting these terms, which will be denoted 
by Wot and Wo", respectively. Taking first Wo*, we have 
HW otr=—2-4Hy'nyo' (X, cos?0+-X_, sin® cosbe'*) 

= — 2-H y'nytto' {4% +DG (cos* —}) 


+X_, sin6 cosbe‘*}}, (30) 


where, in the last expression, the term 3X, gives the 
2p—s perturbation, while the square bracket leads to 
the 2p—d perturbation. 

The 2p—s perturbation (W,*), is given by 


(W,+) r= — (18) 4X (141’)., (31) 


where the radial function (m;’), satisfies the following 
equation: 


") 


f 22.2 
dr 4 


r 


(32) 


From Eq. (31) one obtains 


H,(V;*),r= = (18)-*Hy’(1y’), 


Xm (X; cos6+X_, sinde'*). (33) 


The resulting energy shift due to the 2p—s perturbation 


of Wot is given by 


(E>+),= f (Wot)*rH, (V1) rdr sin6dé 
“0 0 


= (1 6k (2p—s) f cos’6 sin6d@ 


0 
= (1/9) F,/(2p—s). 
The 2p—d perturbation due to Wo is given by 


(Wi*) a= —2-4( uy’) am[X;(cos*0— $) 


+X_, sin6 cosBe'?], (35) 


where the radial function (a;’)¢ is determined by 


ef 6 W@W FF 
(-<+- sil 3 (u)a= — Hu, 


dr ro ofr 
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with uo’ given by Eq. (29). From Eq. (35), one obtains 


Ay(¥y*)ar= —2 “4H! (uy’)a 


Xm, (3X; cos6—4X_, sinBe'*), (37) 


so that the energy shift is found to be 


(Ex*)a= f [ (Wot)*rH (Wit) ardr 
0 


; x sindd0= (2/9) Es!(2p—d). (38) 


We shall now consider the 7_; term Wo~ of Eq. (25). 
One obtains 


HWor= —2 1H y'n_ jug’ 


X DX; sin® cosbe'*¥+X_, sine]. (39) 


The angular functions in the square bracket of the 
right-hand side are pure d wave functions (with m=1 
and m=2). Thus there is no 2p—s excitation of Wo. 
On the other hand, the 2p—d perturbation is given by 


(W.-)ar= t= 2-41") an_ 


X (X; sin@ cosbe'*+X_, sin*e?'*), (40) 


where (2’)q is determined by Eq. (36). From Eq. (40), 
one obtains 
Ay (Vy-)ar= — 2-H’ (uy') an_yX sinde'?. (41) 


Finally, the 2p—d energy shift is given by 


(E>-)a= f f (Vo \*rH, (VW; ~)ardr sin6d@ 
0 0 
=2E,/(2p—d). 


(42) 


From Eqs. (34), (38), and (42), one finds for the 
total energy shift of the F=1 level of 2P;: 


E,(F=1)= (E+). + (Est)at(Er)a 
=—(1/72)Z°A* ry. (43) 
For the F=0(Mpr=0) state, Vo is given by 


Vo=mL3- Yop, 1%; — 6 op, X_4] 

+n_,[—6 Wop, oXy+3 Wo», 1X_ 1. (44) 
By proceeding in the same manner as for F=1, Mr=1, 
one obtains for the energy shift 


E,(F=0) = Ey’ (2p—s) = + (1/24)Z°A? ry. (45) 


There is no 2p—d excitation for the F=0 state. This 
result can be explained on general grounds, by noting 
that the operator o-# commutes with F*, and hence the 
perturbation VY, has the same total angular momentum 
F as the unperturbed function, namely F=0 in the 
present case. For a 2p—d perturbation, the electronic 
part of ¥, would represent a *D, or 7D, state (J=3/2 or 
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5/2) which can only give rise to F=1, 2, and 3, but 
not F=0. 

From Eqs. (43) and (45), it is seen that the F=1 
level (which lies above F=0) is lowered, while the F=0 
level is raised, and as a result the 2P; hyperfine splitting 
Av(2P) is decreased by an amount (1/18)Z?4? ry. 

The centroid (weighted average) of the 2P; levels is 
not changed by the dipole perturbation, since one finds 


DL r(2F+1)E2(F)=3E2(F=1)+E2(F=0)=0. (46) 


On the other hand, as discussed above, the 2.5; levels 
are shifted downward by §Z°A? ry. Thus the Lamb 
shift for hydrogen would be decreased by the presence 
of an electric dipole moment of the proton. At present, 
the agreement between the theoretical expression for 
the Lamb shift" and the observed value is to within 
~}3 Mc/sec. If one assumes that any possible dis- 
crepancy due to a proton dipole moment d must be 
less than 1 Mc/sec, one obtains an upper limit for d 
as follows: 


$A*<6.62X 10-7 X 108/ (2.18 10") = 3.04 10-", (47) 
so that 
A<4.93X 10-5, 


d<e(4)(0.529X 10~*) (4.93 X 10-°) 


=1.30*10-"% cmXe. (48) 


A convenient formula for the upper limit on d from 
the Lamb shift or the 2P hyperfine structure is given by 


d<0.46X 10-8 cmX eX (6v/a)}, (49) 


where 6y is the upper limit on the experimental and 
theoretical uncertainties of the frequency in Mc/sec, 
and a is the coefficient of A? in the theoretical expression 
(a=4% for the Lamb shift; 1/18 for the 2P; or 2P, 
hfs in H). 

We will now determine the energy shifts of the *P3;, 
F=2 and F=1 hyperfine levels. For the F=2 level, E2 
will be obtained by considering the Mr=2 state. Wo 
is given by 


WV o=WV 2p, 1X yn. (50) 


One obtains 


HW or= — (33/2) Ay'nyue’ 

X [X%; sind cosde'¥+X_, sin*e**], (51) 
where 1’ is given by Eq. (29). The angular functions 
in the square bracket are pure d wave functions, 
showing that there is no 2p—s excitation for the F=2 
state. As discussed above for E2,(F=0, 2P;), this result 
follows from the fact that for a 2p—s perturbation, the 
electronic part of V; would represent a *S, state (J = 1/2) 
which cannot give rise to an F=2 state. 

11H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- 


and Two-Electron Problems (Academic Press, Inc., New York, 
1957), pp. 107, 352. 
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The 2p—d perturbation (¥;)q is given by 


Vi)ar= — (34/2) (t’)a 
X 4 (X4 sin cosbe'*+X_, sin*6e**), 


from which one obtains 
Hy (V1) ar = — (34/2) Hy (uy) amyX, sinde'?. 

The energy shift is found to be 

2 (2p—d) = — (1/48)Z?A? ry. 

For the F=1 state with Mr=1, Wo is given by 


Vo=mL (3/4) op, X4— 6 Wop, 0% ] 
— (12)~*y_ yop, 1X). 55) 


E,(F=2)= 


By means of (55), one obtains for the energy shift 


E.(F=1)= (8/9) E,’(2p—s) 
+ $E.!(2p—d) = (5/144)Z°A? ry. (56) 
From (54) and (56), one finds that the hyperfine 
splitting Av(2P;) is decreased by an amount 


E,(F=1)— E2(F=2)= (1/18)Z°A? ry. (57) 


This change of Av(2P,) is the same as for the 2P, state. 
Also in similarity to 2P;, the centroid of the 2P, levels 
is not affected w the perturbation. We have 


> r(2F+1)E2(F) =5E2(F=2)+3E2(F=1)=0. 


In view of these results for the weighted average of the 
2P, and 2P, levels, a dipole moment of the proton 
would have no effect on the fine structure in the 2P 
states, i.e., on the 2P4-2P, level separation. 

We have also calculated the effect of an electric 
dipole moment of the deuteron on the atomic energy 
levels of deuterium. Since the dipole moment of the 
neutron has been shown to be very small (d,<5X10-” 
cm Xe),4 we expect that a possible dipole moment of 
the deuteron dz represents essentially the effect of a 
dipole moment of the proton d (unless dzS 10— cm Xe). 
However, the value of dz need not be identical with d, 
because of possible effects of the motion of the proton 
inside the deuteron. In the following, it will be assumed 
that the dipole moment is given by dgI, where I is the 
spin of the deuteron. 

For deuterium, the radial integrals E,’(n/—/') are 
the same as for hydrogen, except for the replacement 
of A by Aa, where Ag=2da/(ean). Accordingly the 
radial integrals will be denoted by E2p'(nl—l’). The 
coefficients of the integrals are, of course, different 
from those for hydrogen, because of the deuteron spin 
I =1. The results are as follows: 


15;: E,(F=3)= E.(F= 3) 
= 3 Eon’ (1s—p) eh 
= E,(F= 3) 
= $E2p'(2s—p) = 


(58) 


244, (59) 


2S;: E:(F=}) 


—zzA?7, (60) 
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E;(F = })=$E2p'(2p-s) 
+ (5/9) Esp’ (2p-—d) = — (1/144) A, 


E,(F = 3) = (4/9) Esp’ (2p-s) 
+ (2/9) Esp! (2p—d) = + (1/72) A @, 


E,(F = $F op’ (2p-—d) = — (1/80) A 2, 


= $) 

=3) 
E2(F=})= (5/9) Esp'(2p-s) 
+ (17/45) Exp’ (2p—d) = + (11/720) A 2, 


E,(F=}) = (2/9) Esp’ (2p—s) 
} 2p’ (2p—d) = +. (1/144) A F 


where all of the values are in Rydberg units. 

As for hydrogen, there is no effect on the S; state 
hyperfine splittings. The centroids of the 2P; and 2P; 
levels are again unchanged by the perturbation, so 
that there is also no effect on the fine structure. The 
decrease of the Lamb shift is (1/12)A 2 ry. The hyper- 
fine splittings for 2P; and 2P; are both affected by 
the perturbation, similarly to the result for hydrogen. 
For 2P;, the splitting E(F = 3/2)— E(F=}) is decreased 
by (1/48)A.? ry. 

It is of interest that the present perturbation method 
can also be applied to obtain the energy shifts of the 
hydrogen atom due to a possible electric dipole moment 
of the electron d,. These level shifts have been recently 
derived by Feinberg® and by Salpeter,’ and have been 
used to set an upper limit of 10~" cm Xe on the electron 
dipole moment. 

The perturbation of the Hamiltonian is given by 


#,.= = (A |? )ee'F, (66) 


(61) 


(62) 
(63) 


(64) 


(65) 


where A,= 2Zd,/(ean), @, is twice the spin vector of the 
electron (in units %). Obviously H,, has the same form 
as H;. The factor — (A./r’) will be denoted by H;,’. 

For the 2S; state with M,=}, the unperturbed 
function Wo is given by 


Vo=Van. (67) 


We have 


Hy Wor =2-4H,.uo' (n, cosd-+n_, sinBe'*), — (68) 


where wo’ is r times the normalized radial 2s function. 
From (68), one obtains the following perturbation ¥;: 
Wir=2-3u1.' (ny cosd+n_, sinbe'*), (69) 
where 1,’ is determined by the equation obtained from 
(17) by replacing Hy’ by H,,’. Thus %.’='(A,./A) 
=,'(Zd,/d), where 1’ is the solution of (17). Here and 
in the following, we label the radial perturbations 
pertaining to the electron dipole moment by the addi- 
tional subscript e. The corresponding radial integrals 
will be denoted by E>,’ (ni-l’). 
Equation (69) gives 


Ay yr =27H 1.03, (70) 
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whence 


Exs)= ff (Wo*r) Hi. irdr sinddé 
0 0 


= E,,'(2s—p)=—(1/8)Z2A?ry. (71) 
For the 2P; state with M,;=4, Wo is given by 
VYo=- (1/3) on, om+ (2/3) hon, 19-3. 


We have . 
A, Wor= a 2-4H,,'uo'n, 


(72) 


(73) 


where uo’ is given by Eq. (29). One thus obtains for the 
perturbation V;: 


Wir= —2-4 (16) sm, (74) 
where (%1-')s= (Zd,./d)(u;'),. Equation (74) gives 
Ay Wy = —27 Ay (uire’) (ny cosd+n_y sinde’*). (75) 
The resulting energy shift is given by 
E2(2P;) = Ea. (2p—s) = + (1/24) 27A 2 ry. 
For the 2P; level with M,;=3/2, Wo is given by 


Vo=Yrp, 194, 


(76) 


(77) 
whence 
A, Mor= —_ (34/2) Hi.’ 

X (n, sind cosde'?+-n_, sin*6e **). 


The resulting perturbation V; is given by 


Wyr= — (34/2) (ur) a 
X (m4 sind cosde'*-+-n_, sin*6e"'*), (79) 
where (4#1.’)a= (Zd./d) (uy')a. We have 


A,Mir= - (34/2) Hi.’ (tre’) any sinde’?, (80) 


so that 


E;(2P;) = Ez. (2p—d) = — (1/48)Z7AZ ry. (81) 
The results (71), (76), and (81) are in agreement 
with those obtained by Feinberg® and by Salpeter.’ For 
comparison with Feinberg’s expressions, we note that 
his k corresponds to A, [k= 2d,Z/(eay) ]. The reduc- 
tion of the Lamb shift due to an electron dipole moment 
d, is (1/6)Z°A 2 ry, as compared to (1/8)Z?A? ry for a 
proton dipole moment d. Thus the upper limit for d, 
obtained by Feinberg’ is slightly smaller [by a factor 
(4/3)!=1.15] than the limit for d of Eq. (48). 


III. THE RADIAL PARTS OF THE 
PERTURBATION u,’ 


In this section, the radial parts of the perturbation 
due to the proton dipole moment will be obtained. The 
1s—p perturbation ,'(1s—p) will be considered first. 
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As discussed in Sec. II [Eq. (5)], :’(1s—>p) is deter- 
mined by the equation 
2 2 
(- $5- 42)! tsp) = (A/r*)uo' (15), (82) 
dF Ff 


where the unperturbed function (1s) is given by 


uo (1s) =2Z4re~2", (83) 


It can be easily verified that the solution of (82) is 


u'(1s—>p)=Z!Are”", (84) 


from which one obtains 


Ex (Is—p)= f uo (1s)(—A/r*) 
0 


Xu’ (1s—p)dr=—Z?A?. (85) 


The 2s—p perturbation «,;'(2s—) is determined by 
4 ~ Jan! (sp) =(A/r*)uo'(2s), (86) 
4 


where 


uo’ (2s) =2-§Zhe-2"!2(y—4 Zp’), (87) 


The solution of Eq. (86) is found to be 


uy’ (2s—p) =8-§Z4A re-?"?+- ay re 2", (88) 
where dz, is an arbitrary coefficient. The term in de, 
represents an arbitrary admixture of 2/ function, which 
arises from the 2s-2p degeneracy. This term does not 
contribute to E,’, by virtue of a property of the non- 
relativistic hydrogenic radial wave functions, which 
has been noticed recently by Feinberg® and others. 
This property is as follows: 


f uo (nL) (1/r?) uo’ (n,l’)\dr=0, (89) 
0 


where w'(n,l) and uo'(n,/’) are any two radial wave 
functions pertaining to degenerate energy levels with 
the same n but different /; e.g., 2s and 2p; 3s, 3p, 
and 3d. 

From (87) and (88) one obtains 


E,! (2s—p) = J uo (2s)(— A/r’) 


0 


Xu’ (2s—p)dr= — (1/8)Z?A?. (90) 
For the 2p—s perturbation, u,'(2p—s), the following 
equation holds: 
* 2 fF 
(- ———-+- Ju! 2ps)= (A/r*)uo' (2p), (91) 
4 


dr or 
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where u'(2p) is given by (29). The solution of Eq. 
(91) is 


uy’ (2p—s) = —4(24)-§Z Are 2? 

+ d2,¢~7"?(r—4Zr*), (92) 
where da, is an arbitrary coefficient. The a2, term 
represents an arbitrary amount of 2s function which, 
however, does not contribute to E2’, as discussed above 
(Eq. (89) ]. 

From (29) and (92), one finds 


Ey! (2p—s) = + (1/24) Z?7A?. (93) 
The 2p—d perturbation u,'(2p—d) is determined by 
f®6@Wwe 4 
(- +———+ u're) =( Just). 
4 


“se (94) 
dF # ‘ 


72 
The solution of (94) is given by 


uy’ (2p—d) = 1 (24)-3A Zire 27/2, 
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whence 


Ey! (2p—d) = — (1/48) Z2A2. (96) 


Calculations have also been carried out for the 3s—4, 
3p—s, and 3p—d perturbations of the 3s and 39 states. 
The results are as follows: 


E,' (3s—p) = — (1 
E,' (3p—s) = + (1 
E;! (3p—d) = — (1 


(97) 
(98) 
(99) 


27) 2A’, 
81)Z°A’, 
/162)Z°A’*. 


By comparing these values with those-obtained above 
for n=1 and n=2, one finds that for a given type of 
angular excitation nll’, E,'(nl—l') decreases as 1/n’ 
with increasing n. Although this property has not been 
proved for arbitrary m, it seems very probable that it 
holds true in general. 
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Excited State Wave Functions, Excitation Energies, and Oscillator 


Strengths for Ne(2p°3s)* 
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(Received October 13, 1958) 


Solutions of the Hartree-Fock equations for the *P and 'P terms of neon (253s) have been obtained. 
Wave functions are tabulated and results of computations of excitation energies and oscillator strengths 
are presented. The former fall within 10% of experimental values. It is found that enlarging the size of the 
“invariant core’ used to compute the excited state wave functions has only a small effect on the predicted 
energies. The predicted oscillator strength of the 736 A transition is 0.11, which is in reasonable agreement 
with available experimental data considering the large uncertainties in the measurements. The computed 
diamagnetic susceptibility of the ground state is —7.4X10~* cm™ mole, in good agreement with experiment. 


1. INTRODUCTION 


ECENT interest in investigations of the solid rare 
gases has made the computation of numerical 
wave functions for the low-lying excited states of the 
free-atomic rare gases seem useful.' We have calculated 
LS-coupled wave functions for the *P and 'P terms of 
neon in the 2p°3s configuration using the Hartree-Fock 
equations.? Spin-orbit interaction and_ electrostatic 
energies are computed for use in intermediate coupling. 
* Research supported in part by the U. S. Air Force through the 
Air Force Office of Scientific Research of the Air Research and 


Development Command. 

t Present address: Department of Physics, University of Illinois, 
Urbana, Illinois. 

1 For a computation of excited state wave functions for argon 
see R. S. Knox, Phys. Rev. 110, 375 (1958). 

21D. R. Hartree, Proc. Cambridge Phil. Soc. 24, 89 (1928); 
V. Fock, Z. Physik 61, 126 (1930). 


Theoretical values of other parameters of interest, 
namely, dipole matrix elements, polarizability, oscil- 
lator strengths, and diamagnetic susceptibility are also 
calculated. The numerical work was carried out on an 
IBM type 650 data-processing machine using a program 
written by Piper® for the iteration of the Hartree-Fock 
equations. 

In part 2(a) the Fock equations are written for 
2p°3s (°P,'P) neon, and in part 2(b) their numerical 
solution is discussed and tables of wave functions given. 
Part 3 is devoted to the computation of excitation 
energies and term splittings (including comparison with 
a 1s*2s* “invariant core’ calculation), a comparison 
with other work, and an estimation of computational 
errors. In part 4 oscillator strengths, polarizability, 


2 W. W. Piper, Trans. Am. Inst. Elec. Engrs. 75, 152 (1956). 
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and decay times are treated. The Appendix treats the 
“overlap” correction to the dipole matrix element. 


2. HARTREE-FOCK EQUATIONS FOR Ne(2p'3s) 
(a) Formulation 


A concise method given by Shortley‘ for writing the 
Hartree-Fock equations for configurations involving 
unfilled shells has been used. The resulting equations 
for the radial parts of the wave functions in the 2p*3s 
configuration of neon, transcribed to atomic units, are 
as follows: 


— +[10- > nv Y°(n'l’)+Y os] |p >1,(r) 
dr’ n'l=1s 


2 
+-[Y¥°(15,2s) Pos(r) +3V"(15,2p) Pop(r 
r 


3 
+3 re 15,35) P3,(r) ]= iz, Els, n'tePnita(1); 
n!! =] 


> 


nian “[10- > nnv¥°(n'l) + Y%(2s) ] hE 


9 


dr’ n'l’=] 


2 
+-[¥(2s,15) Pio(r) + V"(2s,2p) Pop(r) 
r 


+3¥Y°(2s,3s) P3.(r) J= xe 


€2Q¢, argh arral®)s 


. > nv V(nV)+ ¥°(2p) 


n'l’=<ls 


2 
val | Pasir) + -LY1(2p,1s) Pis(r) 
3r 


25 


+YV1(2p,2s) Pos(r) +3M V"(2p,3s)P3.(r) | 


n'l’=l18 


+t10- > nv VY n't) | Pale 


? 
+-[Y¥°(3s,1s) Pis(r) + ¥°(3s,25) Poe(r) 
r 
3 


+1MV1(3s, S cecaePurcle). 
n/’=1 


2p) P2,(r) J= 
In these equations the parameter M takes the value 3 
for the *P term and 1 for the 'P. P,:(r) is the square 
root of the radial charge density of one ml electron, 
i.e., YRni{r), where R,:{r) is the radial part of the total 
wave function. Each P,,; is normalized to unity. The 
Y* functions are defined by 


*(nl,n'l’ ; r) = fi ri*/r*) Pal’) Pr (r')dr’, 


” 4G. H. Shortley, Phys. Rev. 50, 1072 (1936). 
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where 7; and r2 are the smaller and larger of r and 1’, 
respectively. For compactness we write Y*(nl,nl) 
=Y*(nl) and omit writing r in all Y* functions. The 
Y’s and e’s are related to Shortley’s cgs quantities 
and 7* by 

—nniile ‘2a0) Ent. n’t’s 


(nl,n'l’), 


Ant, a 


rT*(ni,n'l’) = (e8/ao) Y* 
and are the standard potentials and Lagrange multi- 
pliers used in atomic Hartree-Fock computations.’ In 
the equations 7»; is the number of electrons in the nl 
shell and e?/ao9= 27.21 electron volts. 


(b) Numerical Results 


Wave functions computed with exchange for Ne 
2p*('So) by Worsley® were used as trial functions for 
the 1s, 2s, and 2p shells in the calculation of the *P 
term. Iterations were continued until a self-consistency 
of 0.1% was obtained for all shells, i.e., until there was 
no greater than 0.1% difference between the value of 
1—Z{r) computed from the input and output radial 
functions. Here 1—Zo(r) is the amount of charge lying 
outside of a sphere of radius r. The resulting *P func- 
tions for the 1s, 2s, 2p, and 3s shells together with their 
eigenvalues, €,., are presented in Table I. 

The *P solutions were used as trial functions in the 
'P computation. The only function showing appreciable 
change from its form in the *P term was the 3s function, 
and it alone is separately listed in Table I. Eigenvalues 
for the 'P term not tabulated are €;,= 66.54; €2,=4.727; 
€2)= 2.697. An estimate of the accuracy of the e’s 
based on observation of the change in their values 
induced by small changes in the wave functions during 
the iteration is +0.1%. 

The *P functions were also computed using a 1s?2s® 
“invariant core.”’ The 'P 3s function was then recalcu- 
lated using these *P functions as the initial input to the 
iterations. The e’s for the “invariant core” computation 
are for ®P, €:,= 66.54; €2,= 3.861 ; €2)= 2.727; €3,=0.352, 
and for 'P, €;,=0.337. The resulting functions are not 
listed since all changes are small, but may be obtained 
from the authors upon request. 


3. EXCITATION ENERGIES AND 
TERM SPLITTINGS 


Since the 1s function did not change from its values 
in the ground state, it was used as an invariant core’ 
for the neon 2p°3s-2p® energy difference, K=E(*P) 
— E('§). In units of e?/ao, we have*:78 


5 See, for example, D. R. Hartree, The Calculation of Atomic 
Structures (John Wiley and Sons, Inc., New York, 1957). 

6 Beatrice H. Worsley, Can. J. Phys. 36, 289 (1958). 

7 For a proof of the “invariant core theorem,” see R. S. Knox, 
thesis, University of Rochester, 1958 (unpublished), Appendix 
A, Sec. 4. 

8E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, London, 1935), Chaps. 6 
and 13. 
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TABLE I. Normalized radial wave functions, P,:(r), calculated with exchange for the *P and 'P terms 


of the 2p°3s configuration of neutral neon. Unit of length: a9>=0.5292 X 10~* cm. 


is@P,P) 2sQGP)P) 2p@P,'P) 3s(8P) 
Values of Pa(r)/r'™ 
14.76 30.56 
13.59 29.25 
12.52 28.02 
11.53 ~ 26.87 
10.60 25.80 


3s('P) 


2.213 
2.010 
1.836 
1.683 
1.543 


2.518 
2.296 
2.102 
1.929 
1.770 


60.73 
56.07 
51.78 
47.83 
44.19 


0.000 
0.008 
0.016 
0.024 
0.032 


Values of Pri(r) 
0.000 0.000 
0.109 0.002 
0.200 0.007 
0.277 0.015 
0.339 0.026 
0.389 0.039 
0.428 0.054 
0.456 0.071 
0.476 0.090 
0.491 0.1305 
0.481 0.175 
0.451 0.2215 
0.405 0.270 
0.347 0.3185 
0.280 0.367 
0.207 0.415 
0.130 0.4625 

—0.030 0.5525 
—0.189 0.635 
—0.340 0.7095 
— 0.480 0.775 
—0.606 0.8315 
—0.716 0.8795 
—0.811 0.919 
—0.891 0.951 
— 1.009 0.9945 
—1.0785 1.014 
—1.109 1.015 
—1.110 1.002 
— 1.088 0.997 


0.000 
0.016 
0.029 
0.040 
0.049 
0.0565 
0.062 
0.066 
0.069 
0.071 
0.069 
0.064 
0.057 
0.048 
0.038 
0.027 
0.016 
—0.008 
—0.0315 
— 0.054 
— 0.074 
—0,.092 
—0.107 
—0.120 
—0.130 
—0.143 
—0.1475 
—0.145 
—0.137 
—0.124 


0.000 
0.018 
0.034 
0.046 
0.057 
0.065 
0.071 
0.076 
0.079 
0.081 
0.079 
0.074 
0.066 
0.056 
0.044 
0.032 
0.0185 
—0.009 
—0.0355 
—0.061 
— (0.084 
—0.104 
—0.1215 
—0.136 
—0.147 
—0.162 
— 0.166 
—0.163 
—0.152 
—0.137 


0.000 
0.486 
0.8285 
1.148 
1.4135 
1.632 
1.810 
1.952 
2.062 
2.204 
2.2625 
2.260 
2.212 
2.133 
2.0325 
1.918 
1.796 
1.546 
1.3055 
1.087 
0.895 
0.731 
0.593 
0.478 
0.384 
0.251 
0.159 
0.1005 
0.062 
0.040 


0.000 
0.008 
0.016 
0.024 
0.032 
0.040 
0.048 
0.056 
0.064 
0.080 
0.096 
0.112 
0.128 
0.144 
0.160 
0.176 
0.192 
0.224 
0.256 
0.288 
0.320 
0.352 
0.384 
0.416 
0.448 
0.512 
0.576 
0.640 
0.704 
0.768 


E= — (&a— €2,) — (Feop—3€2p) — 3 ess 
—[F°(2s,2s)— F°(2s,2s) ]— {(10F"(2s,2p) 
— (5/3)G"(2s,2p) ]—[12F°(2s,2p) — 2G'(2s,2p) ]} 
— {[10F°(2p,2p)—$F?(2p,2p) ]—[15F°(2p,2p) 
— (6/5)F?(2p,2p) ]} — 2[ F°(2s,3s) — G°(2s,3s) ] 
—[5F°/2p,3s)—G'(2p,3s) ]. 


Here the F’s and G’s are the Slater Coulomb and 
exchange integrals as defined in reference 8. A dash 
over a symbol denotes that computation is to be carried 
out using the triplet wave functions, whereas the other 
quantities are to be calculated using ground state 
functions. The computed value of F is 0.556e?/ao= 15.12 
ev. The over-all computational error, including in- 
accuracies in the Slater integrals, may be, perhaps, 
twice that incurred by the e’s or about +0.04e?/ao 
=+1.1 ev. The experimental value is 16.65 ev. (See 
below.) Thus, the computed value is correct to within 
10%, a discrepancy somewhat greater than the esti- 
mated computational error. Table IT contains the values 
of the F’s and G’s used in computing E. 

If we take 1s*2s*?2p° as a core which is invariant 
between the singlet and triplet terms, the electrostatic 
splitting parameter is simply’ A=E('P)—E(*P) 





r is@P\P) 2s@PP) 2p(P,\P) 3s (8P) 3s(\P) 


Values of Pai(r) 
— 1.050 0.945 

—1.001 0.9065 
—0.945 0.865 
—0.823 0.775 
—0.7005 0.685 
—0.5865 0.599 
—0.485 0.519 
—0.397 0.446 
—0.3225 0.382 

—0.260 0.3255 
—0.209 0.276 
—0.133 0.197 
—0.083 0.139 
—0.052 0.098 
—0.032 0.068 
—0.0195 0.048 
—0.012 0.033 
—0.007 0.023 
— 0.004 0.016 
—0.0015 0.008 
—0.0005 0.004 
0.002 
0.001 

0.0005 





—0.118 
—0.096 
—0.071 
—0.019 
0.035 
0.088 
0.140 
0.188 
0.233 
0.275 
0.312 
0.376 
0.425 
0.461 
0.485 
0.498 
0.503 
0.501 
0.492 
0.462 
0.421 
0.374 
0.327 
0.281 
0.239 
0.201 
0.167 
0.113 
0.075 
0.049 
0.031 
0.020 
0.013 
0.009 
0.0065 


0.0255 —0.108 
0.016 
0.011 
0.009 
0.0035 
0.001 


0.832 
0.896 
0.960 
1.088 
1.216 
1.344 
1.472 
1.600 
1.728 
1.856 
1.984 
2.240 
2.496 
2.752 
3.008 
3.264 
3.520 
3.776 
4.032 
4.544 
5.056 
5.568 
6.080 
6.592 
7.104 
7.616 
8.128 
9.152 
10.176 
11.200 
12.224 
13.248 
14.272 
15.296 
16.320 
e(P) 
e('P) 


2.680 
2.697 


4.709 
4.727 


= —}(€;,—3,), in which, as hereafter, a tilde is used 
to denote singlet quantities. The result is A= 0.0064 e?/ao 
=().174 ev. Taking the computed error incurred in the 
e's, we have A=0.17+0.01 ev. 
Matrix elements of the 
contain the integral parameter, 


spin-orbit interaction’ 


t= (ie, amie) f r*Z(r)[P2,(r) Pdr, 
0 


Z(r) is the total charge lying inside of a sphere of radius 
r, excluding the charge associated with one 29 electron. 
The quantity r“*Z(r) is the usual r~'(0V/dr) appearing 
in the customary expression for the atomic spin-orbit 
interaction.’ The quantity A, introduced as an ad- 
justable parameter by King and Van Vleck,’ is here 
taken as 1 throughout. If the *P and 'P radial functions 
of each electron are identical, then (rigorously) \=1. 
Since a computation from the neon spectrum gives 
\=0.998," the simplifications resulting from setting \ 
equal to 1 are justified and within the limits of errors 


°G. W. King and J. H. Van Vleck, Phys. Rev. 56, 464 (1939). 
10 See reference 1, Table IIT. 
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accumulated in the spin-orbit 
parameter. 

Diagonalization of the complete Hamiltonian matrix 
for p’s terms" yields the following set of energies 


measured relative to 2p°(1So): 
E(@P))=E+3A+i p+ ($4— ip)? +o 97}, 
E(®Po))=E+$,, 
E(P) _ E+44+}5— [(34— 45 ,)*+ ao? }t, 
E(@P2)=E—}f p. 


computation of 


(1) 


Knowing the experimental values of the four energies 
of (1) we may obtain £, A, A, and ¢, uniquely on making 
the reasonable assumption that interactions with higher 
configurations do not appreciably disturb the splitting 
of the low-lying levels. The values of these parameters 
computed from spectral data! are compared with those 
calculated in the present work in Table III. The agree- 
ment of the values of / and A has already been dis- 
cussed ; ¢, is in agreement to within 10%. 

In order to observe the sensitivity of the energy 
parameters to small changes in the wave functions the 
computation of £ and A was repeated using the func- 
tions computed with the invariant core of 1s?2s° 
described in Sec. 2(b) in going from the ground to 
triplet states. The consequence of not allowing the 2s 
function to relax in computing the excited state 
functions is a small “pulling-in” of the 2p and 3s 
functions. In this case we obtain the value E= 15.03 
ev, a reduction of 0.6%. The resulting A is 0.0075e?/ao 
=().20 ev. The change in £ is considerably smaller than 
the estimated computational error, while A, which is a 
direct difference of ¢’s, shows a change which does not 
significantly alter its agreement with experiment. We 
conclude that good excited state Hartree-Fock functions 
for a hole-electron pair in an atom can probably be 
obtained with an invariant core consisting of all shells 
inside the pair. 

In general, the relative magnitudes of discrepancies 


TABLE II. Slater integrals computed from the wave functions 
of Table I. Units: e?/a9=27.21 ev. The desgination 4S refers to 
integrals evaluated using the wave functions of the 2p* con- 
figuration and *P refers to those computed with the wave functions 
of the triplet term of the 2/°3s configuration. 


1S ap 


1.0568 
1.0508 
1.0528 
0.4745 
0.2745 
0.2743 
0.6380 
0.0077 
0.0105 


1.0217 
0.9913 
0.9682 
0.4276 


F°(2s,2s) 
F°(2s,2p) 
F°(2p,2p) 
F?(2p,2p) 
F°(2s,3s) 
F°(2p,3s) 
G}(2s,2p) 
G°(2s,3s) 
G'(2p,3s) 


0.5987 





1 See reference 8, pp. 268, 271, 299, and 304. 

12 Atomic Energy Levels, edited by C. E. Moore, National Bureau 
of Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1948), Vol. 1. 
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TABLE III. Energy parameters of the lowest 1P and *P terms 
of neon. Notation: E, A, and ¢, are the pure-’P excitation energy, 
electrostatic splitting factor, and spin-orbit interaction, respec- 
tively. E(}P;) and E(P;) are actual term energies in the neon 
atom [see Eqs. (1)] and 4 is their difference. All energies are 
measured in ev. The values in the first line were obtained from 
the spectrum and those in the second were calculated from 
Hartree-Fock funciions. In the preparation of Table III of refer- 
ence 1, all experimental values of E were inadvertently increased 
by an amount 3A. The third column should therefore read 16.651, 
11.606, 11.18 (unchanged), 10.131, and 8.692. The agreement be- 
tween computed and experimental values of E for argon is thereby 
slightly improved. 


E A tp 


16.651 0.1844 0.642 
15.12 0.174 0.714 


E(@P,) 


16.848 
15.31 


E(8P1) é 


16.695 0.153 
15.14 0.17 


Exptl. 
Cale 


with experiment of / and ¢, seem to be about the same 
as those encountered by previous workers using the 
Hartree-Fock equations."* The excitation energies 
E('P;) and £('P;) have been computed using Eqs. (1) 
and are compared with experiment in Table III. The 
values agree to within 10%. Since Bartlett and 
Gibbons" did not compute excitation energies in their 
calculation of the neon 2°3s wave function without 
exchange, one can do no more to compare them than to 
note that exchange extends the “tails” of 3s and 2p 
functions in both the singlet and triplet terms. 


4. OSCILLATOR STRENGTHS 


Dipole matrix elements connecting the ground state 
of the atom, ¥('\So), to any of the three singlet or three 
triplet J=1 states are, respectively, 


iM= | W(S,)* Eee (1Py)dr 


= (1+¢,?5-*)-' (3)'KeRu, 
and 


M= f W(S,)* er OP;)dr 
= (1+ 8¢,-*)-1(3)'KeRu, 


where 
Pige4A— Wt L(A— 3) ST, 


R is the radial factor So*rPop(1)P3,(r)dr of the dipole 
matrix element, >-; runs over all electrons in the atom, 
and K is a correction factor which differs from unity 
because the ground and excited state functions ‘“‘over- 
lap” in the sense that So? Pile) Pailr)dr is not pro- 
portional to 6,,. A detailed treatment of A will be 
found in the appendix. Finally, u is a unit vector 
whose direction depends on which of the three P states 
is chosen for the dipole matrix element. Numerical 
values computed from the wave functions are K =0.993, 
R=0.416do, and ¢,5-'=0.33. 


13 For a fuller comparison and discussion of earlier work, see 


reference 1, Sec. 3(b). 
4 J. H. Bartlett and J. J. Gibbons, Phys. Rev. 44, 538 (1933). 
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TABLE IV. Absorption oscillator strengths, f, decay times, 7, 
and static polarizability, a, associated with neon (2p-2p53s). 
Theoretical value: (1) based solely on wave function; (2) semi- 
empirical, based on experimental energies and a dipole matrix 
element computed from the wave functions. The prefixed sub- 
scripts 1 and 3 refer to the “singlet” and “triplet” levels which 
give rise to lines at 736 A and 742 A, respectively. Note that the 
experimental values listed for '/ and '7 fail to satisfy the elemen 
tary relationship, 7 fE* = }c(mc*/e?)h?=6.9107 X10-* (ev)? sec. 


Quantity Theory (1) Experimental 


f 0.110 

'r (107° sec) 0.27 

af 0.011 

37 (10~* sec) 2.74 

a (due to *P)P) 0.716 ag? 
a (total) 


Theory (2) 


0.121 0.2 
0.20 8 
0.012 
2.07 
0.650 a? 
5.90 ao? 


The oscillator strengths for absorption to the three 
degenerate states of 'P; and *P, are 
— Batmv(!P1,'So) 2K?R? 
f= $$$ ————, 


3h 
8r2-mv(®P,,'So) 2K?R? 


sf= — ————, 
: 3h 1+-5%,° 
where v(B,A) is the transition frequency from state A 
to state B. If the corresponding transition energies, 
W, and Ws, are expressed in ev and R in units of do, 
we have 

'f=4W K?R?/[ (27.21) (1+¢,°F) ], 

3 f= 4W3K*R?/[ (27.21) (1+ F¢,*) J. 


Oscillator strengths were computed both from the 
calculated functions and also on a semiempirical basis 
using energy parameters obtained from the spectrum 
and computed values of AR. These results together 
with computed decay times are shown in Table IV. 
Experimental values as tabulated by Landolt- 
Bornstein'® are also presented where obtainable. Agree- 
ment with experiment is poorer than the computational 
accuracy estimated by Knox' for the 3°45 configuration 
of argon. However, the experimental value is highly 
uncertain. The primary source of error is seen to be the 
strong dependence of the f’s on the square of ¢,F', 
which depends largely on a small difference of large 
numbers for accuracy. 

The contribution to the polarizability, a, made by 
the 2p°3s configuration has been computed and is 
presented in Table IV together with the experimental 
value of the total polarizability.'? Though no extensive 
analysis of the polarizability of neon like that of Wolf 
and Herzfeld!’ for argon is known to the authors, it 


15 See, e.g., F. Seitz, The Modern Theory of Solids (McGraw 
Hill Book Company, Inc., New York, 1940), p. 643. 

16H. H. Landolt and R. Bérnstein, Zahlenwerte und Funktionen 
(Springer-Verlag, Berlin, 1950), sixth edition, Vol. 1, Part 1, 
p. 264. 

7 Reference 16, p. 401. 

8K. L. Wolf and K. F. Herzfeld, Handbuch der Physik 
(Springer-Verlag, Berlin, 1928), Vol. 20, Chap. 10. 
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may be noted that the contribution to the total polari- 
zability of the 2p°3s configuration computed here is 
11% and so is of the same order of magnitude as the 
13% contribution of the 3p°4s configuration to the 
polarizability of argon computed by Knox.! 

One final check on the accuracy of the wave functions 
may be mentioned. The diamagnetic susceptibility of 
neon was computed from the ground state wave func- 
tions of Worsley,® which we have confirmed. A value 
of —7.4X10-* cm“ mole was obtained. This falls 
within the range of experimental values of —6.62 to 
—7.7X10-* cm™ mole given by Landolt-Bérnstein” 
and is within 3% of the mean value, — 7.2 10-* cm“ 
mole. 
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APPENDIX” 


Atomic wave functions belonging to terms of opposite 
parity are orthogonal because of their over-all sym- 
metry. Thus, individual Hartree-Fock one-electron 
functions from different shells will not necessarily be 
orthogonal if they belong to terms of opposite parity. 
This fact must be considered when matrix elements 
connecting two atomic states of different parity are 
computed. We shall demonstrate this by considering 
the practical case of dipole transition moments between 
ground and excited rare gas configurations. The for- 
malism may be easily extended to any atomic transition 
moment reducible to matrix elements computed be- 
tween single-determinant wave functions. 

Let the wave functions built from ground and excited 
state one-electron Hartree-Fock functions be denoted 
by Wo and W,, respectively. We wish to evaluate 


M= far UT ath, (A1) 


where fdr signifies integration over all space coordi- 
nates and summation over all spin coordinates. If Wo 
is taken from the ground ('So9) term and WV, from an 
odd singlet ('P;) term of the atom, we find 


(A2) 


M=V2 fdr uty eV, 


19 Reference 16, p. 394. 
2 Based on unpublished work of one of the authors (reference 
7, Appendix A, Sec. 5). 
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where U(=Wo) and V are single Slater determinants 
built from sets of functions 1%, ue, ---, uy and 2, %%, ---, 
vy, respectively. The atom or ion contains N electrons. 
Of all the functions 1, in V, N—1 have quantum 
numbers nlmym, which match the quantum numbers 
of V—1 corresponding functions u in U. The re- 
maining function in each case may be thought of as 
describing the ‘optical’ electron, denoted, for definite- 
ness, by wy in the ground state and vy in the excited 
state. In krypton, for example, we might have 
Un =Wapor and ty =P5e04. 

Methods for the evaluation of matrix elements of 
the general form of (A2) are included in the formalism 
of Léwdin.”' We adopt his notation and apply Eq. (49) 
of reference 21 to our Eq. (A2), obtaining 


M=v?2 © {kl er|1} Dov (k\)), (A3) 
k,l 


(ber\l)= fdr U,*erv, (A4) 


and Duy(k\|l) is the &/ minor of the determinant Duy 
whose elements are made of the “overlap integrals”’ 


du= fas U,*?). 


If the Hartree-Fock functions of the nonoptical 
electrons do not change during the transition of the 
optical electron, the elements of Duy have the form 


(k, I~N) 
(all , 7). 


(A5) 


dk =dx1, (A6) 


dkn — dni =0, 


Hence the only nonzero minor of Duy is Duy (NV | Nj=1 
and Eq. (A3) leads to the simple expression 


Mo=v2{N |er| NV} =v2 fdr un*ervy. (A7) 


After angular integrations are performed and an abso- 
lute value is taken, we have 


~ 


M y= (2 yf Puy(r)erP yy (r)dr= (2/3)'R, (A8) 


0 
where P,, and P,, are the normalized radial parts of 


21 P.O. Léwdin, Phys. Rev. 97, 1474 (1955). 
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un and vy. Except for a factor of V2 this is a correct ex- 
pression for M when the transition moment of a single 
series electron outside an invariant core is computed. 

When the relations (A6) are not exactly satisfied, 
as they may not be when core functions are allowed to 
relax after the optical transition, we may expand 
Duy(k\l) by standard techniques and discard all 
quantities involving more than two products of nearly- 
orthogonal functions. In this ‘“S? approximation,” we 
have 


N-—1 N—1 


¥ ¥ didj){Nler|N) 


$=1 j=l 
tI 


1 M N-1 
—M = ( 1s— 
woe 


N-1 
— ¥ [diw{ N | er |} +-dwifl|er| N}]. (A9) 
=I 


In applying this equation the ordering of the subscripts 
on d,, and that of the indices in {k{er|/} must be 
respected so that one-electron functions may be 
properly identified as ground or excited state functions. 
Because of symmetry, the corrections to Mo intro- 
duced by (A9) are parallel to Mo and it is possible to 

write, simply, 
M=KMo= (2/3)'KR. (A10) 


The quantity K is defined implicitly by (A8), (A9), 
and (A10) and it has been computed for the transition 
3p* — 3p°4s in argon as well as for 2p* — 29°3s in neon. 
Many of the corrections to Mo introduced in (A9) are 
negligible, but two seem to be of particular importance 
in the systems studied. (1) The first term in parentheses 
is a few percent less than unity (the second being 
negligibly small). (2) A large virtual dipole moment 
exists between w2po; and ?2.0, in neon (with a similar 
situation in argon). Therefore, although do,o4, 304. is 
very small (~0.02), the corresponding term of the first 
half of the square bracket in (A9) is found to be non- 
negligible. Since M is eventually squared during com- 
putations of optical parameters, these deviations from 
M, (7% in neon, 6% in argon) may lead to serious errors 
if antisymmetrization of wave functions is not properly 
taken into account in some way such as the one pre- 
sented here. 

Equation (A9) is not restricted as to the nature of 
the one-electron operator appearing in it, and the 
present discussion therefore may be applied to com- 
putations of the “dipole velocity” by making the usual 
replacement r— —2#V/mE. 
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Directional Correlation of Gamma Rays Following the Decay of Eu!®*} 
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Directional correlation measurements have been made on the 245 kev—122 kev, 969 kev-122 kev, 1118 
kev-122 kev, 1416 kev-122 kev, 872 kev—245 kev, and 1170 kev-—245 kev cascades in Sm", and on the 
782 kev-345 kev cascade in Gd'*. The spins of Sm!®* are found to be 0, 2, 4, 2, 3, 3, for the ground, 122-kev, 
367-kev, 1092-kev, 1240-kev, and 1538-kev levels. The 245-kev gamma ray is found to be pure quadrupole; 
the 872-kev gamma ray is 98% quadrupole, 2% dipole; the 969-kev gamma ray is 98% quadrupole, 2% 
dipole; the 1118-kev gamma ray is 99.8% quadrupole, 0.2% dipole; the 1170-kev gamma ray is 98% quad- 
rupole, 2% dipole; the 1416-kev gamma ray is 15% quadrupole, 85% dipole. In Gd'* the spin of the 1127-kev 
level is found to be 3 and the 782-kev gamma ray is found to be pure dipole. A spin assignment of 1, 2, or 3 
for the 757-kev level would not be inconsistent with the data. For any of these cases the 412-kev gamma ray 
must be mostly dipole; the quadrupole content must be less than 15%. 


I. INTRODUCTION 


HE decay of 13-year Eu'® has been studied by 
many authors.'~* The pertinent parts of the decay 
scheme proposed by Cork ef al.‘ are shown in Figs. 1 and 
2. The spin of the ground state of Eu'® has been meas- 
ured to be 3.67 Hartmann and Wiedling® have studied 
the angular correlation of the 1416 kev-122 kev cascade 
proposing a spin sequence of 0, 2, 6 for the ground state, 
122-kev, and 1538-kev levels, respectively. Since the 
present investigation was completed, Ofer® has reported 
on the angular correlation of the 122 kev—245 kev, 
122 kev—969 kev, 122 kev-1118 kev, and 122 kev-1415 
kev cascades in Sm!™?, and the 345 kev—782 kev cascade 
in Gd'®, He assigns a spin sequence of 0, 2, 4, 2, 3, 2, to 
the ground state, 122, 367, 1092, 1240, and 1538 kev 
levels in Sm'®, and a spin sequence of 0, 2, 3, to the 
ground state, 345-, and 1127-kev levels in Gd'*. In 
addition to those cascades investigated by Ofer, the 
angular correlation of the 245 kev-872 kev and 245 
kev-1170 kev cascades in Sm! have been investigated 
and are reported here. 


II. EXPERIMENTAL PROCEDURE 


A fast-slow coincidence circuit having a resolving 
time of 3X 10-* second was used for the measurement. 
This instrument has been described in a previous 


¢ Supported in part by the Office of Naval Research. 
* Present address: University of Tennessee, Knoxville, Tennessee. 
1 Slattery, Lu, and Wiedenbeck, Phys. Rev. 96, 465 (1954). 
? L. Grodzins and H. Kendall, Bull. Am. Phys. Soc. Ser II, 1, 
164 (1956). 
*0. Nathan and M. A. Waggoner, Nuclear Phys. 2, 548 
(1956/57). 
*Cork, Brice, Helmer, and Sarason, Phys. Rev. 107, 1621 
1957). 
5 Bhattacherjee, Nainan, Raman, and Sahai, Nuovo cimento 
7, 501 (1958). 
6 Abraham, Kedzie, and Jeffries, Phys. Rev. 108, 58 (1957). 
7Manenkov, Prokhorov, Trukhliaev, and Iakovlev, Doklady 
Akad. Nauk S.S.S.R. 112, 623 (1957) (translation: Soviet Phys. 
Doklady 2, 64 (1957)]. 
8B. Hartmann and T. Wiedling, Arkiv Fysik 10, 355 (1954). 
*S. Ofer, Nuclear Phys. 4, 477 (1957). 


paper.” The scintillation detectors consisted of NaI(T1) 
crystals, 1}-in. diameter by 1-in. height, mounted on 
DuMont type 6292 photomultipliers. To reduce the 
counter-to-counter scattering, each crystal was shielded 
laterally by 12 mm of lead and frontally by 3 in. of 
aluminum in addition to the 32 mils of aluminum and 
3y in. of packed magnesium oxide of the commercial 
crystal mounting. 
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Fic. 1. Level scheme for the Sm! nucleus according to Cork 
et al.4 Only those gamma rays and energy levels are shown which 
are pertinent to the present investigation. 


1 W. H. Kelly and M. L. Wiedenbeck, Phys. Rev. 102, 1130 
56). 
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TABLE I. Summary of results of several correlations. 











Cascade 


As 


Character of 


Spin sequence gamma rays 





0.089-40.013 
0.023-40.035 


—0.169+0.024 


245 kev-122 kev 
969 kev—122 kev 


1118 kev—122 kev 


0.010+0.017 
0.375+0.050 


—0.064-+0.022 


245-kev E2; 122-kev E2 
969-kev, 0=0.98340.011 
(6= +7.68) 
1 118-kev, Q=0.9980_o 00377? 0081 
(6= —22.2) 


4-2-0 
2-2-0 





The source material for the present investigation was 
made available to us by J. M. Cork. It was in the form 
of Eu,0; dissolved in dilute hydrochloric acid. The 
isotope Eu'*' had been enriched to 92% before irradia- 
tion in the Argonne reactor. 


III. METHOD OF ANALYSIS 


To correct for source alignment and instrument drift, 
the real coincidence rate was divided by the energy- 
discriminated single rates and the mean value of these 
figures for each angle determined. A least-squares fit of 
these values was made to a finite series of even-order 
Legendre polynomials. The coefficients of these poly- 
nominals were corrected for the finite angular resolution 
of the detectors by the method of Rose" to yield a cor- 
rected function of the form W(@)=1+A2P2(cos@) 
+A,4P,(cos#), where P; is the Legendre polynomial of 
order k. 

For those cases in which there appeared to be a mix- 
ture of dipole and quadrupole radiation the results were 
further analyzed by a method due to Arns and 
Wiedenbeck.” It has been shown® that A.=A2A2® 
and Ay=A4)A,®, where Ao™ and A,“ depend only 
on the first transition, and A»® and A,® depend only 
on the second transition. If the first gamma ray is mixed 
dipole-quadrupole and the second pure quadrupole, 
these coefficients are given by the relations: 


Ag = Fo(11717)(1—Q) +2F 2(12717) 
X[O(1—Q) + F2(227:9)0, 

A, = F,(22717)Q, 

A;® = F,(22)9j), 

A, = F,(22j2j). 


The F,(LL’j’j) are the F coefficients defined and 
tabulated by Ferentz and Rosenzweig," and /,, 7, 72 are 
the angular momenta of the initial, intermediate, and 
final states, respectively. Q is the quadrupole content 


1M. E. Rose, Phys. Rev. 91, 610 (1953). 

2 R. G. Arns and M. L. Wiedenbeck, University of Michigan 
Engineering Research Institute, Technical Report 2375-3-T, 
January, 1958 (unpublished). 

13See for instance H. Frauenfelder, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), p. 549. 

14M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report ANL-5324, 1955 (unpublished). 


of the first radiation and is equal to 6?/(1+6?), where 6 
is defined as the ratio of the reduced matrix elements 
8 and a for quadrupole and dipole radiation, respec- 
tively.’ Arns and Wiedenbeck” have plotted A»‘” and 
A,” for many cases. The pertinent curves have been 
taken from this source and the experimental results 
superimposed to obtain the values of Q consistent with 
experiment. 


IV. RESULTS 


Ofer has previously reported the results of the angular 
correlation of the 245 kev-122 kev, 969 kev—122 kev, 
and 1118 kev—122 kev correlations in Sm'**. These cor- 
relations have also been carried out in the present work 
and are summarized in Table I for completeness. The 
errors which are quoted include the uncertainties arising 
from the correction of any interfering cascades. 
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Fic. 2. Level scheme for the Gd! nucleus according 
to Cork et al.4 


18 ,, C. Biedenharn and M, E, Rose, Revs. Modern Phys. 25, 
729 (1953), 
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872 kev—245 kev Correlation in Sm'” 


The 872-kev gamma ray does not appear distinctly 
in the gamma-ray spectrum of Eu’. However, it 
appears quite strongly in that part of the spectrum in 
coincidence with the 245-kev gamma ray as shown in 
Fig. 3. With one discriminator window set on the 245- 
kev photopeak, the other discriminator window was 
set to straddle the position of the 872-kev photopeak. 

After all background correlations had been sub- 
tracted, the correlation function was found to be 


W (6)=1+ (0.141+0.034) P.(cosd) 
— (0.235+0.046) P4(cosé). 


Assuming that the 122-kev and 367-kev levels in Sm!” 
have spins of 2 and 4, respectively, one obtains 
A, = —0.315+0.076 and Ay@ = +0.772+0.152. This 
large positive value for A,“ can only be explained by 
assigning a spin of 3 to the 1240-kev level of Sm'®. The 
best value of Q is 0.979+0.013 corresponding to 
6=+6.90. 
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Fic. 3. Part of gamma-ray spectrum of Eu!®. The broken curve 
is the singles distribution. The solid curve is that part which is in 
coincidence with the 245-kev gamma ray. (Data taken by 
R, G, Helmer, ) 
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If one assumes positive parity for the 1240-kev, 
367-kev, and 122-kev level in Sm’, the experimental 
value of Q means that the 872-kev transition is mostly 
£2. Nathan and Waggoner’s’ K-conversion coefficient 
is closer to the theoretical one for an M1 transition. 
However, their value is not inconsistent with £2 radia- 
tion when one considers that conversion coefficients are 
only accurate to +40%. 


1170 kev—245 kev Correlation in Sm!” 


The 1170-kev gamma ray reported by Cork ef al. is 
apparently the same as the 1210-kev gamma ray 
reported by Grodzins and Kendall,? and the 1200-kev 
gamma ray reported by Nathan and Waggoner.’ It has 
been observed only by gamma-ray coincidence methods; 
its conversion electrons have not been observed. Evi- 
dence for its existence is shown in Fig. 3. 

The 1170 kev—245 kev cascade is relatively free of 
background coincidences because only the 1416-kev 
gamma ray, which is not in coincidence with the 245-kev 
transition, has an energy greater than 1170 kev. The 
weighted mean of two sets of data gives 


W (6) = 1+ (0.140+0.039) P2(cos@) 
— (0.217+0.060) P4(cos6). 


The errors quoted above are the standard deviations 
calculated by the method given by Rose." The experi- 
mental results are shown in Fig. 4. 

Because of the large negative balue of A,4, the only 
possible interpretation of this correlation is 3(D,Q)4(Q)2. 
Dividing by the appropriate F functions of the second 
transition gives A2”)=—0.313+0.087 and A,”= 
+0.71+0.20. Figure 5 shows that to fit both 42 and 
A,®, Q must be 0.979+0.015 corresponding to 
6=+6.81. The conclusion is that the 1170-kev gamma 
ray must come from a level whose spin is 3 and must be 
98% quadrupole and 2% dipole. 


1416 kev—122 kev Correlation in Sm'” 


The angular correlation function for this cascade was 
found to be 


W (@)=1+ (0.191+0.011) P2(cosé) 
+ (0.003+0.015) Ps(cosé). 


These results are the same within experimental error 
as those obtained by Ofer. The A, term is slightly 
smaller than that obtained by Hartmann and Wiedling* 
while the A, term is within experimental error of their 
value. 

This correlation function can be explained theoreti- 
cally as due to a 6-2-0 spin sequence (the interpretation 
given by Hartmann and Wiedling*), a 5-2-0 spin 
sequence, a 3(D,Q)2(Q)0 spin sequence, or a 2(D,Q)2(Q)0 


spin sequence (the interpretation given by Ofer’). 


The interpretation depends on whether one adopts 


the decay scheme of Cork et al.,‘ or the decay scheme of 
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Fic. 4. Directional correlation of the 1170 kev—245 kev cascade 
in Sm!*, The triangles represent the first and the circles the second 
set of data corrected for finite geometry. The solid curve is the 
least-squares fit to both sets of data. The broken curve is the 
theoretical correlation function for a 3(D,Q)4(Q)2 sequence with 
a 97.9% quadrupole, 2.1% dipole mixture in the first transition. 


Nathan and Waggoner.’ Since the 1170-kev gamma ray 
has not been observed by electron conversion, its energy 
is uncertain to about +30 kev. In the decay of 9-hr 
Eu'®™, Grodzins and Kendall? have observed a gamma 
ray of 1380 kev in coincidence with the 122-kev gamma 
ray. Nathan and Waggoner® have measured the energy 
of this gamma ray to be 1416 kev and concluded that it 
was the same Sm’ transition as the 1416-kev transition 
following the decay of 13-yr Eu'®. It is unlikely that 
this gamma ray, the 1416-kev gamma ray from 13-yr 
Eu'®, and the 1170-kev gamma ray all result from the 
de-excitation of the same Sm‘ level. This is because 
the spin of 9-hr Eu'”” is most probably 0,'*!7 and the 
present investigation shows that the 1170-kev gamma 
ray comes from a spin 3 level of Sm‘. A 0-3 spin change 
should give a high logft value so that one would not 
expect to observe the decay of Eu'®” to a spin-3 level of 
Sm!. 


If one follows Nathan and Waggoner® and assumes 


16 |. Grodzins, Phys. Rev. 109, 1014 (1958). 
17 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). 
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that the 1415-kev and 1170-kev gamma rays come from 
different levels in Sm, then the present investigation 
leaves the spin of the 1537-kev level in their level 
scheme for Sm! undetermined, but other considera- 
tions would favor a spin of 2 in agreement with Ofer.® 

If, however, one follows Cork et al.4 (as is done here) 
and assumes that the 1416-kev and 1170-kev gamma 
rays following the decay of 13-yr Eu'” come from the 
same energy level (this would seem to require the 
assumption that the 1380-kev gamma ray following 
the decay of 9-hr Eu'®” comes from a different level), 
then one is led to the conclusion that the 1416 kev- 
122-kev cascade must be 3(D,Q)2(Q)0 with Q=0.153 
+0.018 corresponding to 6= —0.425.f 

A third possibility is that the 1416-kev gamma ray 
following the decay of 13-yr Eu'® is in reality two 
gamma rays of nearly the same energy and comparable 
intensity. If this is so, then there is insufficient informa- 
tion to interpret the present data on the 1416 kev—122 
kev correlation. 
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Fic. 5. Partial Legendre coefficients Az“) and A, versus Q, 
the quadrupole content, for a 4(D,Q)3 transition, where the spin 
of the intermediate state is 4 and that of the initial state is 3. The 
shaded regions show the values of Q consistent with the experi- 
mental values of A») and A“) obtained for the 1170 kev—245 kev 
cascade in Sm!®, 


t Note added in proof.—Recent measurements by I. Marklund 
[Nuclear Phys. 9, 83 (1958) ] have shown that Eu! and Eu'!@~ 
decay to different levels at 1530 kev and 1511 kev, respectively. 
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782 kev-345 kev Correlation in Gd'” 


With one discriminator window set on the 782-kev 
photopeak and the other discriminator window set on 
the 345-kev photopeak, the correlation function ob- 
tained after correction for finite geometry was 


W (@)=1— (0.081+0.013) P2(cos@) 
+ (0.014+0.019) P4(cos@). 


The uncertainty of the A, term is larger than the term 
itself. If one assumes that A,=0, the correlation func- 
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tion becomes 
W (6) =1—(0.076+0.011) P2(cos@). 


This is in agreement with the theoretical correlation 
function for a 3(D)2(Q)0 cascade, namely W(6)=1 
—0.0714P2(cos#). Hence, a spin of 3 may be assigned 
to the 1127-kev level in Gd'*. This result is in agree- 
ment with Ofer.’ Grodzins and Kendall,? Nathan and 
Waggoner,’ and Bhattacherjee ef al.° obtain K-conver- 
sion coefficients for the 782-kev gamma ray that are 
consistent with £1 radiation. Hence the 1127-kev level 
in Gd!* is probably a 3— state. 
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Neutron-Capture Gamma Rays in Cl**t 


R. E. SEGEL* 
Aeronautical Research Laboratory, Wright-Patterson Air Force Base, Dayton, Ohio 
(Received October 13, 1958) 


y-y coincidences on the gamma rays following thermal neutron capture in Cl** have been measured. 
Combining these results with the energy levels in Cl** known from the Cl**(d,p)Cl®* reaction and the 
Cl*5(n,7)Cl** gamma-ray spectrum measured by other workers, a decay scheme is constructed which un- 
ambiguously places most of the known gamma rays in Cl**. An examination is made of the reduced widths 
of gamma rays emanating from the capturing state, and it is shown that the reduced widths for gamma rays 
of the same multipolarity can fluctuate widely, and that these fluctuations do not appear to be correlated 
with the final-state shell model configuration. It is also shown that the reduced widths for E1 and M1 
transitions emanating from the capturing state are significantly smaller than those calculated from the 
single-particle estimate, and that £1 transitions are more intense than M1 transitions by about a factor of 
four. Evidence is presented for there being collective motion present in some of the higher excited states 


in CH, 


HE experiment reported herein represents a 
continuation of the program of investigations 
of gamma-ray cascades following thermal neutron 
capture undertaken by the Aeronautical Research 
Laboratory group at Brookhaven National Laboratory. 
The experimental technique and philosophy are 
virtually identical to that employed in the previously 
reported' measurements of gamma-ray cascades in 
Hg™. Briefly summarized, this technique consists of 
placing a target in a thermal neutron beam, and 
measuring coincidences between two gamma-ray detec- 
tors placed close to the target. One detector is a 
3-in. X3-in. NaI(T1) crystal, while the other is a three- 
crystal pair spectrometer, also composed of NalI(TI) 
crystals. 
The gamma-ray spectrum resulting from thermal 
neutron capture in C]*®* has been measured by Groshev, 
Adyasevich, and Demidov.’ Their results are shown in 


¢ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Guest scientist at Brookhaven National Laboratory, Upton, 
New York. 

1R. E. Segel, Phys. Rev. 111, 1620 (1958). 


2Groshev, Adyasevich, and Demidov, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
1955 (United Nations, New York, 1956). 


Table I. The energy levels in Cl** have been investi- 
gated by Paris, Buechner, and Endt,* who magnetically 
analyzed the protons produced by the Cl*(d,p)Cl** 
reaction. These results are shown in Table II. From 
the Paris ef al. measurement of the Q value of the 
ground-state group, the neutron binding energy can 
be deduced to be 8.58 Mev, in agreement with the 
value of 8.57 Mev derived from the mass measure- 
ments.‘ Comparing Table I with Table II, one can see 
that all of the higher energy gamma rays measured by 
Groshev ef al.? correspond to transitions from the 
capturing state to states found in the Cl**(d,p)Cl* 
reaction, with the highest energy gamma ray cor- 
responding to the ground-state transition. However, 
at excitation energies in Cl** greater than ~2.5 Mev, 
the level spacing is comparable to the resolution under 
which the gamma-ray measurements were made. 

The angular distributions of several of the proton 
groups from the Cl**(d,p)Cl** reaction have been 
studied by Teplov.* The angular distributions could 
be analyzed in terms of a stripping mechanism, and the 

3 Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 

4C. F. Biese and J. L. Benson, Phys. Rev. 110, 712 (1958). 


51. B. Teplov, J. Exptl. Theoret. Phys. U.S.S.R. 31, 25 (1956) 
[ Translation: Soviet Phys. JETP 4, 31 (1957)]. 
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resulting values of /, are given in Table II. This 
angular distribution work was performed under rela- 
tively low energy resolution and, therefore, the meaning 
of the /, assignments for groups corresponding states 
in Cl** at energies >2.5 Mev is ambiguous. 

A more complete discussion of the work mentioned 
above, as correlated with the present work, is given in 
the “Discussion” section. 

A rather complete review of work pertaining to Cl** 
published prior to February 1, 1957, is given by Endt 
and Braams.® 


EXPERIMENTAL RESULTS 


The spectrum observed by the three-crystal pair 
spectrometer viewing an AICI; target is shown in Fig. 1. 
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Fic. 1. Three-crystal pair spectrometer spectrum of gamma 
rays following thermal neutron capture in Cl**. The energies are 
those of reference 2. 


The thermal neutron capture cross section in Cl*? 
(34 barns) is far greater than in Cl** (0.6 barn) or Al* 
(0.2 barn) and, therefore, all of the lines seen in Fig. 1 
can be presumed to be due to capture in Cl*®*. The 
energies of the lines quoted are those of reference 2, 
as the magnetic spectrometer measurements are more 
precise than those that can be achieved with a NaI(T1) 
crystal. Upon comparing this spectrum with Table I, 
it can be seen that the relative intensities of the various 
lines are also in general agreement. 

Coincidences were measured between the pair 
spectrometer and a 3-in.X3-in. NaI(Tl) crystal also 
placed close to the target. Coincident spectra were 
measured in the 3-in. crystal with the pair spectrometer 


; ¢P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
1957). 
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TaBLeE I. Gamma rays from* Cl*5(n,y)C}**. 








Energy (Mev) 


8.55+0.04 
7.78+0.03 
7.41+0.03 
6.96+0.04 
6.64+0.04 
6.12+0.03 
5.72+0.03 
5.49+0.04 
(5.28+0.05) 
5.01+0.04 
(4.79+0.05) 
(4.64+0.05) 
(4.50+0.05) 
(4.15+0.05) 
(4.05+0.05) 
(3.90+0.05) 
(3.63+0.05) 
3.40+0.05 
3.09+0.02 
3.02+0.03 
2.87+0.02 
2.68+0.02 
2.51+0.03 
1.97+0.01 
1.72+0.02 
1.67+0.02 
1.60+0.01 
1.165+0.01 
0.77+0.01 
0.485+0.01 


Photons/100 captures Level fed (Mev) 
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® See reference 2. 


channeled to cover the 7.78, 7.41, 6.96, 6.64, 6.12, 5.72, 
5.28, and 5.01-Mev lines, respectively. The spectrum 
in coincidence with the 7.78-Mev line is shown in Fig. 2. 
The spectrum shows a strong line at ~ 0.79 Mev, which 
corresponds to the transition from the 0.79-Mev state 


TABLE II. Energy levels in Cl** from Cl*(d,p)CI**. 


Excitation energy* 
(Mev) 


0 
0.790+0.005 
1.163+0.006 
1.600+0.007 
1.952+0.007 
2.473+0.007 
249840007 
2.523+0.007 
2.684-+0.007 
2.820+0.007 
2.872+0.007 
2.905+0.007 
3.004-+0.007 
3.110+0.008 
3.214+0.008 
3.341+0.008 
3.474+0.008 
3.606+0.008 
3.644+0.008 
(3.673+0.008) 

3.732+0.008 
3.970+0.008 
4.003+0.008 
4.043+0.008 


® See reference 3. 
b See reference 5. 
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SPECTRUM IN COINCIDENCE WITH 
7.78 Mev 
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Fic. 2. Spectrum in 3-in. X3-in. NaI(T1) crystal in 
coincidence with 7.78-Mev line. 


to the ground state. Of course, only a ground state 
transition is expected from the 0.79-Mev state, as it 
appears to be the first excited state. A possible state 
at 0.40 Mev is postulated by Teplov,® but the existence 
of such a state is confirmed neither by the work of 
Paris et al.,* nor by the present work. 

The weaker line at ~ 1.16 Mev is due to the 7.41-1.16 
Mev cascade (see below). Because of the small separa- 
tion (~5% in energy) between the 7.78- and the 7.41- 
Mev lines, some pulses from the 7.41-Mev line fell 
within the window covering the 7.78-Mev peak. The 
weak peak at ~0.5 Mev was due to accidental co- 
incidences. The singles spectrum in the 3-in. crystal 
showed a strong peak at 0.5 Mev which was by far the 
strongest in the spectrum. This peak was due to the 
line in the spectrum at ~0.5 Mev (see Table I) and 
also to annihilation radiation produced in the environs 
by the high-energy gamma rays emanating from the 
target. This weak contribution at 0.5 Mev was the 
only significant effect of accidental coincidences and, 
therefore, accidentals were not, in general, subtracted 
from the spectra. The low-energy cutoff was due to 
the electronics and deserves no further attention. 

The spectrum in coincidence with the 7.41-Mev line 
showed chiefly a line at 1.16 Mev, indicating that the 
1.16-Mev second excited state decays primarily directly 
to the ground state. A weaker 0.79-Mev line was 
present, due to the nearby 7.78-0.79 Mev cascade. 
No 0.37-Mev line was found, which indicates that there 
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are few transitions from the second to first excited state. 

The 1.60-Mev state, which is fed by the weak 6.96- 
Mev line, again appears to decay primarily to the 
ground state. The spectrum in coincidence with the 
6.96-Mev region indicated lines at 0.79 and 1.16 Mev, 
as well as the 1.60-Mev line. These 0.79- and 1.16-Mev 
lines were due to low-energy tails from the strong 
7.78- and 7.41-Mev transitions. 

The spectrum in coincidence with the 6.64-Mev lines 
which feeds a state at 1.95 Mev is shown in Fig. 3. 
Lines are seen at 1.95, 1.60 (?), 1.16, 0.79, and 0.51 
Mev. The 1.95-Mev line corresponds to the ground- 
state transition. The 1.16- and 0.79-Mev lines are both 
too strong (by about a factor of 2) to be due to co- 
incidences with the low-energy tails of the 7.78- and 
7.41-Mev lines. Cascades through the first and/or 
second excited states are, therefore, indicated. As the 
energy of the 1.95-Mev state is equal to the sum of the 
energies of the first (0.79-Mev) and second (1.16-Mev) 
excited states (to within ~15 kev, which is the limit 
of accuracy from the Paris ef al.’ measurements), it is 
impossible to tell whether the cascade proceeds through 
the first or second excited states; both cascades 


might be present. The 1.95-Mev state appears to decay 
~80% directly to the ground state, and 
through the first and/or second excited states. 

The rather weak 1.60-Mev peak is probably partially 
due to a spill-over from the 6.96-1.60 Mev cascade, 


~ 20% 


and partially due to the Compton peak from the 1.95- 
Mev line. A search for a line at 0.35 Mev, which would 
correspond to a transition between the 1.95- and the 
1.60-Mev states, yielded negative results. 
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Fic. 3. Spectrum in 3-in.X3-in. NaI(TI) crystal in 
coincidence with 6.64-Mev line. 
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The line at 0.51 Mev is due to a spill-over from the 
very strong 6.12-0.5 Mev cascade (see below). 

As was previously mentioned, the levels become 
quite closely spaced at excitation energies above 2.5 
Mev (see Table IT). Therefore, gamma rays emanating 
from the capturing state which are of energy <~6.2 
Mev, might very well be multiplets and feed more than 
one state. It is necessary to keep this in mind in dis- 
cussing the cascades through the higher excited states. 
However, for convenience, we will continue to refer to 
the gamma rays measured in reference 2 (Table I) as 
“lines.” 

The 6.12-Mev line, which is the strongest line 
emanating from the capturing state, feeds one or more 
of the three states at ~2.50 Mev. The spectrum in 
coincidence with this line is shown in Fig. 4. Lines are 
seen at 0.51, 0.79, 1.16, and 1.95 Mev. It is important 
to note that no line is seen at 2.50 Mev, which would 
correspond to a ground-state transition(s). The strong 
0.51-Mev line, which corresponds to the 0.485-Mev 
line measured by Groshev ef al.,? together with the 
rest of the spectrum suggests that the 6.12-Mev line 
feeds the 2.47-Mev state, which decays to the 1.95-Mev 
state. However, comparing Fig. 3 with Fig. 4, one can 
see that the relative intensities of the 0.79-, 1.16-, and 
1.95-Mev lines are different in the two spectra. (The 
intensity scales are chosen such that the 1.95-Mev 
peak will be of the same height in both spectra.) 
Specifically, both the 0.79- and the 1.16-Mev peaks in 
Fig. 4 are about twice as high as they are in Fig. 3. 
Furthermore, no other transitions of comparable 
intensity appear to be present, thereby ruling out the 
possibility that there are strong transitions present 
from one of the states at about 2.5 Mev to the first and 
second excited state. The only explanation, therefore, 
seems to be that there are two states at ~ 1.95 Mev, 
one of which is primarily fed by the 6.64-Mev gamma 
ray from the capturing state, the other being fed by the 
6.12-0.51 Mev cascade. The 1.95-Mev state fed by the 
6.12-0.51 Mev cascade decays ~60% directly to the 
ground state, and ~40% by stop-over transitions to 
the first and/or second excited states. Evidence for a 
doublet at about 1.95 Mev is also reported by Teplov,°® 
who found that the proton angular distribution could 
only be fitted by assuming two values of /,, namely 
1,=0 and 3. As these two values of /, lead to states of 
opposite parity, a doublet at ~1.95 Mev is implied. 

In the Paris et al.* work, there are no indications of 
structure in the proton group leading to the 1.95-Mev 
state. These data can be reconciled with the present 
work if either the two levels are <~15 kev apart, or 
one of the groups was missed in the study by Paris 
et al.’ These workers took data at only one angle (90°), 
and in view of the presence of low minima in an angular 
distribution of a reaction where direct interaction is 
the prominent mode, it is possible that a group was 
missed. 
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SPECTRUM IN COINCIDENCE WITH 
6.12 Mev 























Fic. 4. Spectrum in 3-in. X3-in. NaI(TI) crystal in 
coincidence with 6.12-Mev line. 


It is not possible to choose between the above two 
possibilities from the information presently available. 

An intense peak at 2.87 Mev was the chief feature 
of the spectrum in coincidence with the 5.72-Mev line, 
indicating that the 2.87-Mev state decays mainly 
directly to the ground state. Peaks were also present at 
0.51, 0.79, 1.16, and 1.95 Mev which were due to low- 
energy tails from higher energy lines. A weak peak, 
whose presence must be considered doubtful, was seen 
at 2.08 Mev. This line would, of course, correspond to 
a transition from the 2.87-Mev to the 0.79-Mev state. 
While Groshev ef al.? (Table I) do not list a line at 
2.08 Mev, their published data seem to allow a weak 
line at this energy. 

A coincidence spectrum was taken with the pair 
spectrometer centered on 5.28 Mev. As can be seen 
from Fig. 1, the 5.28-Mev line is not really resolved 
from the stronger 5.01-Mev line. The spectrum in 
coincidence with 5.28 Mev appeared to show a peak at 
about 3.30 Mev, indicating a two-step cascade through 
the 3.34-Mev state (Table II). This 3.34-Mev line 
probably corresponds to the 3.40-Mev line of Groshev 
et al.? 

The spectrum in coincidence with the 5.01-Mev line 
is shown in Fig. 5. This spectrum shows peaks at 0.51, 
0.79, 1.16, 1.65, and 1.95 Mev, and no peaks of com- 


parable intensity at any energy greater than 1.95 Mev. 
All of these peaks are too intense to be due to low-energy 
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Fic. 5. Spectrum in 3-in.X3-in. NaI(T1) crystal in 
coincidence with 5.01-Mev line. 


tails from higher energy transitions. The most natural 
conclusion to be drawn from these data is that the 
3.60-Mev state, which is the state fed by the 5.01-Mev 
line, decays chiefly via two modes: 


1. By a 1.13-Mev transition to the 2.47-Mev state. 
The 1.13-Mev line was not resolved from the 1.16-Mev 
line either in the present work or by Groshev ef al. 

2. By a 1.65-Mev transition to one of the 1.95-Mev 
states. The data are inconclusive as to which of the 
two 1.95-Mev states is fed. 


In addition to the data taken with the 100-channel 
analyzer, several pictures were taken on an “X-Y-Z” 
analyzer.’ One of these pictures is shown in Fig. 6. 
Two-step cascades, in which the intermediate state 
decays directly to the ground state, lie on a straight 
line. This line is referred to as the “full-energy line” 
since the sum of the energies of the two gamma rays is 
equal to the binding energy. It can be seen from Fig. 6 
that points on the full-energy line corresponding to the 
5.01- and 6.12-Mev lines are missing. (A weak “dot” 
is seen on the full-energy line in coincidence with 6.12 
Mev. This is probably due to summing in the 3-in. 
crystal. A weak peak at ~2.47 Mev was seen in some 
of the spectra taken in coincidence with 6.12 Mev, and 
the intensity of this peak was consistent with it being 
entirely due to summing in the crystal.) 


7L. Grodzins, Rev. Sci. Instr. 26, 1028 (1955). 
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The case for there being two states at 1.95 Mev is 
also strengthened by the data shown in Fig. 6. The 
dots corresponding to the 6.64-1.95 and the 6.12-1.95 
Mev coincidences are about equally intense, while the 
6.12-1.16 and 6.12-0.79 Mev dots are considerably 
more intense than the 6.64-1.16 and 6.64-0.79 Mev 
dots, respectively. 

The decay scheme measured in the present work is 
shown in Fig. 7. Those transitions which are uncertain 
are enclosed by parentheses. 

Finally, it is noted that the decay scheme found here 
is, in general, consistent with the singles spectrum of 
Groshev ef al.? The only transition identified in the 
present work which does not correspond to a line listed 
by Groshev et al.’ is the weak 2.08-Mev transition from 
the 2.87- to the 0.79-Mev states, and this transition is 


Fic. 6. Coincidence picture taken on “X-Y-Z” analyzer.’ The 
pair spectrometer pulses were on the Y deflection plates 


uncertain. All of the lines listed by Groshev ef al.? 
whose intensity is greater than 3 photons per 100 
captures is accounted for in the present work, with the 
exception of the 3.02- and 3.09-Mev lines (see Table I). 


DISCUSSION 


The nucleus Cl** lies in the region of the periodic 
table where nuclear states appear to be susceptible to 
a shell model description. This description appears to 
be applicable to many of the excited states, as well as 
to the ground state. However, there has also been 
evidence found recently that collective motion may 
play a major role in determining the properties of some 
of the states of rather light nuclei. We note, for 
completeness, the recent theoretical studies have 
shown that the difference between an individual particle 


’D. A. Bromley in Proceedings of the Rehovoth Conference on 
Nuclear Structure (North-Holland Publishing Company, Amster- 
dam, 1958), p. 108 
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and a collective model of the nucleus may be more 
apparent than real, but we shall not discuss this basic 
question in this paper. 

The status of the neutron-capturing states deserves 
special mention, In a great number of nuclei, of which 
Cl** is an example, a good bit of detailed information 
is available about the low-lying excited states and 
about the states between the neutron binding energy 
and ~10 kev above the neutron binding energy. This 
last remark must be qualified by noting that only those 
states which can be populated via s-wave neutron 
absorption are really open to direct investigation. 

This gap in knowledge between the states reached 
through 8-decay, (d,p) reactions, etc., and those in the 
neutron resonance region exists for all but the very 
light nuclei. It has not been possible, therefore, to 
describe these neutron resonance states in terms of the 
models that are postulated to apply to the low-lying 
states. The present work is partially designed to throw 
light on this question, and we shall refer to it again in 
the ensuing discussion. 

Before proceeding to a detailed analysis, it is neces- 
sary to note that Cl** is an odd-odd nucleus and, 
therefore, must contain at least two unpaired nucleons. 
For this reason, odd-odd nuclei have notoriously com- 
plex energy level spectra, and, therefore, tend to be 
more difficult to analyze. 

The ground-state spin of Cl** has been directly 
measured to be 2, and a positive parity is deduced 
from the Cl** beta decay. This spin assignment is 
consistent with the shell model, which predicts (d37, 
d3/2') configuration for the Cl** ground state.’ This 
prediction is confirmed by the stripping data,*:"° which 
show a virtually pure /, =2 angular distribution for the 
ground-state protons from the Cl**(d,p) reaction. As 
the Cl*®* ground state is 3/2+ (which is the shell model 
prediction—we are in the d3,2 shell for both neutrons 
and protons) the spin and partiy requirements would 
also be met if /,=0; and the fact that only /,=2 is 
observed for the ground-state group demonstrates that 
the next neutron is, indeed, added to the d3/2 shell. 

The capturing is effected by combining an s-wave 
neutron with the Cl*® ground state, and can, therefore, 
have a spin of either 1 or 2, and must have even parity. 
Brugger ef al." have measured the chlorine total 
neutron cross section as a function of energy, and 
conclude that the thermal capture is dominated by a 
negative-energy resonance. These workers get a better 
fit to their data if they assign a spin of 2 to this negative- 
energy state. However, this assignment cannot be 
taken as unquestionable. 

From the (d3/2,d3/2~') configurations one would expect 


®J. H. D. Jensen, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), Chap. XV. 

10 J. S. King and W. C. Parkinson, Phys. Rev. 88, 141 (1952). 
( " Brugger, Evans, Joki, and Shankland, Phys. Rev. 104, 1054 
1956). 
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four states, all of even parity and of spins 0, 1, 2, and 3. 
These states should, furthermore, all be characterized 
by an /,=2 stripping pattern in the Cl*(d,p)Cl** 
reaction. As mentioned above, one of these states is 
obviously the ground state. The 0.79-Mev first excited 
state also appears to belong to this group of states, 
though Teplov’ was not certain of the /,=2 assignment. 
The other groups for which Teplov finds /,=2 are in 
the region corresponding to an excitation energy in 
Cl®>2.5 Mev, and it is obvious from the work of 
Paris et al.* (Table II) that these groups really represent 
reactions leading to more than one final state. The 
values of /, assigned to these lower proton energy 
groups, therefore, cannot be given much credence. 

The 1.16-, 1.60-, and one of the 1.95-Mev states are 
found to have an /,=0 by Teplov’ and, therefore, these 
states must all have even parity and spins of either 1 or 
2. Because these states are populated by an s-wave 
neutron they could not belong to the (d3,2,d3/2~') 
configuration. A possible configuration for these states 
is (d3/2,51/2') i.e., a nucleon (neutron or proton) is 
promoted from the s1/2 shell to the d3,2 shell, leaving 
an unpaired nucleon in the d3,2 shell and a corresponding 





16 1,16 
(20%) | (40%) 
1.95 


oi 

Fic. 7. Gamma-ray cascades measured following thermal 
neutron capture in Cl*, For an explanation of the 1.95-Mev 
doublet, see text. 
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TABLE III. Calculated and experimental radiation widths 
for capturing state radiation. 


| M|?=[(exp)/T'y (calc) 
M1 El 


0.009 
0.047 
0.073 
0.012 
0.13 
0.28 
0.15 
0.028 
0.17 


Py (calc) 
M1 El 


1.05 
0.79 
0.69 
0.57 
0.49 
0.39 
0.32 
0.25 
0.21 


ry (exp) 
(ev) 





0.050 
0.007 
0.062 
0.11 

0.048 
0.007 
0.036 


0.0027 
0.0060 
0.0033 
0.0006 
0.0036 


hole in the s;/2 shell. The s,/2 shell appears to lie close 
under the d3,2 shell® and, therefore, one might expect 
the states arising from this configuration to lie fairly 
close to the states arising from the (d3/2,d3;.7') con- 
figuration. The “stripping” process would, therefore, 
consist of a nucleon going from the s;/2 to the d3,2 shell 
as the incoming neutron enters the d3,2 shell, giving no 
net change of orbital angular momentum and, therefore, 
an /,=0 proton angular distribution. 

The other 1.95-Mev state appears to be populated 
by an f-wave neutron.® One would then suspect that 
this neutron enters the f7/2 shell, which is the next 
higher shell above the d3/2 shell. This other 1.95-Mev 
state must, therefore, have negative parity and spin 
2,3, % 08 5. 

As we have mentioned above, the proton groups 
leading to the states of excitation energy >1.95 Mev 
were not resolved and, therefore, we cannot say any- 
thing about the character of the individual states. 

The gamma rays in the spectrum of Groshev ef al.’ 
of energy >5 Mev can be presumed to originate at the 
capturing state. All of the gamma rays in this energy 
region that were resolved by Groshev e/ al. are suffi- 
ciently intense that they must be dipole radiation. The 
ground state and the first three excited states all have 
positive parity, as does the capturing state, and there- 
fore, the transition to these states must be M1. In 
Table III is shown the partial radiations widths for 
those transitions studied in this work together with 
their calculated values. For the total I, we use the 
value of 0.48 ev," while the calculated widths are 
from the estimate of Weisskopf,! corrected by a factor 
of D/Do as suggested in Blatt and Weisskopf." 

For the experimental values of I, we have used the 
relative gamma-ray intensities as measured in the 
present work. These values are in rather good agree- 
ment with the values measured by Groshev ef al.? We 
have taken D=2X10* ev and Do=5X10° ev™ in 
calculating the theoretical widths. 

It is clear from Table III that the experimental I’, 
for the four definitely established M1 transitions of 


2V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
13 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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8.55, 7.78, 7.40, and 6.96 Mev are all considerably 
below the single-particle estimate.’?* An average of 
these four values of | M|?, where | M|? is defined as the 
estimate of the ratio of the experimental to the calcu- 
lated corrected single-particle estimate, yields a value 
of |M|?~0.05. This value can be contrasted to the 
situation in Hg’! where three M1 transitions all gave 
|M|?~1. This comparison is qualitatively in accord 
with the observations of Bartholomew," who notes 
that the partial widths of transitions from the capturing 
state to low-lying excited states reaches a maximum 
in the region of doubly magic Pb*’. 

Another interesting fact is the wide variation of the 
partial 41 widths, again in contrast to the case in 
Hg?! In the present case of Cl**, the partial widths 
for different M1 transitions vary by about a factor of 
10. This result forms an interesting corollary to the 
results of Kennett, Bollinger, and Carpenter'® who find 
significant differences in the partial widths of transitions 
from two resonances of the same spin in Mn*® to the 
same low-lying states in Mn*®, 

No obvious systematics seem to be present in the 
partial width fluctuations. The intensities of the 
transitions to the ground state and first excited state, 
both of which appear to be of a (d3/2,d3/2~') configuration 
differ by about a factor of 5, as do the transitions to 
the second and third excited states, both of which are 
formed through s-wave neutron absorption. However, 
the average of the reduced widths for the transitions 
to the ground and first excited states is about equal to 
the average value for the transitions to the second and 
third excited states. In other words, the capturing 
state, which is formed through S-wave neutron absorp- 
tion appears as inclined to decay to states formed by 
/,=2 as it is to states formed by /,=0. This point will 
be further discussed below after the transitions to and 
from the more highly excited states have been discussed 

One of the 1.95-Mev states shows an /,=0 pattern 
in the Cl**(d,p)Cl* reaction® and, therefore, this state 
must be accessible via an M1 transition from the 
capturing state (regardless of whether the capturing 
state is 1* or 2+). From the analysis of the gamma rays 
in coincidence with the 6.12- and 6.64-Mev lines, we 
see that the relative populations of the two states at 
1.95 Mev differ by at least a factor of two in the two 
cascades (see Figs. 3 and 4 and accompanying text). 
Since at least part of the 6.64-Mev line must be to the 
even-parity 1.95-Mev state, and since the remainder of 
the 6.64-Mev line would have an unusually small 
reduced width to be an F1 transition to the odd-partiy 
1.95-Mev state (an M2 transition would be negligibly 
weak), we conclude that the 6.64-Mev line must be 
primarily an M1 transition to the even parity 1.95-Mev 
state. This assignment must be considered as tentative, 


4G. A. Bartholomew in Proceedings of the International Con- 
ference on the Neutron Interactions with the Nucleus (unpublished). 
— Bollinger, and Carpenter, Phys. Rev. Letters 1, 76 
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though additional arguments will be given below to 
support its plausibility. We note that the reduced 
width for this 6.64-Mev transition appears to be about 
a factor of 2 higher than it is for the highest of the 
other M1 transitions. 

The decay of the 1.16-, 1.60-, and the even-parity 
1.95-Mev states are all consistent with the J=1+ or 2+ 
implied by the /,=0 assignment from the stripping 
data.’ As the ground state is 2+, these three states 
should decay primarily to the ground state which is, 
indeed, the case. The ratio of ~4 of the crossover to 
the stopover transition is consistent with the theoretical 
estimate of ~ (1.95/1.16)'=4.7 if both transitions are 
dipole radiation. Therefore, |J1.9s—Jo.79| <1 is implied 
for the even-parity 1.95-Mev state. 

The 6.12-, 5.72-, and 5.01-Mev transitions all appear 
to have reduced widths which are, on the average, 
about a factor of 4 larger than the average reduced 
width for the four established M1 transitions (though 
not substantially greater than for the 6.64-Mev line). 
An F1 assignment, therefore, seems most appropriate 
to these transitions. Odd-parity states formed by the 
(d3/2,fz/2) configuration are to be expected in this 
region of excitation energy. Assuming the 6.12-, 5.72-, 
and 5.01-Mev transitions to be #1, an average value of 
| M|? of ~0.004 is obtained (see Table III). This value 
is again much lower than that found in Hg”®,! where 
the one rather definitely established £1 transition 


which originated at the capturing state has a reduced 


width about 1/10 of the single-particle estimate. 
However, the ratio of £1/M1~4 is about the same for 
the capture gamma rays in Cl" as it is for the capture 
gamma rays in Hg’. This ratio can be compared to the 
single-particle estimate of E1/M1~40. The fact that 
the experimental M1 widths lie closer to the predicted 
values than the £1 widths has been noted by 
Bartholomew" in his survey of all the available capture 
gamma-ray data. 

We have mentioned above that the lower lying 
odd-parity states in Cl** are most probably due to a 
(d3/2,f7/2) configuration. The configuration can, in a 
sense, be thought of as being formed by adding an f7/2 
neutron to a Cl®* nucleus. The 8.57-Mev capturing 
state is formed by adding an sy/2 neutron to a Cl* 
nucleus. However, the relative strength of transitions 
from the capturing state to these odd-parity states 
compared to states of other configurations is about 
what would be expected from the theoretical estimate 
with no cognizance being taken of the final-state con- 
figuration. In making the above statement, we assume 
that the £1/M1 single-particle estimate is too high by 
about a factor of 10. This correction is based on the 
aggregate of all slow-neutron capture gamma-ray data, 
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where assumedly effects due to the final-state con- 
figuration would average out. 

In Cl** we have transitions from the capturing state 
to states of (d3/2,d3/27"), (d3/2,$1/2) and (d3/2,f7/2) con- 
figuration. The transition probabilities to these states 
appear, on the average, to be determined solely by the 
multipolarity of the radiation (and, of course, its 
energy), and not to depend strongly on the final-state 
shell-model configuration. A possible explanation of 
this phenomenon lies in considering the nature of the 
capturing state. This state lies in a region of closely 
spaced levels, and the mixing between states should 
be relatively great. Therefore, one would expect the 
capturing state not to be described by a unique con- 
figuration, but rather to be a mixture of several con- 
figurations which have only to fulfill the appropriate 
spin and parity conditions. The capturing state, there- 
fore, “forgets” that it was formed by an s-wave neutron 
and can decay with roughly equal probability to states 
of different configurations. 

It must be emphasized that the arguments only 
apply “on the average,” and that transitions of the 
same multipolarity can still have significantly different 
reduced widths, as witness the 8.55-, 7.78-, 7.40-, and 
6.96-Mev lines in the present work. 

The T', of the 5.28- and the 5.49-Mev lines appear 
to be most consistent with these transitions being M1. 

The decay of the 2.47- and 3.60-Mev states 
merits special attention. Arguments are given above 
for assigning the 1.95- (odd parity), 2.47-, and 3.60-Mev 
states to the (d3,2,f7/2) configuration. The decay scheme 
for these states (see Fig. 7) is suggestive of a series of 
vibrational states. This resemblance is caused mainly 
by the level spacing and the decay of the 3.60-Mev 
state. The presence of a strong “stopover” transition 
to the 2.47-Mev state, and a “crossover” to the 1.95- 
state is similar to the decay of second excited states 
which have been more definitely identified as belonging 
to vibrational bands. It would not be surprising to find 
states formed through a collective motion superimposed 
on a single-particle configuration in Cl**. However, the 
positive identification of the 2.47- and 3.60-Mev states 
as being such, must await further information, particu- 
larly in regard to spins and transition probabilities. 


ACKNOWLEDGMENTS 


The author wishes to thank David Potter and 
Robert Chase for their assistance in the design and 
maintenance of the electronic equipment. Thanks are 
also due Robert Hambley and Raymond Kelley for 
their help in taking the data. Illuminating discussions 
with Robert Schwartz and Robert Schamberger are 
also gratefully acknowledged. 





PHYSICAL REVIEW VOLUME 


113, 


NUMBER 3 FEBRUARY 1, 1959 


25-Minute Isomer of Se™t 


R. G. Cocuran anv W. W. Pratt 
The Pennsylvania State University, University Park, Pennsylvania 


(Received July 14, 1958) 


Se® was produced by irradiation of a selenium sample, enriched to 75% in The Se® isotope, in the Pennsyl- 
vania State University research reactor. The gamma-ray spectrum of the 25-minute isomer was investigated 
by means of a 3-in. thick X3-in. diameter NaI (TI) crystal scintillation spectrometer. Gamma rays of energy 
2.294+-0.030 Mev, 1.880+-0.015 Mev, 1.309+-0.005 Mev, 1.058+-0.005 Mev, 0.8330.005 Mev, 0.712+-0.010 
Mev, 0.524+0.012 Mev, 0.358+0.005 Mev, and 0.225+0.005 Mev were found. The beta-ray spectrum was 
investigated by means of a plastic scintillator. In order to eliminate a competing activity from Se® it was 
found essential to restrict the observation of beta rays to those in coincidence with the Se*® gamma-ray 
spectrum. A coincidence circuit of 0.25-microsecond resolving time was developed for this purpose. The 
beta-ray spectrum was found to be complex with end-point energies of approximately 0.45 Mev, 1.0 Mev, 
and 1.7 Mev. From these data, together with gamma-gamma coincidence measurements, a decay scheme 


is proposed. 





INTRODUCTION 


N a previous paper! an investigation of the decay 
scheme of the 70-second isomer of Se® was reported. 
The present paper describes a study of the 25-minute 
isomer of this isotope. A summary of previous investiga- 
tions of Se® is included in reference 1. 


GAMMA-RAY SPECTRUM 


For the measurement of the gamma-ray spectrum a 
3-in. diameterX3-in. thick NalI(TI) scintillator on a 


DuMont-6363 photomultiplier tube was employed in 


conjunction with an Atomic Instrument Company 20- 
channel analyzer. The crystal was shielded in a lead 
block 10 in.X10 in.X13.5 in. with a collimating hole 

{ in. in diameter and 23 in. long extending through 
the shield to the center of the crystal. The gamma-ray 
source was placed outside the shield approximately on 
the axis of the collimating hole. The source consisted of 
200 mg of enriched? (75.74%) Se® exposed to thermal 
neutrons in The Pennsylvania State University research 
reactor. 

For energy calibration of the spectrometer, sources 
of Hg, Au’, Cs'57, Co™, and Na* were employed. To 
measure the gamma-ray energies accurately it was 
found essential to take into account the dependence of 
the spectrometer calibration on the counting rate. To 
this end the pulse height associated with each gamma 
ray was measured for several source-to-counter dis- 
tances, with consequently different counting rates, and 
the resulting curve giving pulse height as a function of 
counting rate was extrapolated to zero counting rate. 
The extrapolated pulse height so obtained was taken 
as the pulse-height characteristic of the gamma ray in 
question. This procedure was followed with each cali- 
bration source to obtain an energy calibration curve, 
and was also followed with each unknown Se*® gamma 


¢ This work was supported in part by a grant from The National 
Science Foundation. 

1R. G. Cochran and W. W. Pratt, Phys. Rev. 109, 878 (1958). 

2 Obtained on loan from the Oak Ridge National Laboratory, 
Oak Ridge, Tennessee. 


ray. The pulse-height variation involved in a typical 
case was 2-3%. To study the consistency of the gamma- 
ray energies obtained in this way, measurements were 
made both with the 3-in. diameterX 3-in. thick crystal 
and also with a similarly shielded 2-in. diameter X 3-in. 
thick crystal. In addition some of the gamma-ray ener- 
gies were measured using a composite source of Se® 
plus two or more calibration gamma rays. The energy 
values obtained agreed consistently within the errors 
quoted below. 

To measure the relative intensities of the Se*® gamma 
rays, the peak amplitude of each gamma ray was deter- 
mined in a standard geometry and compared with the 
peak amplitude of gamma rays originating in calibration 
sources of known intensity. The calibration sources em- 
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Fic. 1. Partial gamma-ray spectrum of Se®. The circles and 
crosses refer to different runs, adjusted in scale to match. 


852 





25-MINUTE 


ployed were Cs!*7 (0.662 Mev) and Co® (1.17 Mev and 
1.33 Mev) calibrated by the National Bureau of Stand- 
ards, Au$ (0.411 Mev) calibrated in a 27 proportional 
counter, and Na* (1.37 Mev and 2.75 Mev). The Na” 
standardization was accomplished by matching the peak 
amplitude of the 1.37-Mev gamma ray with that of the 
Co 1.33-Mev gamma ray, thus giving a gamma ray 
of known intensity at 2.75 Mev. In all cases where 
sources of more than one gamma ray were involved, 
the Compton background was subtracted from the low- 
energy gamma ray peaks by a method similar to that 
of Lazar et al.’ The relative intensities were also studied 
by the alternative method of comparing the areas under 
the photopeaks rather than the peak amplitudes. The 
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Fic. 2. Partial gamma-ray spectrum of Se®. 


relative intensities obtained by these methods agreed 
within the errors quoted below. 

The gamma-ray spectrum associated with the 25- 
minute isomer is shown in Figs. 1-4. With the exception 
of the two peaks at 95 kev and 280 kev, which are be- 
lieved to be attributable to other Se isotopes, all of the 
gamma rays shown were observed to decay with an 
approximate half-life of 25 minutes. A comparison of the 
shape of this spectrum with the shape of known mono- 
chromatic gamma-ray spectra indicates that none of 
the labeled peaks are associated with the escape of 
Compton-scattered or annihilation photons. The ener- 
gies and relative intensities of the observed gamma rays 
are shown in Table I. 


3 Lazar, Kelley, Hamilton, Langer, and Smith, Phys. Rev. 110, 
513 (1958). 


ISOMER OF Se? 

















COUNTING RATE (ARBITRARY SCALE) 





1309kev 

















300 400 500 600 
PULSE HEIGHT (ARBITRARY SCALE) 


Fic. 3. Partial gamma-ray spectrum of Se®. 


BETA-RAY SPECTRUM 


To measure the Se®* beta-ray spectrum a 2-in. di- 
ameter X 1-in. thick plastic scintillator on a DuMont- 
6292 photomultiplier tube was employed in conjunction 
with the 20-channel analyzer. The scintillator was 
shielded from light with a 0.75-mil aluminum window. 
A thick sheet of aluminum with a 1-in. diameter aper- 
ture was placed directly before the scintillator to pre- 
vent beta rays from striking near the edge of the de- 
tector. This was found to improve the resolution by a 
small but observable amount. Beta-ray sources consisted 
of deposits of about 100 ug/cm? placed between two 
layers of Scotch cellophane tape. The contribution to 
the beta-ray counting rate due to gamma rays was 
obtained by shielding the scintillator completely with 
an appropriate thickness of aluminum. 

Using the Cs'*’ internal conversion peak, the Au’ 
beta-ray end point (and when necessary the Al** beta- 


TABLE I. Gamma rays from 25-minute Se*. Errors quoted are 
based on consistency of separate measurements. 


Energy (Mev) Relative intensity 


0.225+0.005 
0.358+0.005 
0.524+0.012 
0.712+0.010 
0.833+0.005 
1.058+0.005 
1.309+0.005 
1.880+0.015 
2.294-+0.030 


14+2 
22+5 
1943 
8+3 
1342 
5+2 
842 
542 
342 


‘ Nuclear Enterprises Ltd., plastic phosphor NE102. 
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Fic. 4. Partial gamma-ray spectrum of Se®. 


ray end point) a calibration curve for the beta-ray 
spectrometer is obtained. This curve is linear, within 
the accuracy of end-point determinations, over the 
energy range of interest. Figure 5 shows a Fermi plot 
of the spectrum from a relatively thick (1 mil) Au'®® 
source. Except for the deviations near the end point, 
which are attributable to spectrometer resolution, the 
Fermi plot is linear over almost half of the energy range. 
The linearity obtained using a much thinner (700 A) 
Au" source is only slightly better. 

Decay curves obtained for the Se beta rays in the 
region from 0.1 to 1.5 Mev are shown in Fig. 6. One set 
of points was obtained using a source of normal Se, the 
other using a source of enriched (75.74%) Se®. The two 
decay curves are seen to be almost identical. They can 
both be fitted fairly accurately with an appropriate 
mixture of the 18- and 57-minute half-lives characteristic 
of Se*!. Beta-ray pulse-height distributions in the same 
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Fic. 5. Fermi plot of Au'® beta spectrum. 
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energy region, measured 15 minutes after exposure, are 
shown in Fig. 7; the semilogarithmic scale is used to 
facilitate a comparison of the shape of the curves. The 
pulse-height distributions are also seen to be almost 
identical. We believe the data of Figs. 6 and 7 to indicate 
that the presence of competing activities, mainly Se®, 
even in the enriched isotope, is so serious as to make it 
impractical to determine the Se® beta-ray spectrum in 
this way. 

Since no gamma rays greater than 0.1 Mev have been 
observed from Se*!,® the beta rays from Se*! may be 
eliminated by requiring that only those beta rays be 
detected which are in coincidence with higher energy 
gamma rays. Consequently, measurements of the beta- 
ray spectrum were made in which the 20-channel ana- 
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Fic. 6. Decay curve of Se beta rays in the region from 0.1 to 
1.5 Mev. Probable errors in counting rate are comparable with 
the size of the point markers. 


lyzer, fed from the beta-ray detector, was gated by 
coincident gamma rays of energy 350 kev or greater. 
Pulse-height distributions of these beta rays are shown 
in Fig. 8, both for a source of normal Se and a source 
enriched in Se®. These two pulse-height distributions 
are seen to be essentially the same as each other, but 
to differ substantially from those obtained without the 
coincidence method. Although it is difficult to make 
accurate half-life measurements due to the low counting 
rates, the counting rate of the coincident beta rays 
appears to decay with a single half-life close to 25 


5 Nuclear Level Schemes, A=40 to A=92, compiled by Way, 
King, McGinnis, and van Lieshout, U. S. Atomic Energy Com- 
mission Report TID-5300 (U. S. Government Printing Office, 
Washington, D.C., 1955). 
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minutes. It is believed that these beta rays represent the 
spectrum characteristic of the Se*® 25-minute isomer. 
A Fermi plot of the coincident beta-ray spectrum 
from the enriched source is shown in Fig. 9. The con- 
tribution to the counting rate due to gamma rays has 
been subtracted. Comparison with the Au'®’ Fermi plot 
indicates the spectrum to be complex with a predomi- 
nant end-point energy in the vicinity of 1 Mev but with 
at least one weak higher energy component. Assuming 
a single higher energy component, the end point ob- 
tained from this and other similar measurements is 
1.7+0.2 Mev. The contribution from this beta-ray 
group to the lower energy part of the spectrum is ob- 
tained by modifying the straight-line extrapolation 
shown in Fig. 9 to give a Fermi plot distortion similar 
to that observed for the Au'®* spectrum (Fig. 5). The 


1000 
+ #Normai Se 
+ xEnriched Se®? 


2 
°o 
A 
7) 
> 
Fe 
2 
= 
2 
£ 
4 
4 
os 
« 
a 
& 
: 


100 
Pulse Height (Arbitrary Scale) 


Pulse-height distribution of Se beta rays 
in the region from 0.1 to 1.5 Mev. 


counting rates associated with this distorted Fermi plot 
are then subtracted from the observed counting rates 
to obtain the low-energy beta-ray spectrum. The Fermi 
plot obtained after thus eliminating the 1.7-Mev beta- 
ray group is shown in Fig. 10. The end point of the 
predominant beta-ray group obtained from this and 
other similar measurements is 1.00.1 Mev. The devia- 
tion of the experimental points from the straight line 
below 0.4 Mev (e=1.8) is substantially greater than 
that obtained for the Au’ spectrum (Fig. 5) of approxi- 
mately the same end-point energy. This deviation is 
believed to represent a third beta-ray group of end-point 
energy in the vicinity of 0.5 Mev. Assuming the dis- 
tortion of the straight line Fermi plot in Fig. 10 to be 
similar to that obtained for Au'®* (Fig. 5) the contribu- 
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Fic. 8. Pulse-height distribution of Se*® beta rays 
in the region from 0.1 to 1.5 Mev. 


tion from the 1-Mev beta-ray group is deducted from 
the lower energy counting rates with the resulting Fermi 
plot shown by the open circles in Fig. 10. The low-energy 
end point obtained from this and other similar measure- 
ments is 0.45+0.15 Mev. 


BETA-RAY SPECTRUM OF THE 
70-SECOND ISOMER 


The beta-ray spectrum of the 70-second isomer has 
been reinvestigated by methods similar to those de- 
scribed above. A Fermi plot of the spectrum in the 
vicinity of the upper energy end point indicates an end- 
point energy of 3.75+0.15 Mev. When the beta-ray 
spectrometer is employed to observe those beta rays in 
coincidence with the 2-Mev gamma ray, a Fermi plot 

















Fic. 9. Fermi plot of Se*® beta spectrum. 
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Fic. 10. Fermi plot of Se® beta spectrum. 


results which yields an end-point energy of 1.75+0.10 
Mev. These two beta-ray groups are presumably those 
previously' determined to have end-point energies of 
3.4 and 1.5 Mev, respectively. 


DECAY SCHEME OF 25-MINUTE Se* 


In a previous paper! it was reported that the gamma 
rays emitted from the 70-second isomer are 0.350+0.006 
Mev, 0.650+0.005 Mev, 1.01+0.02 Mev, and 2.02+0.05 
Mev. The present work indicates that the 25-minute 
isomer emits a gamma ray of 0.358+0.005 Mev but no 
other gamma rays which might be identical with those 
from the 70-second isomer. A careful comparison of the 
0.35-Mev gamma rays observed in the 70-second and 
25-minute isomers shows no detectable difference in 
energy, and they are consequently assumed to represent 
the same transition, The fact that the two isomers show 
no other gamma rays in common implies that the 
0.35-Mev gamma ray represents a transition to the 
ground state of Br®. 

We have been able to construct one, and only one, 
decay scheme for the 25-minute isomer which is consis- 
tent with the three observed beta-ray end points, the 
observed gamma-ray energies and intensities, and the 
assumption that the 0.35-Mev gamma ray represents a 
ground-state transition. This decay scheme, together 


COCHRAN AND W. W. 


se°> 


Fic. 11. Decay scheme of Se®. All energies are in Mev. 


with the decay scheme of the 70-second isomer, is shown 
in Fig. 11. 


GAMMA-GAMMA COINCIDENCE MEASUREMENTS 


To investigate further the decay scheme of the 25- 
minute isomer, y-y coincidence measurements have been 
performed in which the 20-channel analyzer, fed by the 
3-in. X 3-in. NaI detector, was gated by pulses from the 
2-in.X3-in. detector feeding through a single-channel 
analyzer. Due to the complexity of the gamma-ray 
spectrum, with a consequent overlapping of photopeaks 
and Compton distributions from different gamma rays, 
it has been found difficult to obtain definitive results 
in most cases. However, it is believed that coincidences 
have been established with reasonable certainty between 
the following pairs of gamma rays: 0.358— 2.294 Mev, 
0.358— 1.309 Mev, 0.524—1.880 Mev. Each of these 
results is consistent with the decay scheme of Fig. 11. 
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Contribution of Annihilation Radiation to the Gamma-Ray Flux in Lead 
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Multiply-scattered gamma rays from a high-energy source, upon being absorbed, give rise to a secondary 
flux of annihilation radiation. A procedure is developed, within the framework of the moment method of 
Spencer and Fano, for calculating the production and diffusion of the annihilation radiation. The treatment 
includes infinite as well as semi-infinite media. Numerical results are presented for primary radiation sources 
with energies between two and ten Mev in a lead medium. These results can be represented by simple semi- 


empirical formulas. 


1. INTRODUCTION 


HE penetration and diffusion of y radiation 
through various media, for source energies up to 
10 Mev, has been the subject of extensive calculations! 
based on the moment method.? In these calculations, 
pair production was taken into account only insofar as 
it contributed to the absorption of photons. The addi- 
tional y radiation originating from pair annihilation was 
disregarded. The amount of annihilation radiation has 
been estimated by Goldstein’ who found that for source 
energies up to 10 Mev and for medium-weight to heavy 
elements, annihilation y rays contribute up to 6% of the 
total dose. 

This paper reports the results of a more detailed 
calculation pertaining to the gamma-ray flux in lead, for 
source energies between 2 and 10 Mev. This work ex- 
tends beyond the calculation of Goldstein in the 
following respects : 


(a) The spectral composition of the diffusing annihi- 
lation radiation is determined. This is of some impor- 
tance because in the spectral region below 0.511 Mev 
annihilation radiation may constitute the major part of 
the total flux. 

(b) Not only the modification of the flux in an infinite 
medium is considered (a phenomenon which is rather 
inaccessible to observation) but also the emergence of 
annihilation radiation from a semi-infinite medium 
irradiated by internal or external sources. 

(c) The calculation includes, as a small correction, 
the effect of the displacement of the positrons between 
their generation and annihilation. 


2. FORMULATION OF THE PROBLEM 


2.1 Flux Modification in an Infinite Medium 
[ Fig. 1(a) ] 
We consider the radiation from a plane monodirec- 


tional source at s=0 that emits photons of energy 
E= E, in the direction cos#=1 (in the positive z direc- 


1H. Goldstein and J. E. Wilkins, Jr., Atomic Energy Commis- 
sion Report NYO-3075, June 30, 1954. 

2L. V. Spencer and U. Fano, J. Research Natl. Bur. Standards 
46, 446 (1951). 

3H. Goldstein, Nuclear Development Associates Report 15C-31, 
1954. 


tion). The flux’ due to this source, calculated with 
disregard of annihilation radiation, will be called the 
primary flux and denoted as /(E, cos@,z; Eo). Our ob- 
jective is the calculation of the secondary flux (inte- 
grated over all photon directions) due to annihilation 
radiation. This secondary flux will be denoted as 
H(E,2; Eo). 

Electron-positron pairs can be produced by photons 
with energies E> 2mc*. The source function for pairs is 


Eo 


F(s; Eo) = f dE f sind I(E, cos0,z; Eo)up(E), (1) 
2mc? 0 


where u,(£) is the probability of pair production per 
unit path length. The positron member of the pair, 
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Fic. 1. Configuration of the medium: (a) infinite medium; 
(b) semi-infinite medium with internal source; (c) semi-infinite 
medium with external source. 


4 The flux may be defined as the number of photons at depth z 
with energies between E and E+dE and directions between cos@ 
and cosé+d(cos@) that traverse a small spherical probe of unit 
cross section. 
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generated at depth 2’, will travel to a depth 2’+7¢ before 
coming to rest and being annihilated.® In deriving a 
source function for annihilation radiation, an average 
should be taken over all possible values of the displace- 
ment ¢. Being quite small compared to a photon mean 
free path at the energies below 10 Mev of interest here, 
the positron’s travel has only a second-order influence 
on the annihilation radiation correction. Accordingly 
we have thought it sufficient to make the crude ap- 
proximation that each positron generated at 2’ is dis- 
placed by a distance 7(z’,£o) where 7 is an average 
displacement whose calculation is outlined in Sec. 4. 
The annihilation of a positron results in the appear- 
ance of two photons with energy mc* each, which are 
emitted in opposite directions but otherwise iso- 
tropically. All pairs produced at depth 2’ therefore give 
rise to a plane isotropic source of radiation at depth 
z'+r. We shall denote by G(E, cos8, 2; 2’+-7) the flux of 
photons at depth z due to an isotropic source of unit 
strength at z’+7 that emits photons of energy E= mc’. 
The total amount of annihilation radiation can be ex- 
pressed as an integral over the product of the pair 
source function and the isotropic-source flux distribution : 


H(E,z; Fa)=2f as’ f sinéd@ F(z’; Eo) 
e " -G(E, cots; 8’+7). (2) 


2.2 Semi-Infinite Medium : Internal Source 
[ Fig. 1(b) ] 

The source is assumed to be at z=0 in the interior of a 
semi-infinite medium that extends from z= — © to z=s. 
We want to calculate the flux of annihilation radiation 
(integrated over all photon directions) at the boundary 
z=s. This distribution will be called T(E,s; Eo). 

The flux distributions for this case, distinguished by a 
subscript 7, are now subject to the boundary condition 
that no radiation be incident onto the semi-infinite 
medium at z=s; i.e., 


Ir(E, cos6,2; Eo) =Gr(E, cos6,2; 2’ +1) =0 
if z=s and 34<6K€ 7. (3) 


Annihilation radiation escaping from the semi-infinite 
medium must travel in the forward direction (@<7/2). 
Furthermore, our schematization of positron travel re- 
quires that emerging radiation originates from positrons 
that were produced no closer than a distance 7 from the 
boundary. The flux of annihilation radiation at the 
boundary is therefore given by 


eT «/2 
T(E,s; E)=2 f ds! f sindd0 Fr(z' ; Es) 
—2 0 
XGr(E, cosb,z;2’+7). (4) 


5 We shall disregard the possibility of positron annihilation in 
flight. At energies below 10 Mev, at least 85% of all positrons in 
lead are annihilated when at rest [W. Heitler, Quantum Theory of 
Radiation (Oxford University Press, London, 1954), third edition, 
p. 385]. 
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2.3 Semi-Infinite Medium: Exterior Source 
[Fig. 1(c) ] 


The next problem concerns a semi-infinite medium 
occupying the region z>0 that is irradiated by a broad 
monodirectional beam. The effective source is again a 
plane-perpendicular source at z=0. We want to de- 
termine the current® J(E,Eo) of annihilation radiation 
(integrated over all photon directions) that emerges 
across the boundary z=0. Such radiation may be re- 
garded as “reflected” radiation, and one may speak of an 
“annihilation radiation albedo.” In a heavy element 
such as lead, the albedo of the primary flux is very small, 
and secondary bremsstrahlung will travel mainly toward 
the interior of the medium. It can therefore be expected 
that annihilation radiation will make the predominant 
contribution to the total albedo.’ 

No radiation other than the primary source radiation 
can be incident on the boundary of the semi-infinite 
medium, so that the flux distributions in this case 
(distinguished by a subscript R) are subject to the 
boundary condition 


[ prattered (E, cos6,2; Eo) =Gr(E, cos6,z; 2’+7)=0 
if z=0 and 0<@<$x. (5) 


The current of emerging annihilation radiation is given 


by 


R(E; b)=2f as [ sin6dé F p(2' ; Eo) 
0 x/2 


X | cos8|Gr(E, cos0,z;2’+7). (6) 


The factor | cos@| in (6) is needed to convert from a flux 
to a current. The absolute value of cos@ is used in order 
to make the current positive. 


3. INPUT DATA 


Flux distributions in infinite media were obtained 
according to the moment method.*? The quantity 
Jo" sinéd6é 1 (E, cos6,z; Eo) for a plane-perpendicular 
source was taken from the tabulations of Goldstein and 
Wilkins.! The flux from a plane-isotropic source emit- 
ting photons of energy mc? was evaluated from the flux 


6 The current is equal to the flux times the cosine of the angle 
between the photon direction and the z axis, and represents in this 
case the number of photons with specified directions and energies 
that traverse a unit area of the boundary plane s=0. The current 
integrated over all photon directions and spectral energies and 
normalized to one incident photon, is equal to the number albedo. 
Inasmuch as the albedo is the most commonly used parameter for 
describing the reflecting power of a semi-infinite medium, we have 
made the calculation for the current through the boundary rather 
than for the flux at the boundary. 

7 There will also be a considerable amount of reflected fluores- 
cence radiation with energies (in lead) of ~0.075 Mev. Goldstein 
(reference 3) has estimated this component. It follows from his 
estimate that for 2-, 5-, or 10-Mev primary photons incident on 
lead, approximately 10, 40, or 50 times more energy, respectively, 
is reflected in the form of annihilation than of fluorescence 
radiation. 
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moments® by a procedure described elsewhere® which 
yields the angular as well as the spectral dependence of 
the flux. The adaptation of these distributions to 
boundary conditions is discussed in Sec. 5. 


4. POSITRON TRAVEL 
Because of the small influence of positron travel on 
the annihilation-radiation correction, we shall be con- 
tent with a rather crude treatment. If the gamma rays 
travel in the z direction, the average z displacement of 
positrons produced by them is approximately equal to 
Az(e)=r(e)k(€) cosOo(e). (7) 


e is the initial positron kinetic energy, r(e) is the positron 
range, k(e) is a multiple-scattering correction factor 
less than one which takes into account the deviations of 
the positron path from a straight line, and 


60 (€)~me?/(me?+e) (8) 


is the initial positron obliquity." The range r(e) was 
obtained from a calculation by Heitler," taking into 


t(z,Eo) = 


) 


The angular distribution of the scattered primary flux is 
not readily available. Therefore the approximation was 
made of pulling the factor cos@ outside the integral with 
respect to 6 in (10) and replacing it with the quantity 
1— (mc?/E)+(mc?/Eo) appropriate for once-scattered 
radiation. 

The displacement of the positrons is small compared 
to that of the gamma rays which produce them. This can 
be seen from Table I which gives typical values of the 
quantities ywo(Az(Eo))y and wor(2,£o), where wo is the 


TABLE I. Positron travel: 7 and (Az(Eo))a, are the displacements 
defined by Eqs. (9) and (10), and yo is the gamma-ray attenuation 
coefficient. 


4 7 

0.034 
0.023 
0.014 
0.005 
0.002 


: Ho 
10 yo(Az(Eo))ay (cm Pb) 


0.552 
0.519 
0.493 
0.475 
0.516 


0.045 
0.031 
0.019 
0.006 
0.002 


0.029 
0.020 
0.012 
0.005 
0.002 


0.040 
0.027 
0.016 
0.006 
0.002 0.002 


0.044 
0.030 
0.018 
0.006 


§ We are indebted to H. Goldstein for putting at our disposal a 
set of numerically calculated flux moments. 

9M. J. Berger, J. Appl. Phys. 26, 1504 (1955). 

10 Experimental Nuclear Physics, edited by E. Segre (John Wiley 
& Sons, Inc., New York, 1953), Vol. 1, p. 336. 

"W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, London, 1954), third edition, p. 376, Table XII. 
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account the average energy loss by bremsstrahlung and 
by ionizing collisions, combined with a calculation by 
Nelms” at lower energies where only energy loss by 
collisions is of importance. The multiple-scattering cor- 
rection factor k(e) was evaluated according to the theory 
of Lewis,"* with energy-dependent cross sections of the 
form given by Spencer.'*:!® 

The positron receives a random share of the energy 
available to the electron-positron pair. The average z 
displacement of a positron produced by a photon of 
energy E£ is therefore given by 


1 E —2mc 
- f Az(e)de. (9) 


(Az(E)) = 
E—2m¢e? 

Finally one must average over the spectrum of the 
gamma-ray flux weighted by the pair-production coeffi- 
cient w, and the gamma-ray obliquity cos@ in order to 
obtain the average displacement 7(z,Eo) of a positron 
produced at depth z by radiation originating from a 
source with energy Eo: 


Eo . 
f az f sin6d6 T(E, cos6,z; Eo)up(E) cos0(Az(E)) ay 
2mc? ( 


— — 
J dE f sindd@ T(E, cos6,z; Eo)up(E) 
2mc? “; 


narrow-beam attenuation coefficient of gamma rays of 
energy Ep.'® 


5. APPROXIMATE TREATMENT OF 
BOUNDARY CONDITIONS 


5.1 Primary Flux 


The flux differences, 


Ar J sinéd0{ I (E, cos6,s; Eo) 


| ~Ip(E, c0s8,s;E)}, (11) 


and 
ae= f sinédé{ T(E, cosé,0; Eo) 


—IpR(E, cos0,0; Eo)}, (12) 


represent photons that would be present in an infinite 
medium but are lost by escaping through the boundary 
of a semi-infinite medium. In an infinite medium such 


#2 A. Nelms, National Bureau of Standards Circular 577, 1956. 

18H. W. Lewis, Phys. Rev. 78, 526 (1950). 

44 L. V. Spencer, Phys. Rev. 98, 1597 (1955). 

15 Tt is not quite consistent to use a range which includes the 
effects of bremsstrahlung, and a multiple-scattering theory based 
on the continuous slowing-down model used in reference 13. But 
the average energy of the positron will, under the conditions of the 
present problem, usually be below the critical energy at which 
bremsstrahlung losses equal collision losses. The error introduced 
by the inconsistency can therefore be expected to be minor. 

16 uo may be regarded as the reciprocal of a mean gamma-ray 
range. 
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photons would have been deflected through an angle of 
at least 90° with respect to their original direction, and 
would have lost much energy thereby. For example, a 
photon with an initial energy of 10 Mev cannot have an 
energy greater than 0.486, 0.802, or 1.128 Mev after 
being turned through 90° in one, two, or three Compton 
scatterings, respectively. An analysis by the moment 
method confirms that even when all orders of scattering 
are taken into account, the energy of the photons 
deflected through more than 90° is in general much 
lower than the energy 2mc?= 1.02 Mev required for the 
production of an electron-positron pair. It is therefore 
an excellent approximation to set Ar= Ar=0, and to use 
] in place of Jy and Jz when computing the pair source 
functions Fr and Fr required in (4) and (6). 


5.2 Secondary Flux 
The flux differences, 


6r=G(E, cos6,s; 2’+7)—Gr(E, cos6,s; 2’+7), 
0<6<4n (13) 


and 


5r=G(E, cos6,0; 2’+7)—Gr(E, cos0,0; 2’+7), 

trK0<m (14) 
represent photons which are absent in a semi-infinite 
medium but present in an infinite medium where they 
would be crossing the boundary plane (z=s, respectively 
z=() for the third, fifth, - - - (2n+-1)st time after leaving 
the secondary source. Photons making the (2n+1)st 
crossing must have had their directions reversed at least 
2n times. Not only is this unlikely to happen, but it 
lowers the photon energy greatly so that these photons 
are subject to strong photoelectric absorption. It is 
therefore a good approximation to set r=5eg=0, and 
to use G in place of Gr and Gp in (4) and (6). The 
validity of this approximation is supported by the results 
of a Monte Carlo calculation pertaining to the penetra- 
tion of gamma rays from a 0.66-Mev source through 
water.!” The conclusions of that investigation will hold 
a fortiori for diffusion in a more strongly absorbing 
medium such as lead. Auxiliary calculations indicate 
that the use of infinite-medium flux distributions is 
justified for spectral energies from the top energy (0.511 
Mev) down to the neighborhood of 0.170 Mev. At lower 
energies the approximation breaks down, but this is 
unimportant because the amount of flux at such low 
energies is negligibly small on account of photoelectric 
absorption in lead. 


6. METHOD OF EVALUATION 


The range of annihilation radiation is much smaller 
than the range of the primary radiation. This property 
has been utilized in the evaluation of the integrals (2), 


17M. J. Berger and J. A. Doggett, J. Research Natl. Bur. 
Standards 56, 89 (1956). 
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(4), and (6). By way of example, we shall discuss the 
evaluation of H(E,z; Eo) according to (2). 
We introduce the integrated flux distribution 


g(B,353'+7)= f sin6dé G(E, cos0,z;2’+7), (15) 
0 


which, by virtue of the assumed homogeneity of the 
medium and the symmetry of a plane-isotropic source, 
has the property 


g(£,z; 2’+7r)=g(E, |2’+7—2| ; 0). 


Expression (2) can now be rewritten in the form 


(16) 


H(E, z+7; ba)=2 f dz’ g(E,2'; 0) 
0 


X{F(2—2'; Eo) +F(s+2'; Eo)}. (17) 


We note that 


F(z—2’; Ey)=0 if 2/>z. (18) 
This is strictly true for that part of the pair source 
function which is due to unscattered primary radiation, 
and also holds in very good approximation for the part 
due to scattered primary radiation according to the 
discussion in Sec. 5.1. We now substitute into (17) the 
Taylor expansions 

2 (—1)" O"F (z; Eo) 
F(z—2'; Ey) = > oP ) 


n= 6g! oz” 
x (z')" 0"F(z; Eo) 
F(z+2’; Ey) = > —_, 


n=) n! Oz” 





The resulting expression is 
sad M2,(E) 0"F (z; Eo) 

H(E, 2+7; Ey) =2 >. 
n=) (2n)! 


, s ae 1)"m,(E,2) 0°"F (2; Eo) 





02?" 





n= n! 02°" 
M.(E)= f 2"g(E,z; 0)dz, (21) 


(22) 


m,(E,z) = f 2"g(E,z; 0)dz. 


The coefficients M,(£) of the first sum in (20) are the 
moments-in-z of the flux distribution from a point 
isotropic source, which are available directly from the 
moment method, without need for moment-fitting pro- 
cedures. The second sum in (20) is a small corrective 
term (whose order of magnitude is discussed below) 
which becomes negligible for sufficiently large z. 

The sums in (20) converge quickly, as can be seen 
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from the following argument. The behavior of F(z; Eo) 
and g(£,z; 0) is approximately exponential : 


F~constant X e~*, (23) 


g~constant Xe~"1!41, (24) 
where uo and yz; are the attenuation coefficients at the 
primary source energy Eo and at the secondary source 
energy E,= mc’, respectively. Upon inserting (23) and 
(24) into (20) one obtains the estimate 


@ Ho 2n 
H~constant X2F >> (“) — constant 


aad \ j1 


« /0\" m (uz)? 
X2F > (“) eo ele . : 


n=O \ py y=0 i! 


(25) 


The ratio wo/u: is of the order 4 for primary source 
energies between 2 and 10 Mev considered here. There- 
fore the two sums over in (25), and in the correspond- 
ing exact expression (20), converge rapidly. In practice, 
an accuracy of 1% has been obtained by using terms up 
to n=4. The ratio of the leading term of the second sum 
to the leading term of the first sum in (20) is of the order 
e~“1# and is generally small. If the penetration depth z is 
equal to N mean free paths of the primary radiation, 
then 

elt = (u1/H0) NW e-3N (26) 
The derivatives 6"F (z,Eo)/dz" required for the evalua- 
tion of (20) were obtained by fitting F(z; Eo) to an 
expression of the form 


(27) 


F(z; Eo) =e"? > a;(Eo)2’, 
j 


and then differentiating analytically. This was suffi- 
ciently accurate because the higher derivatives are ac- 
companied by very small coefficients. 


7. SUMMARY OF RESULTS 


Upon numerical evaluation of expressions (2), (4), 
and (6), the distribution function of the annihilation 
radiation is found to have a simple form. It can in good 
approximation be expressed as the product of two 
quantities: an intensity factor C which depends on the 
primary source energy Ep and the penetration depth 3, 
and a spectral function that depends on the photon 
energy E. The spectral function consists of two terms: a 
delta function 6(E— mc’) representing unscattered anni- 
hilation photons, and a continuous spectrum y repre- 
senting scattered annihilation photons. 

The origin of the factorization can be seen in the 
expansion (20). Factorization would hold exactly if only 
the term with n=0 in the first sum were kept. Now all 
the other terms in (20) are much smaller; moreover 
their spectral dependence is rather similar to that of the 
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TABLE II. Spectral functions used in Eqs. (27), (28), and (29). 








E (Mev) vr(E) 


0.511 : 6.90 
0.5 : 6.63 
0.45 ‘ 5.31 
0.4 ; 3.96 
0.35 2.74 
0.30 1.75 
0.25 “a 1.09 
0.2 : 0.61 
° 0.21 
(0.06) 


vR(E) 


6.76 
6.49 
5.29 





0.37 
(0.10) 
(0.03) 
(0.00) 





first term. Consequently, the factorization remains pre- 
served even when the full expansion is evaluated. 

The following formulas have been found to represent 
the actual calculated results with an accuracy of 3% or 
better: 


(i) Flux of annihilation radiation in an infinite me- 
dium containing a primary source at z=0; evaluation 
of (2): 


H(E,2; Eo)=C(z; Eo) {6(E—mce*?)+0.309)(E)}. (28) 

(ii) Flux of annihilation radiation at the boundary 
z=s of a semi-infinite medium extending from z= — « 
to z=s and containing a primary source at z=0; 
evaluation of (4): 


T(E,s; Eo) =Cr(s; Eo){5(E—mc*)+-0.286pr(E)}. (29) 


(iii) Current of annihilation radiation emerging at 
the boundary z=0 from a semi-infinite medium ex- 
tending from z=0 to z= © that is irradiated by a beam 
incident at z=0; evaluation of (6): 


R(E; Eo) = Cr(Eo){6(E—me*)+ Dr(Eo)¥r(E)}. (30) 


The spectral distributions ¥(E), yr(E), and ~r(E) are 
given in Table II. They are normalized to unity in the 
energy interval from zero to mc*. The intensity factor 
C(z; Eo) is given in Table III. The change of the flux at 
the boundary of a semi-infinite medium compared to the 
flux at the same depth in an infinite medium can be 
represented by a single proportionality constant that is 
independent of Eo and z (for 1<yz<10): 


Cr(s; Eo) =0.57C(s; Eo). (31) 


TABLE III. Intensity factor C(z; Eo) in Eq. (27). 


\ © 1 2 
Eo (Mev) 


10 
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Fic. 2. Contribution of annihilation radiation to the gamma-ray 
flux at various distances woz from a plane perpendicular 10-Mev 
source in an infinite lead medium (o= 0.552 cm™'). The areas 
marked A represent the flux fo* sinédé I(E; cosé,z; Eo) which one 
calculates when disregarding annihilation. The areas marked B 
represent the additional flux 1 (E,z; Eo) of annihilation radiation. 
(Note that the ordinate scale is such that the fluxes shown in the 
figure are multiplied by a factor e#e*.) The normalization corre- 
sponds to a source strength of one photon per square centimeter. 
The areas in the boxes indicate the amount of unscattered radia- 
tion at the primary energy of 10 Mev, and at the secondary source 
energy of 0.511 Mev. 


The normalization of the intensity factors is such that 
H(E,z; Eo) and T(£,s; Eo) represent a flux per cm?, and 
R(E; Eo) a current per cm’, corresponding to a plane 
perpendicular primary source emitting one photon 
per cm’, 

Figure 2 shows the primary flux (integrated over all 
directions) and the corresponding annihilation radiation 
in an infinite lead medium, for a primary source energy 
E,=10 Mev and penetration depths woz=1, 4, and 10. 
It can be seen that annihilation radiation makes a 
predominant contribution to the total flux at energies 
below 0.511 Mev. 

Table IV shows the percentage increase K of the 
“absorbed air dose,” due to the presence of annihilation 
radiation, in an infinite medium. The increase is given 
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TABLE IV. Percentage increase K of the dose due to the presence 
of annihilation radiation. 





This paper 
(positron travel 
This paper disregarded) Goldstein® 
6.36 
5.39 
6.31 
5.12 
6.05 
4.70 


Eo 
(Mev) 
10 
10 
8 
8 
6 
6 


lt 
& 


oe ee 


* See reference 3. 
by 
f dE Epair(E)H(E,z; Eo) 
0 
K=——_ ae Se a re 
Eo 5 
f dE Ewie(E) f sinédé I(E, cos6,z; Eo) 
0 
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where wair(EZ) is the gamma-ray energy absorption 
coefficient of air. These results are in good agreement 
with the estimates of Goldstein’ if the effects of positron 
travel are disregarded. 

The integrated current 


(33) 


A(Ey) = f R(E; Ey)dE 
0 


may be regarded as an “‘annihilation-radiation albedo,” 
and is given in Table V. Also given in this table is the 
average energy (E) of the “reflected” annihilation 
photons which is close to 0.95mc’. 

The effect of positron travel on the annihilation radia- 
tion flux is small. In the case of an infinite medium, and 


TaBLeE V. Energies of annihilation radiation from a semi- 
infinite medium. Cr(E£o) and Dr(Eo) are parameters in Eq. (29). 
A (Eo) is the annihilation radiation albedo defined by Eq. (32), and 
(E) is the average energy of the emergent annihilation photon. 


A (Eo) 


0.101 
0.093 
0.081 
0.056 
0.015 


Dr(Eo) 


0.289 
0.267 
0.247 
0.226 


(E)/me? 


0.948 
0.951 
0.954 
0.958 
0.959 


Eo (Mev) 


10 0.0780 
8 0.0732 
0.0646 
0.0454 


Cr( Eo) 


of a semi-infinite medium with an internal source, the 
positron travel shifts the effective secondary source 
toward the point of observation and thus increases the 
annihilation radiation flux by a small amount (not more 
than 4%). In the case of a semi-infinite medium with an 
external source the positron travel shifts the effective 
secondary source away from the point of observation; 
within our schematization, it is impossible for annihila- 
tion quanta to originate closer to the boundary than a 
distance 7, so that the calculated “‘annihilation radiation 
albedo” is lowered by as much as 12% for a primary 
source energy of 10 Mev if positron travel is taken into 
account. 
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The decay of Ba!” produced by an (m,2n) reaction has been investigated. A new half-life value of 
2.45+0.05 hours is reported. Gamma rays of 1.45, 0.210, 0.182, and 0.127 Mev with relative intensities 42, 
65, 100, and ~26 were found, with coincidences between the 1.45-Mev and 0.182-Mev gammas. Milking 
experiments showed 25% to 30% of Ba" to decay by 8* emission, based on assumptions about the unknown 
decay scheme of Cs. This result is compatible with the intensities of K x-rays, positrons, and the various 
gamma rays only if unobserved y-y coincidences are postulated in addition to the reported ones. The result 
of the milking experiments is also in contradiction to the calculated K/8* ratio. 19% of the observed st 
transitions are in coincidence with the 0.210 and 5.6% with the 0.127-Mev gamma rays. Because of the 
mentioned discrepancies, no decay scheme can be proposed. 


INTRODUCTION 


IX connection with spallation work done in this 
laboratory! it was desirable to gather more infor- 
mation on the decay of Ba’. In barium samples 
produced by high-energy spallation or fission reactions, 
mixtures of Ba!*® and Ba'’® are usually encountered. 
Both are positron emitters and the reported half-lives 
of about 2 hours? and 1.6 hours,’ respectively, are too 
close to be easily resolved. The maximum energy of 
Ba'”® positrons has been reported to be 1.6 Mev. Con- 
version electrons of 130 kev were found.’ 

The present work was undertaken chiefly to deter- 
mine the positron/electron capture branching ratio. 
Although, as discussed below, this quantity has not 
been unambiguously established, other information on 
the radiations of Ba'® as well as a new value for its 
half-life have been found. 


PREPARATION OF SAMPLES 


Barium-129 was formed by the reaction Ba!°(n,2n)- 
Ba, A target of barium carbonate was irradiated for 
two hours with fast neutrons produced by bombardment 
of beryllium with 20-Mev deuterons from the Brook- 
haven 60-inch cyclotron. It was then dissolved and the 
barium fraction was purified by three BaCl precipi- 
tations in the presence of Cs and Sr holdback carriers. 
Finally BaCO; was precipitated for mounting. 


EXPERIMENTS 


The half-life was determined by counting positrons 
from a barium sample prepared from a target of natural 
isotopic composition. Gamma spectroscopy and y-y and 
Bt-y coincidence studies were carried out with 22 mg 
of BaCO; enriched‘ to 239% Ba'*’. The positron fraction 
~ + Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

17. Dostrovsky (unpublished). 

2R. W. Fink and D. H. Templeton, J. Am. Chem. Soc. 72, 
2818 (1950); C. C. Thomas, Jr., and E. O. Wiig, J. Am. Chem. 
Soc. 72, 2818 (1950). 

3M. I. Kalkstein and J. M. Hollander, Phys. Rev. 96, 730 
(1954). 

4 Obtained from the Isotope Research and Production Division, 
Oak Ridge National Laboratory, Oak Ridge, Tennessee. 


of Ba’ decay was determined by measurements of the 
8+ decay rate and the total decay rate as deduced from 
Cs! milking experiments. 

Positrons were detected by their annihilation radi- 
ation. To that end the sample was sandwiched between 
two aluminum absorbers sufficiently thick to absorb 
all the positrons. Two 2-in.X2-in. Nal crystals were 
mounted along a line, with the source in the center. 
The geometry was 12% for each crystal. The output of 
the phototubes was fed into a coincidence circuit with 
two channels that were set on the 0.511-Mev peak. 
The time resolution of the coincidence circuit was 0.15 
microsecond. 

The y spectrum was investigated by a 3-in.X3-in. 
crystal positioned at an angle of 90° with respect to the 
line connecting the two other crystals. Its output was 
displayed by a 100-channel analyzer. Coincidences of 
positrons with y rays could be observed by triple coin- 
cidences of the two annihilation quanta and y rays. 
The output of the 3-in.X3-in. crystal was connected to 
a third unchanneled input of the coincidence circuit 
and to the 100-channel analyzer, whose gate was 
triggered by the triple coincidences. 

For y-y coincidences one 2-in.X2-in. crystal was 
used in coincidence with the 3-in.X3-in. detector. A 
single channel connected to the output of the 2-in. X 2-in. 
detector was set on any one of the various y rays and 
the coincidence spectra detected by the 3-in.X3-in. 
crystal were observed with the gated 100-channel 
analyzer. 


RESULTS 


The positron decay was followed for about three days. 
The decay curve shows besides Ba!” some Cs!®* in 
equilibrium with its 2.4-day Bal’* parent formed by 
the (7,32) reaction. Three independent determinations 
yielded a half-life for Ba'® of 2.45+0.05 hours. In 
another run the deuteron energy was degraded by a 
10-mil copper foil. Thus the formation of Ba'** was 
avoided. The half-life determined by a least-squares fit 
was 2.46 hours with a larger error because of low 
counting rates. In these experiments, which were 
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PULSE HEIGHT (VOLTS) 


Fic. 1. Low-energy portion of gamma spectrum. 


carried out with natural barium, the radiations of 
other isotopes, especially Ba'™™, cover up the y 
spectrum of Ba’. Therefore the sample enriched in 
Ba'® was used for y spectroscopy and coincidence ex- 
periments. The y spectra obtained are shown in Figs. 
1 and 2. According to their approximate half-lives the 
lines listed in Table I belong to Ba'®. The peak at 
0.5 Mev is composed of annihilation radiation and of 
a 0.495-Mev line from Ba"!. From the total §* intensity 
including the Cs'** contribution, one can conclude that 
roughly 18% of the intensity of the 0.5-Mev peak is 
contributed by Ba". This information is needed to 
correct the intensity of the 0.127-Mev peak, since Ba"! 
emits a y ray of 0.122 Mev in coincidence with the 
().495-Mev y ray and with an intensity of 56% of the 
latter. Thus one finds a contribution of about 21% 
of Ba" to the peak at 0.127 Mev. 

Part of the peak at 0.210 Mev is attributable to the 
addition of 0.182-Mev quanta and x-rays. The radiation 
of 0.27 Mev is emitted by Ba'* and Ba'®™. At 0.38 
Mev there are at least two unresolved lines of longer 
half-life, one of them from Cs’ that is growing in. 

The high-energy portion of the singles spectrum 
(Fig. 2) shows a y ray of 1.45 Mev. Its decay was fol- 
lowed for 6 hours and the half-life found to be 2.45 
hours. The y rays at 1.04, 0.89, 0.77, and 0.67 Mev are 
too weak to be assigned unambiguously by their half- 
lives. 

Among the contributions to the x-ray peak are Ba!”®, 
Cs!28, Cs! Ba!!, and Cs!*!_ Since its half-life was not 


TABLE I. Gamma rays of Ba™. 


Photon energy in Mev Relative intensity 





0.032 (x-ray) <131 
0.127 ~26 
0.182 100 
0.210 65 
1.45 42 





* Beggs, Robinson, and Fink, Phys. Rev. 101, 149 (1956). 


followed, only the upper limit shown in Table I can be 
given for the x-ray intensity of Ba!™. 

The intensities of the y rays are given in Table I in 
relative units. The efficiency curves of Lazar, Davis, and 
Bell® for 3-in.X3-in. crystals were used. Corrections 
were made for the addition of y rays that were observed 
to be in coincidence (see below). 

The result of triple-coincidence measurements is 
shown in Fig. 3 together with the singles spectrum. The 
0.127-Mev and the 0.210-Mev lines are in coincidence 
with positrons. They both decay with the right half-life. 
There is only a very weak coincidence with x-rays of 
obviously longer half-life, and none with higher energy 
7 rays. The relative intensity of positrons feeding the 
two lines is 1.5 for the 0.127-Mev and 5.1 for the 
0.210-Mev y ray. The total intensity of positrons 
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Fic. 2. High-energy portion of gamma spectrum. 


measured by 0.511-0.511 coincidences was 27. These 
intensities are given in the same relative units as in 
Table I. The triple-coincidence spectrum was also used 
to determine the energy of the 0.210-Mev line, because 
of the difficulty of resolving this line cleanly from the 
strong 0.182-Mev line in the singles spectrum. 

The y spectrum in coincidence with x-rays shows all 
lines of Ba’. The intensity ratios of these coincidence 
lines match closely those of the lines in the singles 
spectrum. There was no x-0.511 and only a low x-x 
coincidence rate, part of which at least was due to 
other nuclides, especially Cs!*. Setting the channel on 
the 1.45-Mev line, one finds only the 0.182-Mev line to 
be in coincidence. No other cascades could be found, 
with particularly strong evidence against 1.45-0.210 


* Lazar, Davis, and Bell, Nucleonics 14, No. 4, 52 (1956). 





RADIATIONS FROM Ba!??* 


Mev coincidences. Because of the high Compton back- 
ground it would be difficult to detect cascades of 
low-energy lines, and none were found, although one 
could see the weak 0.127-0.511 and 0.210-0.511 coin- 
cidences, and those belonging to the background radi- 
ation of longer-lived nuclides. 

An attempt was made to determine the fraction of 
Ba!” decaying by positron emission. This was done by 
milking experiments, one with natural Ba and one 
with enriched Ba. The positron decay rate was 
followed with the calibrated coincidence circuit. After 
about 15 hours, Cs was milked and its K x-ray counted 
by a thin Nal crystal. The decay curve contains the 
two components Cs!” (31 hr) and Cs"! (9.7 day). Out 
of this measurement one obtains the total amount of 
Cs! if one knows the number of K x-rays emitted per 
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Fic. 3. Triple-coincidence spectrum together with singles 
spectrum. The curves are given in different scales. 


Cs! disintegration. Unfortunately the decay scheme is 
not completely known, but on the basis of the data of 
Nervik and Seaborg’ two different assumptions can be 
made leading to values of 1.31 and 1.23 K x-rays per 
decay. With these numbers the fraction of Ba!” decays 
proceeding by positron emission becomes 0.30 to 0.27 


7 W. E. Nervik and G. T. Seaborg, Phys. Rev. 97, 1692 (1955). 
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in the experiment with enriched Ba" and 0.28 or 0.25 
in that with natural barium. 


DISCUSSION 


The data presented here are not sufficient to propose 
a decay scheme. The relative intensities of the x- and 
y rays (Table I) indicate that there may be more coin- 
cidences which escaped observation. After subtraction 
of the contributions of other nuclides, the x-ray inten- 
sity is too low to account for the independent y rays of 
low energy. Taking the sum of the intensities of the 
0.127-, 0.182-, and 0.210-Mev y rays plus the positrons 
not in coincidence as a lower limit to the total decay 
rate (assuming no electron capture to the ground state 
and no internal conversion of y rays), the positron 
fraction would become only 13%, which is in contra- 
diction to the value obtained from the milking experi- 
ments. This discrepancy can be removed if the number 
of K x-rays per decay in Cs! is <1, rather than the 
values of 1.31 or 1.23 assumed above. Such a low value 
would be obtained if the Cs!*° decay does not go through 
the highly converted 40-kev transition of Xe!” as 
postulated by Nervik and Seaborg.’ 

No attempts were made to look for delayed coin- 
cidences because of the low source activity. The results 
of the x-y coincidences do not make the existence of 
long delays (>0.1 usec) probable since the ratio of 
intensities in coincidence with x-rays agrees with that 
in the singles spectrum. Most of the positron transitions 
are obviously going to the ground state. With this 
assumption and a maximum positron energy of 1.6 
Mey, one finds an approximate value of log ff=5.5 for 
the ground-state transition which corresponds to an 
allowed transition. Using the curves of Perlman and 
Wolfsberg,® one finds a ratio of K/St=2.1 for an 
allowed transition of this energy, which would result 
in 30% positron decay to ground state. Because of the 
transitions through excited states, the over-all positron 
fraction will become only about half of this number. 
This again speaks for the fact that the assumptions on 
the decay of Cs!” are not correct. 
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The methods of Zemach and Glauber for treating the scattering of low-energy neutrons by molecules 
are extended for the rotational degrees of freedom to any type of rotator. A procedure is developed which 
enables their results to be generalized to symmetric or asymmetric molecules. The method is then applied 
to the calculation of the direct scattering up to the accuracy of the first quantum-mechanical correction to 


the classical cross section. 


1. INTRODUCTION 


GENERAL formalism for calculating the slow- 

neutron differential cross section of gas molecules 
has been given by Zemach and Glauber.’ In inves- 
tigating the effects due to the rotational degrees of 
freedom, their considerations were confined to the case 
of a linear molecule. Although the analogous expressions 
are much more cumbersome to write down in the 
extension to general rotators, there is no inherent dif- 
ficulty in obtaining them if the rigid rotator problem 
is handled appropriately. In Sec. 2 we begin by de- 
lineating the specific problem that is considered here 
within the framework of the general scattering process 
of interest. We then go on to present the angular 
momentum commutation relations and the description 
of the rigid rotator in their full generality. The advan- 
tageous feature which results thereby is the use of 
operator identities to carry the calculation as far as 
possible before introducing any particular coordinate 
representation. The fundamental simplicity of the 
operator and state-vector properties tends to be 
obscured by too early an introduction of the rotator 
wave functions in Euler angle coordinates in the form 
in which they are usually found in the literature. The 
source of this difficulty is explained in Appendix B, 
where the symmetric rotator problem is treated in terms 
of Schwinger’s angular momentum formalism and 
suitable wave functions are given. Once the procedure 
is developed all the results of Zemach and Glauber 
may be generalized to any type of rotator. For the 
asymmetric molecule a knowledge of the wave function 
expansion in symmetric rotator wave functions is 
presumed, but only for the initial states of interest, 
since the summation over final states is contained im- 
plicitly in their general expression Eq. (2.1) for the 


cross section. 


2. BASIC FORMULAS 


The formulation of the problem and notation are 
taken directly from Zemach and Glauber. A neutron of 
momentum kp undergoes a collision with a molecule 
which is in the initial state y; having total molecular 
energy E;. Then in the Fermi pseudo-potential approxi- 

1A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118, 129 
(1956). 


mation the expression for the differential cross section 
for scattering with momentum gain x to the neutron is 


o;(d,€) = (k/ 2k) xf e #4 X,-, at, (2.1) 


in which the expectation value in the integrand has the 
form 


(Xv) = (i | dyra,et 4 exp(ix: r,-)e7 7 
Xexp(—ix-r,)|y,). (2.2) 


The final neutron momentum is k=k)+ x, H is the 
molecular Hamiltonian, r, is the position vector of the 
vth nucleus, and 4a, is its bound scattering length. All 
quantities are referred to the same reference system. A 
given «x corresponds to scattering through a certain 
angle # and energy gain e= (2m)—'(k’—k,?). The term 
in the sum with v=’ describes the scattering solely by 
the vth scatterer as opposed to the terms for v¥v’ 
which describe interference effects. The scattering 
uniquely due to a single scatterer we shall call direct 
scattering. 

The analysis of Zemach and Glauber shows how the 
different degrees of freedom of the molecule, namely 
translational, vibrational, and rotational, contribute to 
the cross section and to what extent their effects may 
be separated. Also the consequences of spin dependence 
of the scattering lengths are treated explicitly. They 
showed in particular that interaction effects such as 
vibration during rotation were not of first importance 
and therefore the rotational problem can be considered 
separately to a large degree. Thus, a model in which the 
molecule is taken to be a rigid rotator with fixed center 
and the scattering is regarded as spin independent 
serves to describe in the main the scattering due to the 
presence of the rotational degrees of freedom. Whereas 
their explicit considerations of scattering were limited 
to linear molecules, we shall here consider the general 
case of an asymmetric rotator. 

Consider the scattering of neutrons by a molecule 
which moves as a rigid rotator with fixed center of 
gravity. The molecular Hamiltonian is then 

H=3L-T"-L, (2.3) 


where L is the angular momentum vector operator and 
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I is the moment of inertia tensor of the rotator. The 
matrix I is real and symmetric and consequently so is 
, 

In the well-known way the angular momentum 
operator L gives the generator of an infinitesimal rota- 
tion of the spatial coordinate system. Thus it describes 
the change in description of a vector operator under 
such a transformation. From the other viewpoint, 
which is equivalent but better fits in with our situation, 
L describes the change of a vector which is rotated 
relative to a fixed coordinate system. The results are 
expressed in the commutation relations 


(a,L; |= 1€, jk Qk, (2.4) 


where a is a vector, €;;, is the permutation symbol, and 
the components are taken relative to a rectangular 
system of axes fixed in space (the “space axes’’). The 
vector in particular could be the angular momentum 
operator itself. 

Besides the rotating vectors, which are characterized 
as being rotatable relative to the space axes, we consider 
also directed quantities which are fixed with respect to 
the space axes. The components relative to the space 
axes of such a quantity @ of the latter type do not 
change under rotations and hence commute with L, so 
that 


[a,,L; ]=0. (2.5) 


Now suppose that a and b are rotating vectors while 
a and § are vectors fixed in space. Then if the com- 
ponents of any one of these commute with those of any 
other as well as with those of the rotating vector v, 
the following commutation relations follow from (2.4) 
and (2.5): 


[v-a, L-b]=0, [v-a, L-6]=0, 


[v-a, L-b]=iv-(@Xb), 
[v-a, L-§]=iv- (aX), 


[L-a, L-b]=—iL-(axb), 
[L-a, L-6]=iL- (aX), 


[L-a, L-g]=0. 


(2.6) 


(2.7) 


(2.8) 
(2.9) 


The order of factors used in defining the component 
of L along a vector a is not important, for if the scalar 
products had been taken in the opposite order, then 
the only change would have been in (2.8) where we 
would have the relation [a-L, b-L]=—i(aXb)-L 
appearing instead. The cases of interest will be those 
in which @ specifies the direction of a space axis and a 
refers to an axis mounted on the molecule. A vector 
mounted on the molecule (‘‘body axis’’) clearly under- 
goes rotary motion along with the molecular system and 
so obeys commutation relations with the system’s 
angular momentum of the rotating vector type. Equa- 
tions (2.8) exhibit the anomalous minus sign which 
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appears in the commutation relations for the compon- 
ents of L when they are referred to body axes.” 

In terms of the “effective” Hamiltonian defined by 


H,'=exp(ix:b,)H exp(—ix-b,), 
the expectation value (2.2) may be written as 
(Xv) = (Wi| aya, exp(iHt) exp(ix-b,,,) exp(—iH,’t) |y,), 


where b,,,=b,,-—b,. With the help of the above com- 
mutation relations, H,’ may be evaluated directly. Here 
we have taken for the position vector of the vth nucleus 
its equilibrium position vector b,, which is appropriate 
when viewing the molecule as a rigid rotator. First one 
easily verifies that 


[ix-b,, L]=«Xb,. 


The same relation is valid of course whether components 
are taken relative to the space axes, in which case it 
will be the commutators involving the rotating vector 
b and L which enter, or are taken relative to body axes 
whereupon it is the commutators involving the fixed x 
and L which will be applicable. Inserting this in the Lie 
expansion 


eS0e~8=0+[5,0]+4(5, [S,OT]}+--:, 
we obtain 
exp(ix-b,) L exp(—ix-b,) = L+ (xXb,). 


It follows immediately that the effective Hamiltonian 
has the form 


H,’=3[L+ («Xb,) ]-F'-(L+ (x+b,) ] 
=H+3L-T'- («Xb,)+3(«Xb,)-F'-L 
+3(xXb,)-I-'- (xXb,). 


By taking components either along the body axes or 
along the space axes and then using the appropriate 
commutation rules it is easily shown that this can be 
written as 


H,'=H-—(b,X«)-T*'-L+4ib,-F'- x 


—4i(Tr I) (b,-%)+3(b,X«)-F'- (b,x), (2.10) 


where Tr denotes the trace. 

We now briefly mention certain features of the rigid 
rotator problem’ that will be pertinent here. As in the 
classical problem a great simplification results when the 
Hamiltonian operator H is expressed in terms of com- 
ponents referred to a set of body axes because the 
elements of I are constants in such a description. A 
complete commuting set of observables for the system 
consists of the following three members: a component 
of L along a fixed space axis Lz, a component along 
a body axis L,, and the square of the total angular 
momentum L?=Lx?+Ly*?+L7=L/+L/7+L/, all of 


2 For a thorough discussion of all these points, see J. H. Van 
Vleck, Revs. Modern Phys. 23, 213 (1951). 

3A survey of the asymmetric rotator problem has been given 
by C. Van Winter, Physica 20, 274 (1954). 
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which commute with one another as one can readily 
verify from the above commutation relations. For the 
symmetric rotator, if the body axis is taken as the axis 
of symmetry, then they also commute with the Hamil- 
tonian and constitute a complete set which can be used 
to specify energy eigenstates. The quantum numbers 
M, K, and J associated with Lz, L,, and L’, respectively 
are the ones customarily used to label the energy eigen- 
states |J KM) of the symmetric rotator. For a given J 
the energy levels are degenerate with respect to all 
values of M and +X. In the case of the asymmetric 
rotator no component of L along a body axis commutes 
with H, and the third quantum number used to 
distinguish the 2/+1 energy eigenstates with the same 
J and M has no such immediate significance. However, 
the 2J/+1 states |JKM), K=—J, —J+1, -:-, J, 
comprise the totality of simultaneous eigenstates of L’, 
Lz, and L, having the same J and M values and so 
form a complete set of eigenstates of Z? and Lz for given 
J and M. Hence, the energy eigenstates of the asym- 
metric rotator may be written 
K=J 
|JM)= 3% ax|JKM), 


K=—J 


(2.11) 


where the third quantum number for the asymmetric 

rotator has been omitted for simplicity and 
L?| JKM)=J(J+1)|JKM), 
Lz|JKM)=M\JKM), 
L.|JKM)=K\|JKM). 


(2.12) 


Furthermore, if we define the shift operators L,=L, 
+iL,, it then follows from the commutation rules (2.8) 
that their operation is given to within a constant phase 
factor (which is independent of J, K, and M and can 
thus be chosen as unity) by 


L,|JKM)=((J ¥K)(J4K+1)}\J K41M). (2.13) 


Euler angle variables are defined here as follows: @ 
and ¢ refer to the polar and azimuthal angles, respec- 
tively, of a body z axis and y is the “spin” angle about 
this axis. The Euler angles which specify the orientation 
of the principal body axes relative to the space axes are 
the set of variables giving the most useful wave function 
representative of a symmetric rotator energy state. The 
symmetric top wave functions are normalized according 
to the condition 


2r 2r 1 
i) def aw f dp Von Vn =by75KK OMe, 
0 0 -—1 


and may be specified by the relation 
Wyxu=((2J4+1)/8r? UY eu (¢,0y), (2.14) 


where p= cosé and U“) xy is the KMth matrix element 
of the Jth irreducible unitary representation of the 
rotation group. It is shown in Appendix B that this 
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specification does not affect the validity of the operator 
properties (2.12) and (2.13) for the wave functions 
Wsxm, unlike the wave functions which are usually 
given in the literature.’ If for the asymmetric rotator 
we use as coordinates the Euler angles of a body axis 
system and use in the sum of (2.11) the set of states for 
which K refers to the z axis of the system, then the 
energy eigenfunctions in this description are given by 


(gud |JM)=3 axVaxu(¢u,y). 


When numerical evaluations of energy eigenfunctions 
or levels are carried out, principal body axes are used 
so as to make the tensor I diagonal. For the present 
considerations, however, it is convenient to employ 
body axes which diagonalize other tensors. The trans- 
formation law for converting the conventional wave 
functions into the form required here is given in Ap- 
pendix C. 

To determine the scattering by a rotator having 
angular momentum J and energy E, we must evaluate 
the expectation values (2.2) averaged over all orien- 
tations of the AM vector J. Calling these (X,,)7, we have 
for spin-independent scattering 


4,0» 
(Xw)s= 
2J+ 


J 
> (JM| exp[ix-b,, ] 
M=J 


Xexp[—it(H,’—Es)]|JM) (2.15a) 


J 


=4a, 


K’ , K=—J 


(2.15b) 


aK *aK(Xy)7K'K, 


where 
J 


(Xo)reK=(2I+1)-? © VUK'M| exp[ix-b,] 


M=—J 


Xexp[—it(H,’— Ey) ]|JKM). (2.16) 

Of course, for the symmetric rotator the sum over 
K in Eq. (2.11) consists of only one term, but the sum 
over M in Eq. (2.15b) should be augmented by an 
average over +K and —K because of the degeneracy 
in these eigenvalues. The limiting case of the spherical 
rotator for which there is complete degeneracy in K 
would in turn involve an average over all values of K. 


3. APPROXIMATIONS TO THE DIRECT 
SCATTERING 

The cross section for direct scattering will now be 
calculated to the order of accuracy of the first quantum 
correction to the classical cross section. In order to 
elucidate the procedure we first evaluate the classical 
cross section separately. The direct scattering from a 
nucleus with position vector b, has a classical description 
corresponding to large values of kod,. In this limit we 
may effectively neglect the contributions of the operator 
L in H’ and H. The matrix elements in Eq. (2.16) then 
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take the form (after dropping the nuclear index v) 


Pi Qn Qn 1 
(X)seeK=(2J+1)7 ¥ dof av f duysxm* 
ot 


M=J 
Xexpl—it(}n- R-«) Woem, 


where R=Btl'B with Bj;=€imjbm. The summation 
over M can be carried out immediately with the help 
of the unitary property of the wave functions as 
expressed in Eq. (2.14) and gives 


(X) ren = (82) "Bx f do engl tele Bap? 
From Eqs. (2.1) and (2.15) we then obtain 
oo(d,€) = (a*k/Su*k.) fd 5(e+3n-R-x), (3.1) 


a result which is independent of the initial state since 
no reference to either J or the coefficients ax remains. 
It is to be noted that since the determinant of B 
vanishes, the determinant of R is also zero. Hence, at 
least one of the eigenvalues of the real symmetric 
tensor R is zero. There are in addition two other eigen- 
values r; > r2>0 given in terms of the principal moments 
of inertia 7; and components 8; relative to the principal 
body axes by 


n= (1/Wels AD LAO +U(X Lbs)? 
4h I bye3hOLO}), 

r= (1/2hle {X12 —[(L 1621} 
—41 1b, Fy, 


(3.2) 


where Pe Tot T3, [,H)= hts, I;/)= hts. 

For the symmetric rotator the freedom to rotate 
the molecule about the symmetry axis permits placing 
the nucleus in a principal plane. The complete rotational 
freedom of the spherical rotator allows the further 
localization of the nucleus to any body axis so that two 
components of b can always be taken to vanish. 

As yet we have not explicitly specified the body axes 
to which the Euler angle variables refer in the preceding 
integrals. Clearly, however, the most convenient choice 
here is the system which diagonalizes the tensor R. 
When each such axis x; has the same index 7 as the 
corresponding eigenvalue 7; and x is taken in the spatial 
Z direction, then Eq. (3.1) has the form 


T1(8,€) = (a'k/Sa*k,) f de dy du 


X 6[e+43x?(1—p?) (11 cos*y+re sin) ]. 


Instead of carrying out the indicated integrations 
directly, we make use of some general results derived 
in Appendix A where a class of integrals which includes 
the one in Eq. (3.1) as a special case [7(000) in the 
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notation of Appendix A] is evaluated. The classical 
approximation is thereby found to be 
a(d,€)= (2a?k/wkox)[72(2e+r1x*) IK (p) 
for —43rox*<e<0 
= (2a%/mhox)[ (—2)(ri—r2) 4K (9) 


for —3rix? << — Fro’, 


(3.3) 


where p?=9~*= —2e(11—12)/ro(2e+rix?) and the mag- 
nitude of «x has been throughout designated by x (while 
in Appendix A the symbol xo is used). The range of « 
determines the energy spectrum of outgoing neutrons 
for a given scattering angle #. 

The cross section o@(#,e) which includes the first 
quantum corrections to oi (#,e) will next be calculated. 
Upon introducing the notation \=—it, Q=Bth, 
G= I, and Cmn= €mi sO" j= 6, Gim—Giibm into Eq. (2.10), 
the exponential operator in Eq. (2.15a) may be written 


exp[A (H,’— Es) ]}=exp(AC) f(a), 
where 
f(A)=exp(—AC) exp\(A+B+C), 
AwB~E;, Ban~s-@-1i-hew,. Coin Rs 


In the classical approximation the term C is retained 
while A and B are neglected, that is, f(A) is approxi- 
mated by the value unity. Corrections to the classical 
approximation can be obtained from the Taylor series 
expansion of f(A). In terms of the operators 

F,= f™(0)/n!, 


the series may be written as 
ao 
SA)=14+L MF. 
n=1 
Upon inserting this into the matrix elements of Eq. 
(2.16), we are led to the expression 
oy) (3,€) =o¢1(0,€) + (a2k/2rko) 
Xd ax*ax > (0"/de")XxK™, (3.4) 
K’.K ” 
where 


Xxen™ =(2J+1) f dt eS (JK'M|eF,,| JKM). 
“i M 


In view of the fact that the terms 4 and B are of order 
(xb)? and (xb), respectively, relative to C, the 
quantum corrections can be classified according to the 
highest order terms retained in f(A). The first quantum 
correction consists in retaining terms up to order (xb)~?, 
ie., to first order in A and second order in B. The 
required expansion is given by Zemach and Glauber, 
Appendix B, with the result that to this order 


F\=A+B, F2=}([A+B,C]+B%), 
Fs= 3 (([A,C],C]}+2[B,C]B+ BBC), 
Fe= 4 (B,C), 
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and all others may be neglected. Vanishing contri- 
butions arise from terms which contain the operator A 
standing all the way to the right or which consist of an 
odd power of either B or [B,C]. This follows in the first 
case directly from Eq. (2.15a) and in the second 
because the terms lead ultimately to forms of the 
integrals (A2) which vanish because they have odd 
degree polynomials in the integrand. 

It will now be convenient to choose specifically once 
again the body axes for which the tensor R is diagonal. 
We note that b itself is the eigenvector of R corre- 
sponding to the eigenvalue r;=0, so that its components 
in this system are (0,0,b). Equating the form of B'GB 
which results from this to its diagonal form in the 
eigenvalues r;, we find that Gy=reb~*, Goo=1,b~, and 
Gi.=0. This in turn leads to the relatively simple 
expressions 

0 r3b7 bGo3 
—rob~ 0 —6G;3}, 

0 0 0 


Q= 


and 

c= [bGi3, bG23, — (rit+72)b]. 
The matrix elements G33, G13, and G23 can be expressed 
in terms of the principal moments of inertia 7; by using 
the invariance property of the coefficients in the 
characteristic equation for G. The result is 


G33=M1— (rit+12)b~, 

Gi;?7= ("1;—fo)” '(royot+r’b 4*— bu3—reuib), 

Go3?= (171 — 2) (Pustry ub? —riywe—rb-), 
where 

m=D ig A po= i<j ‘cts", ws=IIi af". 
The signs of these quantities depend on the actual 
choice of positive directions for the body axes and can 
be determined readily from the fact that the vanishing 
of G2 implies that Gy3 and G2; have the same signs as 
the products of inertia }> maxix3 and >> mxexs, respec - 
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tively, while the product GsG23 has the opposite sign 
to >> mx 1x». 

The remaining steps in the evaluation of the Xxx, 
while completely straightforward, are somewhat lengthy 
and will only be summarized. The operators F,, contain 
the angular operator which does not commute with 
exp(AC). The commutation relations (2.6) to (2.8) are 
used to evaluate the commutators and to commute the 
remaining angular momentum components all the way 
to the right where the results of their operation can be 
determined by Eqs. (2.12) and (2.13). Since no terms 
dependent on the quantum number M are thereby 
introduced, the average over M can be carried out by 
going to the Euler angles representation and using the 
unitary property of the wave functions. After carrying 
out the ¢ integration one is finally left with a sum of 
terms, each of which contains an integral of the type in 
Eq. (A3) as a factor. Upon substituting the expressions 
for the Xxx” into Eq. (3.4), the form of the cross 
section can be simplified with the help of certain dif- 
ferentiation relations valid in both energy intervals for 
the functions which occur. With a prime indicating 
differentiation with respect to e, these are 


' (220) = (r1:— 12)! (#1 — 2), 
&'(202)=r;-1(@,—4s), 

' (022) =r2-!(@.—9), 

’ (400) = — 37.1 + 1o(2e+r3x?) (220) J, 
’ (040) = —3ro [+1 (2e+ rox?) (220) J, 
®’ (402) =r, (400) — 36(202) ], 

(042) = rs [ (040) — 36 (022) J, 

(240) = (r1—72)L — (040) +34 (220) ], 
&’ (420) = (r1—12) “6 (400) — 36(220) ], 

’ (222) =r, [6(220) — (022) J. 


The result may finally be written as 


oy) (B,€)—oai(d,€) = (a*k/ 329k) 0?/dE({ rb LJ (J +1) —(K) 4+ 20°Go3( K2) +0 ret dros 1 0°Go3r} P; 
+ {2b (J+1) —(R*) J4+-20°G19(K?)+ brs 8°G 137} Be 
+ 3{— 0? (ri+12°— 3s?) (1-12) "+ (11-12) ur FB (Gis? —Gas*)} (1 — 82) 
—E [rnb + rer (n— 12)b°G23" |(2e+-973yx2) 1+ [9720 — rye (71— 72) 0°G1 3? | 
X (2e+ rox?) (220) +> x {20(J —K+1)(J+-K) }'[72Gi3(2K —1)R (ax*ax_1)P2 
+ iryGo3(2K —1)9 (ax*ax_1)®; ]+[(J—K+1)(J—K+2)(J+-K—1)(J+K)]}} 
X R(ax*ax_2)[72°b-h.—1r7b*, |}), (3.5) 


where (K®)=}>0 x ax*axK? and ® and g mean real and 
imaginary parts, respectively. The differential operator 
applies to all explicit occurrences of € lying to the right 
of the operators, including those in the variables p or q, 
but not to x or k (which for a given value of # are 
implicitly functions of e). 

We may carry out the remaining differentiations and 
obtain the cross section in terms of the complete elliptic 
integrals of the first and second kind by using the fol- 


lowing relations: 
©, = —1r7 (000) — rors! (2e +17 1x?) Bo, 
D2! = — 75" (000) —ryre! (2e+ rox?) "'@, 
’ (000) = 162k! (2e+-rin?)—?(— 26) 
X LK (p) — rox? (2e+rox®) 1E (p) J, 
16m (71—12)~ x (— 2€)-3 (Ze 4 ryx?) 
X[—K (q)— (r1— 12)? (2e+ rox”) E(q) J. 
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For rotators possessing symmetry, Eq. (3.5) for the 
cross section simplifies considerably. We shall outline 
the modifications which enter for the various special 
cases. 

Symmetric rotator—We take the symmetry axis as 
the body z axis so that the energy eigenstates are the 
|JKM) and the summation over K in Eq. (2.11) is 
replaced by a single term, ie., ac=1 and ax =0, 
K’#K. Hence the summation term in Eq. (3.5) drops 
out and (K*)=K?. Formally an averaging over the 
values +K and —K is also required because of the 
degeneracy in these quantum numbers, but this 
introduces nothing new since only terms proportional 
to K? and terms independent of K are now present. As 
a consequence of the symmetry with respect to the 
z axis, we may locate the nucleus in the plane of the 
principal « and z axes and have b:=0 in Eq. (3.2). 
Calling /:=/:=J, we then find that for the case J>J;, 


n= (113) (6PI+6313), re=I- 8, 
Gi3= 0, G2;?= b,°b3?(bLT 3) (I—I3)?. 


For the case 7<J;, the expressions for r; and rz and for 
G13 and G23 are merely interchanged. 

Spherical rotator—The energy eigenstates |JKM) 
are in this case completely degenerate in the quantum 
number K, so that an average over all values of K 
must be taken. The effect is to replace K? by 


1 


J 
K*=3J(J+1). 
(2J+1) kK=—s 


Since any body axis is a principal body axis, the axes 
which diagonalize, the matrix R are also principal ones 
(with the nucleus lying on the principal z axis) and the 
matrix G is diagonal for them. Hence we have that 
G13=G23=0 and 1;=r2=]~—'b*, where J is the common 
value of the moments of inertia. The width of the 
second energy interval vanishes. Throughout the first 
energy interval the variable p takes on the limiting 
value zero, and the limiting values of the functions 
appearing in Eq. (3.5) are found to be 


}, > b,— —4PM (F—F), 
@; — 8M Zz, 
(713 —1r2) 1 (@,—42) > WPM’ (3+) (F-F"') ], 
(2e+-rx2)-(220) > wone[ (1-2) (#-F) J, 


where in the notation of Zemach and Glauber, 
#=K?(e?+2Me) and M=r'=Ib-. 

Linear rotator.—The expression for the cross section 
of the linear rotator differs from that of the spherical 
rotator only because the energy eigenstate K=O alone 
enters, and hence we only insert (K?)=0 into Eq. (3.5). 
Since the nucleus in a linear molecule lies on the prin- 
cipal z axis, 6; =b.=0. Calling /;=/2=J, we find that 
r=re=I 8 and Gi;=G2;=0 independently of the 
value of /;. Upon substituting into Eq. (3.5) the limiting 
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values given for the symmetric rotator, the form of the 
cross section for the linear molecule is identical to that 
given by Zemach and Glauber. 

The preceding calculation illustrates the methods 
involved in treating the scattering by a general rotator. 
Zemach and Glauber have presented other expansions 
with different regions of validity for the cross section of 
a linear molecule. Work is now going on in evaluating 
the corresponding generalizations of these and applying 
the results to cases of experimental interest. 
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APPENDIX A 


In Sec. 3 there occurred integrals of the form 
I (nyn2n3) = aremers(ete R-x)dw, (Al) 


where the x; are the components relative to a body 
system of axes of a quantity « which is fixed with 
respect to the space axes, the m; are positive integers, 
and R is a real symmetric tensor whose components 
are determined by the choice of body axes. The inte- 
gration extends over all orientations of the molecule. 
We may now visualize the integration process from the 
viewpoint of the body system in which case the space 
axes are pictured as moving through all orientations 
and x is confined to a sphere of fixed radius which will 
be called xo. Corresponding to each element of solid 
angle dQ occupied by « there is an ‘amount of rotation” 
equal to 2rd due to the spin degree of freedom. Hence 
we can write 


[= oe a R-x«)dQ, 


and then by means of a second delta function extend 
the integration over all « space, so that we finally 
obtain 


Touma) = frat i(cbhe R-«) xg 16(k?— ko?) dx. 
(A2) 


Since the delta functions are even under inversion of 
the body axes, J vanishes if either one or all three of 
the mn; are odd integers. In order to evaluate the non- 
vanishing integrals, it is convenient to perform a trans- 
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formation of the integration variables corresponding to 
the rotation of body axes from the original system to 
the body axes in which R is diagonal. Under such a 
transformation of the variables in the integrand of /, 
the arguments of the delta functions are invariant 
while the components «x; transform in the usual way 
under rotation. Thus J can be expressed as a linear 
combination of integrals having the form 


®(mamams)=4e mimes 


X5(e+ briki?+ dr oK2”)Ko! 6(k?@—Ko?)dx, (A3) 


in which m+ m2+m3= + m2+n; and the components, 
which now refer to the new body axes, have for sim- 
plicity been designated by x; again. The delta functions 
here are even in each x; separately so these integrals 
vanish if any one of the m, are odd integers. Taking all 
the exponents to be even integers and performing the 
ks integration, we obtain 


P( 2m,,2me2,2m3) = (4x, co) fnitmastm 


«b(e+ Srikye+ $roK2") (xo?— K12>— ko?) ™— 'dxydko, 


with the integration extending over the circular area 
bounded by the curve «:?+x2’=xo®. The argument of the 
remaining delta function vanishes on an ellipse of 
semimajor axis (—2¢/r2)! along the 2-axis and semi- 
minor axis (—2¢/r;)' along the 1-axis. In order to 
proceed further with the integration, we must dis- 
tinguish between the two cases which arise according 
to whether ¢ is greater than or less than the quantity 
(—4roxe?) and which correspond to whether the ellipse 
lies respectively entirely within or partly outside the 
area of integration. If we next perform the x integra- 
tion, ® becomes 


©(2m,,2m2,2m3) 


= ( Lon /aarsm*m) f K2?"2(— 2e—roxo?)™—4 
0 


X Lrixo?+2e— (r1— r2)k2" |™—tdxe, 
where the upper limit « is a function of € given by 
u=(—2¢/r2)' for (—4roxce?) <<e<0, 
u=[(2e+riKx0?)/(r71—12) }! for —4rixo? <e < —4roxc’, 
u=0 otherwise. 

By means of the transformations y= 72x2?/(—2e) and 
2°= (r,;—12)ko"/(2e+rixc?) in the integrals giving ® for 


the first and second ¢ intervals, respectively, we obtain 
finally 
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©(2m,2m2,2ms3) 
164 (—2¢)™*+™(2e+riKxo?) 4 


gymitmay mathy 





1 
x J y?m2(1 —y*)m-4(1 ae py?) m3— idy 
» for — Sroxe?< e<0, 
16m (—2e)™—4(2e+91iKo?)™*™ 





rym™tms(7)— 12) ™tIKy 


1 
x f ?m2(] —2?)ms-4(1 —22p-2) “Ids 
0 
for —43riKo?<e< —4roKo?, 


where ~?= (r1—1r2)(—2e)/r2(2e+rixc?). In the first in- 
terval ~?<1 holds and in the second ~?>1. The 
integrands in (A4) are linear combinations of functions 
of the form 2" (1—#)(1—##) }-?, <1. The integrals 
of these can always be expressed linearly in terms of 
elementary functions and the complete elliptic integrals 
of the first kind K and the second kind £, as may be 
explicitly verified‘ by means of reduction formulas 
obtained from differentiating the expression f"-* 
x [(1—f)(1—?) ]!. In the neighborhood of the limit- 
ing case of a symmetric rotator where r2~11, ® is 
proportional to (r:—r2)"3~} for values of ¢€ within the 
second interval. Since this interval itself is proportional 
to (r;—72), it is seen that in all cases its contribution to 
the integral of ® over ¢ vanishes as 72 approaches 1}. 

For small values of the m;, the integrals J(m,n2n3) are 
easily evaluated since there are readily available tables 
which give the necessary integrals of the type in (A4) 
in terms of the complete elliptic integrals. In particular, 
in the first and second intervals of ¢, respectively, 


1 (000) = (000) = Mry(ri—r2)ro! (2e+rinc?) 1K (p), 
Nryro(ri— 12)! (— 2€) 1K (q), 
where 
q=p", M= 16mre'7;—!(71—12) "ko, 
N= 16x (71:—12)*7y¥72"ko, 


and the result has been used to obtain the form of the 
classical cross section in Eq. (3.2). 

All higher integrals of the form J require explicit 
reference to the rotation matrix S;; which transforms 
components of «x from those in the original body axes 
to those in the axes which diagonalize R. Thus if we use 
the notation ©(200)=,, (020) =», (002) =4;, then 
for the case m;=1, n;=1, m=O in the integral of Eq. 
(A1) we have that 


3 
[=> Siwvd jaPm: 


m=1 
4See E. T. Whittaker and G. N. Watson, Modern Analysis 


(Cambridge University Press, Cambridge, 1950), fourth edition, 
p. 515. 





SLOW-NEUTRON 


The expressions for ®,, in the first and second intervals 
of ¢, respectively, are 


$1 = M (2e+rixc®)!LE(p)— (1— p*)K (p) J, 
Nr2(ri—r2)~!(— 2) *E(q), 
b2= Mryre (2e+rix*)"LK (p)— E(p)], 
Nr (11—12)!(— 2€)4LK (gq) — E(q) J, 
3= M (r1—12) ro! (2e+rixe?)!E(p), 
N(—2c)!LE(q)— (1—9°)K (q) ]- 


The first quantum correction to the classical cross 
section can be expressed in terms of the ®,, and the 
function (220), which is given by 


(220) = 4M (r1—12) (e+ rixe?)! 
X[2(p?-1)K(p)+ (2—p)E(p) ], 
4N (11—12)—!(—2e)! 
X[(1—-¢@)K (g)+ (2¢—1) E(q) J. 
APPENDIX B 


The symmetric top wave functions which are used 
in a large part of the literature do not exhibit the 
unitary relation of Eq. (2.14) and introduce phase 
factors into expressions like Eq. (2.13). This is due to 
the choice of the relative phases of the wave functions 
and tends to obscure their fundamental properties 
which follow from those of the state vectors themselves. 
The treatment of these wave functions within the 
general angular momentum formalism of Schwinger® 
considerably simplifies their use in calculations of the 
type required here, so a short outline of the relevant 
procedures for the symmetric top problem will be given. 

The unitary operator which gives the transformation 
of states and operators due to a rotation of the spatial 
coordinate system is 


U=exp(iw: J) =e se 2¢' 945, 


where J is the angular momentum operator satisfying 
the usual commutation relations and w=yn, 7 being 
the angle and n the unit direction of the rotation. 
Another specification of the rotation, the Cayley-Klein 
parameters, is given by the unit four-vector ¢: 
(f= cos}y, £=mnsin}y), in terms of which the unitary 
operator in the two-dimensional case where J=}e has 
the explicit form 


u(§)=fo+iE-@. (B1) 


We next introduce Schwinger’s right and left dif- 
ferential operator representations of J. Corresponding 
to the noncommutativity of an infinitesimal and a finite 
rotation, a further rotation dé beyond that given by ¢ 
can be interpreted in terms of the multiplication of U 
by an infinitesimal rotation operator either from the 
left or the right, namely 


U(é+dt) = (1—t50-J)U (¢)= U(€)(1+15,0-J).  (B2) 


5 J. Schwinger, Atomic Energy Commission Report NYO-3071 
(unpublished). 
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Upon applying the definition (B2) to the two-dimen- 
sional form (B1), it then follows from the algebra of the 
Pauli spin operators that the increments in the com- 
ponents of & are given by 

dto= 3510 E= — 35,0 E, 

dE= — FEO w+} (5X E)= FE rw +} (5-0 ). 
If we consider a physical quantity F whose value is 
dependent upon the orientation of the coordinate 
system in which it is viewed and is F(£) in the rotated 


system, then the change due to the additional infini- 
tesimal rotation may be written 


F(&+dt)=F(§)+dF = (1+6-Ji)F 
=(1+i6,0-J,)F. 


The forms of the differential operators in (B4) are 
obtained from (B3) and are 


(B3) 


(B4) 


a 
L=Hexv-A( HE), 
dy 

a 

J=texveta( are). 


0 


These representations of J obey the same commutation 
relations as J itself and commute with each other. If 
F is taken as a matrix element of U, i.e., 


F(é)=(a'| U(&) |b’), 
the properties (B2) and (B4) then imply the relations 
JU()=—-IU(), U(I=SIU(E), (BO) 
which are seen to be consistent with the commutation 
relations for J; and J,. 

It follows from the commutation rules that the 
operation of J;=Ji+iJ2 upon the state vectors | jm), 
which are simultaneous eigenvectors of J? and J; with 
eigenvalues j(j+1) and m, respectively, is given by 

J, jm)=C| j, m+1), (B7a) 
with C=[(j—m)(j+m-+1) ]}!, apart from an arbitrary 
phase factor which may freely be chosen equal to unity. 
Equation (B7a) in turn implies the relation 
and finally we can write the adjoint relations involving 
J_=J,t=J;—iJ»o, namely 

(jm|J-=Cj, m+1|, 

J_|j,m+1)=C| jm). 

The symmetric top wave functions in Euler angle 
variables may now be specified in terms of the matrix 
elements U‘) :m=(jk|U| jm) as follows: 

Voxu =(gud| JKM)=NU“ xm, (B8) 
where the normalization factor is N=[(2/+1)/8x*}}. 


(B7c) 
(B7d) 





874 


The group representation property of the matrices 
U“ is exhibited in Appendix C, Eq. (C3). The opera- 
tion of a component of angular momentum along a space 
fixed axis, say Lx, and a component along a body-fixed 
axis, say L,, are given by 


(gquy| Ly| JKM)=N(JK|UJ;|JM), 
and 


(guy | L,| JKM)=N(JK\J,U\ JM). 


For consistency it is then required that operator 
products be ordered as follows: 


Lyly — US,Ja, LL, JJ WU, 
L,Ly=LyL,— J\UJs. 


The Vyxm defined by (B8) are clearly eigenfunctions 
of L?, L,, and Lz. It is readily verified that the above 
prescription together with the commutation rules for J 
and Eqs. (B7) yields for components of L their com- 
mutation relations as given in Eqs. (2.6) to (2.9) and 
their operation on the energy eigenstates of the sym- 
metric rotator as given in part by Eqs. (2.12) and 
(2.13). A further immediate consequence is that the 
differential operator representations to be used for the 
components of L along the space axes and body axes 
are the corresponding components of J, and —J,, 
respectively. When expressed in Euler angle variables, 
these give the usual form for these operators. The wave 
functions given by Eq. (B8) when K=0 are precisely 
the spherical harmonics used by Condon and Shortley.® 
The unitary property of the wave functions follows upon 
observing that the operation of U on | jm) does not 
change the value of 7, so that we may write 


J 

2 * 

N > VWoxu * Vim 
rans 


a J* 
=> ¥Y VM" |Ut|I'K\I'RK|U|IM). 
J'=0 K J’ 


The right-hand side is simply 64-4 by virtue of the 
completeness of the states | jm) and the unitary nature 
of U. 


*E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1935), p. 52. 
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APPENDIX C 


The transformation law relating the form of the 
asymmetric rotator energy eigenfunction as it is 
usually presented in the literature to the form which 
is required for our purposes will now be obtained. 
Suppose that the body axes system of interest is x, y, z 
with Euler angles ¢, 6, y and the principal body axes 
are x’, y’, 2’ with Euler angles ¢’, 6’, ¥’, both sets of 
angles being referred to the same space fixed axes. 
Further let a, 8, y be the Euler angles of the principal 
axes relative to the other system of body axes, and let 
K and K’ designate the values of the component of 
angular momentum along the z and 2’ axis, respec- 
tively. The energy eigenstate |JM) can be expanded 
either in terms of the set |JKM) as in Eq. (2.11) or in 
terms of the set | JK’M), i.e., 


J 
|JM)= DX ax’|JK'M). 


K'=—J 


(C1) 


The form (C1), which corresponds to the use of prin- 
cipal axes, is the one generally available from calcu- 
lations of the energy eigenstates. The relation connect- 
ing the energy eigenfunctions in the two descriptions is 


(gu |IM)=(¢'n'p’| JM), (C2) 
since the Jacobian for the two sets of variables is unity. 
The composition rule for successive unitary trans- 
formations determines that the group property of 
rotations be expressed as 
U(¢'0'p') = U (aby) U (6p), 
from which it follows that 


UM peu ( eV’) 


J 
= YF UM Ky (aBy)UP wa( eh). (C3) 


M'=J 
Upon substituting the expansions (2.11) and (C1) into 
Eq. (C2), it then follows from Eq. (C3) that the 


required transformation law is 


J 
ax= > ax’U!) x: K(aBy). 
cans 
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The decay of As’ (17.5-day) has been reinvestigated with single and coincidence scintillation spectrom- 
eters. The singles spectrum revealed previously unknown gamma rays of 1.19+0.01, 1.60+0.04, and 
2.22+0.02 Mev. X-ray—gamma coincidence measurements indicate the 1.19-Mev gamma ray is pre 
dominantly associated with the decay to Ge’. Evidence is found for 0.6—0.6 Mev gamma-gamma co 
incidences in Ge". Based on these data, a level scheme for Ge” is presented with excited states at 0.596, 
1.19, and 2.22 Mev. No new information concerning the decay to Se™ has been gained. 


I. INTRODUCTION 


RIOR to the present work, the most extensive in- 

vestigation of the decay of As™ (17.5-day) was 
performed by Johansson ef al.! who found two negatron 
groups of 0.69 Mev and 1.36 Mev in the intensity ratio 
of 0.96:1, two positron groups of 0.92 Mev and 1.53 
Mev in the intensity ratio of 8.1: 1, and two gamma rays 
of energy 0.596 Mev and 0.635 Mev whose relative 
intensities were 4 to 1, respectively. These authors also 
performed beta-gamma coincidence experiments which 
showed the 0.596-Mev gamma ray to be in coincidence 
with the 0.92-Mev positron branch and the 0.635-Mev 
gamma ray in coincidence with the 0.69-Mev negatron 
branch. From their data, they were able to calculate an 
electron-capture to positron ratio of 1.5 for the decay 
to the 0.596-Mev level in Ge”. 

During their investigation of the decay of As”, Brun 
et al.” observed a 1.20-Mev gamma ray which they 
assigned to the jonger-lived As” in their source. Sinclair® 
observed a gamma ray of about this energy by inelastic 
neutron scattering on separated Ge” and tentatively 
assigned it to the second to ground-state transition. 
Furthermore, Scobie* determined the total electron- 
capture to positron plus negatron ratio in As” to be 
0.67+0.04 and a total Z-capture to K-capture ratio of 
0.085+0.020. 

The work reported here is an outgrowth of the work 
of Brun et al.” as well as part of an attempt to establish 
systematic trends of even-even nuclei in the neutron 
shell 28<.N <50. 


II. SOURCE PREPARATION AND APPARATUS 


Two As” sources were produced by bombardment of 
Ga2O ; with alpha particles of about 20 Mev for about 
16 and 160 microampere hours, respectively, at the 


¢ Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 


*Present address: Department of Physics, University of 
Colorado, Boulder, Colorado. 

t Present address: Physics Department, University of Zurich, 
Zurich, Switzerland. 

§ Present address: Massachusetts Institute of Technology, 
Cambridge, Massachusetts. 

1 Johansson, Cauchois, and Siegbahn, Phys. Rev. 82, 275 (1951). 

2 Brun, Kraushaar, and Meyerhof, Phys. Rev. 102, 808 (1955). 

3 Rolf M. Sinclair, Phys. Rev. 107, 1306 (1957). 

4 J. Scobie, Nuclear Phys. 3, 465 (1957). 


60-inch cyclotron of the Crocker Radiation Laboratory 
of the University of California. Neither source was used 
within two weeks after production in order to allow the 
shorter-lived As” (26-hour) and As” (62-hour) activi- 
ties to decay. The radioactive arsenic was chemically 
separated by a distillation of AsCl;, and then precipi- 
tated as AsoS;. One hundred milligrams of As carrier 
were added for the short bombardment, and 5 mg for 
the longer bombardment. 

Except for a counter used to detect Ge x-rays, the 
equipment has been described elsewhere.® The x-ray 
detector consisted of a 1 in.X1 in.x~0.015 in. thick 
Nal(TI) crystal mounted on a glass plate and covered 
with }-mil aluminum foil which had been smoked with 
magnesium oxide. This unit was mounted on a DuMont 
6292 photomultiplier. The resolution for the 32-kev 
barium K_ x-ray about 26% full width at 
half-maximum. 


was 


Ill. THE GAMMA-RAY SPECTRUM 


Because of the low intensities of gamma rays above 
().64 Mev and the tendency for solid angle addition of 
the annihilation quanta in coincidence with the 0.596- 
Mev gamma ray, the singles spectrum was determined 
in three steps. 

A “point” source of As’ was placed between two 
pieces of }-mil Mylar and located 2} in. above a 1}-in. 
X1}-in. Nal crystal. A 3-in. thick Lucite absorber was 
placed half-way between the source and crystal in order 
to prevent positrons from entering the crystal. The 
pulse-height spectrum was displayed on an RCL 256- 
channel analyzer. The part of the spectrum above 1.25 
Mev is shown in Fig. 1, where the presence of a 2.22- 
Mev gamma ray is evident. After subtraction of the 
pulse distribution of this gamma ray, the bump at 
about 1.6 Mev was enhanced, indicating the presence 
of a gamma ray of about this energy. Following sub- 
traction of the 1.6-Mev gamma-ray distribution, there 
was a residue of counts up to about 1.46 Mev. This was 
thought to be due to a combination of the following: 
(1) the high-energy tail of the 1.19-Mev gamma ray 
(to be discussed shortly), (2) annihilation in flight and 
bremsstrahlung, and (3) incomplete subtraction of the 


51D. J. Horen, Phys. Rev. 113, 572 (1959). 
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(RELATIVE) 
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5 20 
PULSE ENERGY (MEV) 

Fic. 1. As” uncollimated single gamma-ray spectrum above 
1.2 Mev. The single gamma rays yielded by analysis of the spec- 
trum are as shown. On the left side the spectrum is rising toward 
the 1.19-Mev peak (see Fig. 2). 


room background which exhibits a pronounced peak at 
1.46 Mev. In order to obtain the intensities of the 2.22- 
and 1.6-Mev gamma rays relative to the 0.596-Mev 
gamma ray, the spectrum below 1.0 Mev was taken 


under identical conditions (not shown). 
To reduce the solid-angle addition of annihilation 
quanta and 0.596-Mev gamma rays, a few milligrams 
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INTENSITY (RELATIVE) 


{ 
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0.5 











PULSE ENERGY (MEV) 


Fic. 2. As” collimated singles below 1.3 Mev (not with total 
annihilation). The 1.19-Mev gamma-ray distribution is shown. 
The excess of counts above about 0.7 Mev is believed to arise from 
annihilation-in-flight and bremsstrahlung photons. Although not 
obvious, a 0.635-Mev gamma ray is contained in this spectrum 
(see Fig. 3). 
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of the radioactive As2Ss; were placed in a Lucite cup 
with a j-in. thick bottom to absorb positrons and a 
4-mil Mylar top. The cup was then placed over a 35-in. 
hole in a 4-in. lead collimator, the base of which was 
% in. above the Nal crystal. The resulting spectrum is 
shown in Fig. 2. Comparison of the spectra obtained 
with and without a }-in. lead absorber between the 
source and the crystal showed that the contribution by 
solid-angle addition of 0.596-Mev gamma rays and 
annihilation quanta to the peak at 1.19 Mev was negli- 
gible. After subtraction of the 1.19-Mev peak in Fig. 2, 
the remainder above 0.7 Mev approximated a straight 
line (on a semilogarithmic plot) as expected for a pulse- 
height distribution from annihilation in flight of posi- 
trons and bremsstrahlung.*® 

Finally, in order to determine the ratio of the total 
number of positrons to the number of 0.596-Mev gamma 
rays, a source was mounted between two 7,-in. flat 
pieces of copper. The gamma-ray spectrum below 0.7 
Mev with the source 2} in. from the counter and without 
collimation is shown in Fig. 3. 

The analysis of all the spectra was performed in the 
usual manner of obtaining single gamma-ray spectra 
under the same conditions, and performing successive 
subtractions starting at the high-energy end of the 
spectra. The areas of the photopeaks were measured and 
corrected for absorption, the efficiency of NaI,’ and 
ratios of photopeak area to toal area. The resulting 
relative intensities are given in Table I. The large un- 
certainty in the intensity of the 0.635-Mev gamma ray 
arises from the fact that it was not completely resolved 
in this work. In order to extract it from the low-energy 
singles spectrum, we centered the 0.66-Mev gamma ray 
of Cs!87 (taken under identical conditions) at 0.635 Mev 
(as determined by Johansson ef al.'), and adjusted its 
height to fit the high-energy tail. This procedure was 
possible because the tail of the 0.596-Mev gamma ray 
cuts off short of the 0.635-Mev gamma-ray tail. Our 
final result is an average of successive approximation 
fittings on a number of singles curves. The results, 
shown in Table I, are in good agreement with those 
obtained by Johansson et al.' 

As® (76-day) was the only detectable impurity, and 
since it decays® solely by K capture and emission of 
gamma rays of 0.054 and 0.013 Mev, it had no bearing 
on the above work. 


IV. COINCIDENCE MEASUREMENTS 


Since the total energy available for decay to Se” is 
only 1.36 Mev, it is evident that the 1.60- and 2.22-Mev 
6 See, for example, Gerhart, Carlson, and Sherr, Phys. Rev. 94, 
917 (1954). 

7 For all of the uncollimated work use was made in these com- 
putations of the detection efficiency calculations of Wolicki, 
Jastrow, and Brooks, Naval Research Laboratory Report 
NRL-4833, 1956 (unpublished). 

8 Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes, A=40—A=92, Atomic Energy Commission Report 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 
1955). 
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gamma rays must be associated with the branching to 
Ge™, The 1.19-Mev gamma ray, however, could 
accompany the decay to either or both sides. In order 
to investigate these possibilities and to gain further 
insight into the decay scheme, we determined the 
gamma-ray spectrum in coincidence with Ge x-rays 
accompanying the K capture, as well as a number of 
gamma-gamma coincidence spectra. 

For the coincidence work, the crystals were shielded 
from each other with a 3-in. lead absorber and the angle 
between the counter axes was 110°. The analyzer was 
a 1}-in.X1}-in. NaI crystal. For the gamma-gamma 
work a similar crystal was used for the discrimination ; 
for the x-ray measurements, this was replaced by the 
counter described in Sec. II. 


A. X-Ray Measurements 


Thin As” sources were made by dissolving a few 
milligrams of As2S; in concentrated NH,OH and evapo- 
rating on j-mil Mylar. This was then covered with 
another piece of }-mil Mylar. For these measurements 
a $-in. aluminum absorber was placed in front of the 
analyzing crystal to stop the 8 rays. A typical singles 


TaBLE I. Analysis of single-crystal gamma-ray spectrum. 


Gamma-ray energy in Mev 


0.596" 100 

0.635* 24+6 
1.19+0.02 0.85+0.09 
1.60+0.04 0.025+0.008 
2.22+0.02 0.031+0.008 
0.511 (annihilation quanta) 92+9 


Relative intensity 





* Energies taken from reference 1. 


spectrum obtained with the x-ray discriminating 
counter is shown in Fig. 4. Here it is seen that the 
Ge x-ray (9.9 kev) rises well above the noise spectrum 
and high-energy background. The latter is predomi- 
nantly caused by positrons and electrons entering the 
crystal. The presence of As® in the source can be noted 
by the bumps at 54 and 26 kev; the former arises from 
a gamma ray* in the decay of this nuclide and the latter 
corresponds to the escape peak of the 54-kev gamma 
ray. This impurity was of no consequence, as only 
relative intensities were determined. 

The window of a single-channel pulse-height analyzer 
was first set to cover the Ge x-ray peak (position A of 
Fig. 4), and was then set higher (position B) in order to 
obtain a background subtraction. A number of such 
runs were taken with the order of window settings 
alternated. 

The original x-ray—gamma coincidence data is 
shown in Fig. 5. Curve A is a typical spectrum obtained 
with the discriminator set to pass the Ge K x-rays. 
From a number of such runs, a value of 1.19-+-0.01 Mev 
was determined for the high-energy peak. Curve B, 
which is normalized to curve A, was taken with the dis- 
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Fic. 3. Total annihilation, uncollimated singles gamma-ray 
spectrum of As”. The analysis revealed the gamma rays shown. 
The solid curve through the points represents the sum of the single 
gamma-ray distributions. See text for a discussion of the 
0.635-Mev gamma ray. The region below 0.4 Mev is attributed to 
Compton events in the crystal and scattering. 


criminator set at 24 kev (position B of Fig. 4). Here it is 
to be noticed that the spectrum cuts off rather sharply 
above the 0.596-Mev peak. The latter peak is mainly 
due to positrons, detected in the x-ray counter, which 
are in coincidence with 0.596-Mev gamma rays entering 
the analyzing crystal. The small peaks at 0.51 Mev in 
both curves can be explained by events in the x-ray 
counter due to primary gamma rays in coincidence with 
annihilation quanta, and, to a lesser extent, by coinci- 
dences between positrons, annihilating in the x-ray 
counter, and their annihilation quanta which penetrate 
the lead shield. 

Curve C of Fig. 5 shows the net x-ray—-gamma co- 
incidence spectrum (spectrum A minus spectrum B). 
After subtracting the 1.19-Mev gamma-ray distribu- 
tion, the remainder above the 0.596-Mev peak had the 
shape of a continuous spectrum. Calculation showed 
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Fic. 4. Singles spectrum obtained with the x-ray counter. The 
peak at about 10 kev arises from Ge K x-rays. The rise in the curve 
below this peak is due to noise pulses from the photomultiplier. 
The peak at about 54 kev arises from a gamma ray in the As” 
impurity in the source, and the peak near 26 kev is the escape peak 
of this gamma ray. 
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1.0 
PULSE ENERGY (MEV) 
the intensity in this region relative to that of the 0.596- 
Mev peak to be of the order of magnitude expected 
from radiative electron capture. 

From the data for Fig. 5 one obtains a value of 0.010 
+0.003 for the ratio of the relative intensities of the 
1.19- to 0.596-Mev gamma rays in coincidence with K 
x-rays. The weak branching for the 1.6- and 2.22-Mev 
gamma rays made the coincidence counting rates too 
small (even in 180° close geometry) to be observed in 
these measurements. 


B. Gamma-Gamma Coincidence Spectra 


For the gamma-gamma coincidence measurements, 
a few milligrams of the As” source were deposited in a 


TABLE IT. Relative intensities from gamma-gamma 
coincidence spectra. 


0.60-Mev gamma-gamma 
coincidence spectrum 


Annihilation quanta-gamma 
coincidence spectrum 

Energy of 

gamma ray 


(Mev) 


Energy 
tron branch 
(Mev) 


of posi 


Intensity* Intensity* 


+-0.70 


0.92 8849 0.6 


1.60 


0.34° <0.24 <0.06 


® Intensity relative to 100 p*. 

» Positron branch to 0.596-Mev level in Ge". 

© Positron branch to 1.19-Mev level in Ge”, 

4 This value accounts only for the positron feeding of the 1.19-Mev level 
in Ge™ which gives rise to a 1.19-Mev gamma ray. 





Fic. 5. X-ray—gamma co- 
incidence spectra. Curves A 
and B show the spectra ob- 
tained when the differential 
discriminator was set at posi- 
tions A and B, respectively, in 
Fig. 4. Curve C is the net Ge K 
x-ray—gamma _ coincidence 
spectrum. 





copper cylinder whose walls were thick compared to the 
range of the high-energy positrons. 

Figure 6 shows the coincidence spectrum obtained 
with the differential discriminator set to pass annihila- 
tion quanta. The peak at about 0.9 Mev was removed 
when a §-in. lead absorber was placed before the analyz- 
ing counter. This peak is presumed to arise from the 
solid angle addition in the analyzing counter of 0.596- 
Mev gamma rays and coincident annihilation quanta 
which have suffered about 70° Compton scattering in 
the copper source holder, in coincidence with the partner 
annihilation quanta detected in the discriminating 
counter. (This explanation was supported by an order 
of magnitude calculation.) The region above the 0.596- 
Mev peak is believed to arise predominantly from co- 
incidences involving annihilation in flight of the posi- 
trons and bremsstrahlung. Since there is no outstanding 
peak at 1.19 Mev, only an upper limit could be set for 
the positron feeding to the level at this energy in Ge” 
(see Fig. 9). An absolute ratio for the positron feeding 
to the 0.596-Mev level to the total number of positrons 


per decay was obtained by repeating the experiment 


under identical conditions with a Na” source. This 
value and the other results from the gamma-gamma 
coincidence experiments are given in Table II. 

Having shown that the 1.19-Mev gamma ray is 
associated with the decay to Ge”, and not observing it 
in coincidence with 0.596-Mev gamma rays, it was sus- 
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pected that a level at 1.19 Mev existed in Ge”. Hence, a 
search for the cascade gamma ray to the known 0.596- 
Mev level was undertaken. With a window width of 50 
kev, the energy discriminator was set differentially at 
(a) 0.60, (b) 0.62, (c) 0.66, (d) 0.73, (e) 0.78, (f) 0.83, 
and (g) 0.90 Mev. The coincidence spectra obtained 
for settings (a) and (g) are shown in Fig. 7. 

The appearance of the peak at about 0.6 Mev in 
curve (a) was interpreted as arising partially from two 
gamma rays of nearly this energy being in cascade. This 
interpretation was based on the following method of 
analysis: The high-energy background in curve (a) was 
linearly extrapolated toward lower energy on semi- 
logarithm paper to 0.51 Mev, and subtracted from the 
original data. The 0.51-Mev photopeak was then sub- 
tracted and the number of counts in the peak remaining 
at about 0.6 Mev was determined. This number was cor- 
rected for the contribution due to coincidences between 
0.596-Mev gamma rays and that portion of the con- 
tinuous spectrum which fell within the discriminating 
energy band. This correction was accomplished by 
making a semilogarithmic plot of the 0.6-Mev photo- 
peak area versus energy setting of the differential dis- 
criminator (see Fig. 8). A straight line was drawn 
through the points above 0.66 Mev, and this was 
extrapolated to 0.6 Mev. The value so obtained was 
used in the analysis. 
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Fic. 6. Gamma-ray spectrum in coincidence with annihilation 
quanta. The peak at about 0.9 Mev arises from annihilation 
quanta in coincidence with the solid angle addition of their 70° 
Compton scattered partners and 0.596-Mev gamma rays. The 
presence of the bump at 0.51 Mev is predominantly due to co- 
incidences between annihilation quanta and Compton pulses from 
the 0.596-Mev gamma ray. The continuous spectrum allows only 
the setting of an upper limit for 1.19-Mev coincidences. 
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Fic. 7. Gamma-gamma coincidence spectra. Curve (a) shows 
the spectrum in coincidence with 0.6-Mev gamma rays. The 
analysis is complicated by the continuous spectrum. Curve (g) is 
the spectrum obtained when the differential discriminator was set 
to pass pulses of 0.9 Mev. See text for method of analysis. 


Since the differential discriminator covered part of 
the 0.635-Mev spectrum when set at 0.60 Mev, the pos- 
sibility that the 0.6-Mev peak occurring in the coinci- 


dence spectra could arise from cascade gamma rays in 
Se™ had ta be considered. From a detailed analysis of 
the data, we were able to show that such events were 
improbable, and conclude that the cascade originates 
in Ge”, 

To investigate a possible 0.596-1.6-Mev gamma- 
gamma cascade, an As” source was sandwiched between 
7s-in. of copper and }-in. of lead on either side, and 
placed between two Nal counters. The discriminator 
was set at 0.60 Mev. Although there was an indication 
of a peak at about 1.6 Mev in the coincidence spectrum, 
interference from 0,596-Mev gamma rays in coincidence 
with annihilation-in-flight and bremsstrahlung radiation 
only allowed us to set an upper limit for the relative 
feeding of the 0.596-Mev level by 1.6-Mev gamma rays. 
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. Number of coincident 0.6-Mev gamma rays versus 
differential discriminator energy setting. 
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Fic. 9. Decay scheme for As” as proposed in reference 8, modi- 
fied by the present work. The branchings are based upon a positron 
plus electron-capture feeding of the 0.596 Mev state in Ge” of 63% 
(see reference 8). Logft values are given to the right of the boxed 
branchings. The log ft values for the unique forbidden ground-state 
transitions have been corrected appropriately (indicated by a one 
above the log /t value). The 1.60-Mev gamma ray has tentatively 
been placed as shown (see text for discussion). 


A search was also made for a possible low-lying 0+ 
state in Ge”, similar to the 0* states® in Ge” and Ge”. 
It was assumed that such a 0* state might be fed by 
gamma decay from the 2.22- and/or 1.19-Mev states, 
and that the 0* state would itself decay by internal 
conversion electrons to the ground state with a half-life 
of about 0.3 to 1.0 microsecond. Delayed coincidence 
experiments showed that a gamma-conversion-electron 
branch (with gamma rays above 0.7 Mev) of the above 
kind would have to be less intense than about, 0.1% 
of the total decays. 


V. DECAY SCHEME 


In Fig. 9, we reproduce the As” decay scheme as 
presented by Way ef al.* with our proposed modifica- 
tions. We have tentatively placed the 1.6-Mev gamma 
ray in cascade with the 0.596-Mev gamma ray, since, 
as previously mentioned, there were indications for its 
presence in the coincidence work, and the upper limit 
found there is in agreement with its intensity in the 
singles spectrum. However, the possibility that this 
gamma ray might originate from a level in Ge™ at 1.6 
Mev cannot be excluded. The x-ray and gamma-gamma 
coincidence work offers firm evidence for a 1.19-Mev 
level in Ge™, which probably corresponds to the 1.23- 
Mev level deduced by Sinclair.’ Since the singles and 
coincidence measurements can accommodate the entire 
intensity of the 1.19-Mev gamma ray in Ge™, we have 
tentatively assigned it so. 

By combining the Brotart/Yo.s96 ratio from Table | 
with the Bo.92+/Btotait given in Table II, one finds the 
(€/B*)o.59¢ ratio (e=total electron capture) for the 
transition to the 0.596-Mev level in Ge™ to be 1.47 
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+0.35, in good agreement with the value of 1.5 found 
by Johansson ef al.! Using the L/K value of 0.085+0,020 
given by Scobie,‘ (K/8*)o.s96=1.3540.45 for this 
transition, which may be compared to the value 1.47 
recently calculated by Perlman et al.° 

From the coincidence data, one can calculate a lower 
limit for (K/8*)1.19 in terms of (K/8*)o.596. Using the 
value for (K/B8+)o.595 as found above, one finds 


(K/8*)1.19>3.2. The theoretical tables of Zweifel!° 
predict a value of about 45 for an allowed transition, 


VI. CONCLUSIONS 


In a previous paper® it was pointed out that for three 
even-even nickel isotopes (Ni®’, Ni®, and Ni®) as well 
as for three even-even zinc isotopes (Zn™, Zn®, and 
Zn**) the ratio of the energy of the second excited level 
to the energy of the first excited level (£2/F;) is fairly 
constant and less than two. At present, this ratio is 2.3, 
1.76, and 2.0 for Ge”, Ge”, and Ge”, respectively 
(ignoring the 0* levels in Ge” and Ge”). It has been 
pointed out previously" that F2/E, in the region 
28< N <50 seems to be less than 2 for V <40 and greater 
than 2 for VN>42. Hence, an effort was made during the 
final stages of this work to locate the second excited 
state of Se”, in order to determine whether the F2/ Fi 
ratio for this nuclide is <2 as might be expected on the 
basis of the above suggestion. However, our experi- 
mental techniques were not sufficient at the time to 
detect this state by the decay of As”. 

It might be pointed out also that on the basis of the 
above E2/E, systematics one expects another level in 
Ge” between 1.21 and 2.08 Mev. 


ACKNOWLEDGMENTS 


We would like to thank Dr. W. C. Barber for kindly 
making a number of sources used in the preliminary 
work, with the Stanford Mark II linear electron accel- 
erator. We are also very grateful to Mr. Bart Jones and 
the crew of the 60-in. cyclotron of the Crocker Radiation 
Laboratory of the University of California for those 
sources produced by alpha bombardment. Dr. R. G. 
Johnson of the Missile Systems Division of the Lock- 
heed Aircraft Corporation, Palo Alto, California, per- 
formed some beta-gamma anticoincidence measure- 
ments which were first used in an effort to determine the 
origin of the 1.19-Mev gamma ray. For this, as well as 
for allowing two of us (D.J.H. and D.O.W.) the use of 
some of his equipment, we are very thankful. The 
assistance of Mr. B. Hoop in preparing the figures is 
much appreciated. 


® Perlman, Welker, and Wolfsberg, Phys. Rev. 110, 381 (1958). 

0 P. F. Zweifel, Phys. Rev. 107, 329 (1957). 

J), J. Horen and W. E. Meyerhof, Bull. Am. Phys. Soc. Ser. II, 
2, 396 (1957). 





PHYSICAL REVIEW VOLUME 113, NUMBER 3 FEBRUARY 1, 1959 


Decay of Nb”; 
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The decay scheme of Nb® has been reexamined. Levels at 0.934 Mev (97.4% per disintegration) and 
1.82 Mev (2.6%) were found. The 1.82-Mev state decays by 32% to the ground state and 68% to the 
0.934-Mev state. This is in agreement with the work of Hayward, Hoppes, and Ernst. In addition a weak 
positron branch of (5.6+0.6)X10-*% per disintegration was found going to the 0.934-Mev level. Also, the 
angular correlation of the gamma-ray cascade was measured and found to be uniquely consistent with a 
level assignment of 2+, 2+, 0+, with essentially pure M1 radiation (E2 admixture <0.2%) for the 2+, 2° 
transition. The large amount of M1 radiation in this type of transition is quite exceptional. Simple theo- 


retical considerations indicate the gamma-ray transitions to be of the single-particle type. 





I. INTRODUCTION 


HE latest work on Nb® is that of Hayward, 
Hoppes, and Ernst.' Gamma rays of 0.934 Mev 
(97.8%), 0.900 Mev (1.3%), and 1.83 Mev were found 
all in coincidence with x-rays. The 0.934- and 0.900-Mev 
gamma rays were found to be in coincidence. The 
anisotropy of the angular correlation of the 0.900- and 
0.934-Mev gamma rays was 0.21. The half-life was 10.1 
days. In addition, the 8+ intensity was less than 0.01%. 
A comprehensive list of references to the work on Nb” 
is to be found in Nuclear Level Schemes.’ On the basis 
of this work, one can construct a simple scheme with 
levels at 1.83 and 0.934 Mev. The angular correlation 
would be consistent with spins of 2+, 2+, O+, with 
quadrupole mixing in the upper transition. The present 
work was prompted by the fact that the angular 
correlation work appeared incomplete, and by the lack 
of positrons in a situation where they would be expected 
from the decay energy. In the course of carrying out 
these measurements, the coincidence work was repeated. 
TheJresults of the work in this paper are summarized 


a\Nb2? 10.15 £0.03 DAYS 


<2 += 5.6X 107 *% 





LOG ft>10.3 


0.0 


Fic. 1. Decay scheme of Nb®. 

{+ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Hayward, Hoppes, and Ernst, Phys. Rev. 98, 231(A) 
(1955), and verbal report in Nuclear Level Schemes, A=40—92, 
compiled by Way, King, McGinnis, and van Lieshout, U. S. 
Atomic Energy Commission Report TID-5300 (U. S. Government 
Printing Office, Washington, D. C., 1955). 


II. APPARATUS 


The coincidence work done on a fast-slow 
coincidence system. The fast coincidence circuit, similar 
to that described by McGowan,? was capable of a 
resolving time 2r~2X10~* sec. However, to avoid 
possible loss of true coincidences, it was never run 
below 2r~3X10-* in these experiments. When neces- 
sary, the slow output of one of the detectors could be 
recorded in coincidence on a 256-channel pulse-height 
analyzer’ (Argonne type) made by Radiation Instru- 
ment Development Laboratories. 

The gamma-ray detectors were Nal(Tl) cystrals 
13 in. diameterX2 in. long mounted on RCA 6655 
photomultipliers. The x-ray detector was a NalI(TI) 
crystal § in.X13 in. diameter with a window of 15-mil 
beryllium with a 0.5-mil aluminum reflector. For the 
x-ray energies (~15 kev) used in these experiments, 
all x-rays that hit the NaI(T1) crystal were stopped and 
presumably detected. Hence the detection efficiency 
depended on the window attenuation and geometry, 
which was readily calculable. The efficiencies of the 
gamma-ray detectors could not be obtained as easily 
and were determined as follows: 

1. Photopeak efficiencies were measured in various 
geometries using 4-counted sources of Na”, Cs’, 
and Na”. 

2. Total detection efficiency as a function of energy 


was 


and geometry was calculated on an IBM 650 digital 


calculator. The absorption coefficients used were those 
of White! with coherent scattering removed. 

3. The directly measured photo efficiencies were 
divided by the calculated total efficiencies to give a 
curve of their ratio, which was found to be reasonably 
independent of changes in geometry. 

4. An unknown efficiency 
obtained from the product of the photo-to-total ratio 


was. then 


photopeak 


and the total efficiency. 


2F. K. McGowan, Phys. Rev. 93, 163 (1954). 

3R. W. Schumann and J. P. McMahon, Rev. Sci. Instr. 27, 
657 (1956). 

4G. R. White, National Bureau of Standards Report, NBS- 
1003, 1952 (unpublished). 
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Fic. 2. Nal pulse-height spectrum of the gamma rays 
in the decay of Nb”. 


Ill. SOURCES 


The sources were prepared by a (d,p2n) reaction on 
niobium foil in the Berkeley 60-in. cyclotron. Chemical 
separation removed all activities except those of 
niobium. A sample was integral counted on a scintil- 
lation spectrometer for 20 days. The decay curve gave 
a half-life of 10.5 days and showed no evidence of a 
second decay component. After 2 months, scintillation 
spectra showed nothing but the Nb® radiation so that 
it is believed contaminants could not have affected the 
results. Dr. H. Tewes and Dr. N. Bonner of this 
Laboratory made available data on four samples of 
Nb® that had been followed for 36 days. Least-squares 
analyses of these data gave a half-life of 10.15+0.03 
days. 


IV. GAMMA-RAY SPECTRUM 


A typical pulse-height spectrum taken with the 
detector at 16 in. is shown in Fig. 2. Gamma rays are 
found at 0.934 Mev and 1.82 Mev. The rise in intensity 
of the spectrum below 0.3 Mev is due to scattering 
from the surroundings. Spectra taken in close geometry 
were flat from this energy back to the origin. The data 
in Fig. 2 were taken with a large source distance to 
insure that there was no possibility that simultaneous 
detection of cascaded gamma rays could give the 1.82- 
Mev gamma ray. In order to be sure the peak was not 
due to counting-rate pileup, the equipment was checked 
with an intense Cs'*? source and the results used to 
correct the Nb” spectrum. The correction to the 1.82- 


AND 
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Mev peak was only 3%. After correcting for detection 
efficiency, the ratio of 1.82- to 0.934-Mev intensities 
was found to be (8.4+1)X10-, from the average of 
three runs. 

The photo- and pair-peaks from the 2.6143-Mev 
gamma ray® of ThC” were used for a calibration of the 
scintillation spectrometer from which the high-energy 
gamma ray was found to have an energy of 1.82+0.01 
Mev. 

The energy of the first excited state was measured in 
a thin lens spectrometer using a 0.5-mil Pb radiator. 
The spectrum is shown in Fig. 3. The 625-kev conver- 
sion electrons from Ba’ were used for energy cali- 
bration. The average of the results obtained from the 
K and L conversion lines in lead gave 0.934+0.001 
Mev, in agreement with Hayward et al.! The sources 
did not have sufficient activity for internal conversion 
electron measurements. 


Vv. COINCIDENCE MEASUREMENTS 


The coincidence measurements were interpreted on 
the basis of the level scheme in Fig. 1. In order to 
determine the intensity of the 0.89-Mev gamma ray, 
gamma-gamma coincidence measurements were made 
with the slow channels of the coincidence system set 
from about 0.80 to 1.10 Mev. Back-to-back coincidence 
runs with a source-to-detector distance of 3 cm gave 
1.8% per disintegration. A correction of 15% was made 
for angular correlation effects. A second set of data, 
obtained from the angular correlation experiments, 
gave 1.79% per disintegration, in agreement with the 
first measurement. 

X-ray coincidences with the 0.93-Mev gamma ray 
were studied. In these measurements the coincidence 
circuit was operated with 27=0.1 ysec. Varying this 
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Fic. 3. Energy spectrum of the conversion electrons ejected 
from a 0.5-mil Pb radiator by the gamma rays in Nb® decay, 
observed by a thin lens spectrometer. 


5G. Lindstrém, Phys. Rev. 87, 678 (1952). 
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time did not appreciably change the coincidence rate, 
so it is believed there was no coincidence loss due to 
too short a resolving time. For the fraction of electron 
capture to the ground state, a straightforward analysis 
gives 

ee | 


6=1—a,:+a2— : » 
Nz 8rby 


: Ny grésWe 1 
o= 1—a,;+a2— —oe 


Ns &yéy 1+L1/K’ 





where a is the number of 1.82-Mev gamma rays per 
Nb® decay, a2 is the number of 0.89-Mev gamma rays, 
Nz, N,, and Nz, are the respective counting rates, gz 
and g, are the counter geometries, ¢, and £, are the 
counter efficiencies, w; is the K-shell fluorescence yield 
(0.70, Siegbahn,® p. 630), and L;/K is the L;-to-K 
electron capture ratio’ (0.11). 

The first equation (based on a coincidence count) 
gave 6=0.0+0.05. The second equation (based on 
singles rates) gave 6= —0.18+0.15. 

Almost all of the error in the second result is due to 
the uncertainty in ¢,. The calculated window attenu- 
ation of the x-ray detector was probably in error by 
only a few percent. The main error is probably source 
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Fic. 4. Positron decay observed by 511-511 kev gamma-ray 
coincidences in two Nal crystals. The indicated decay curve has 
the 10.15-day Nb® half-life. 

6 Beta- and Gamma-Ray Spectroscopy, edited by Kai Siegbahm 
(Interscience Publishers, Inc., New York; North-Holland Pub- 
lishing Company, Amsterdam, 1955). 

™M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 
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Fic. 5. Angular correlation data (Nb2O; in HF solution) 
compared with the correlation expected for unmixed radiations 
in a 2, 2, 0 cascade. The theoretical correlation has been reduced 
by the counter angular resolution. 


attenuation, as the source was not carrier free. No 
correction for this effect was made in the above result. 


VI. POSITRON SEARCH 


Previous workers! have not been able to detect 
positrons in Nb® although there is evidently sufficient 
decay energy. In the present work, use was made of a 
back-to-back coincidence arrangement. The distance 
from the source to the gamma-ray detectors was 15 cm. 
At this distance, with the slow channels set to detect 
only annihilation photopeaks, the ratio of the in-line 
to out-of-line coincidence rates was greater than 10/1. 

Before each run, the system was checked with a 
4r-counted standard Na* source. Data shown in Fig. 4 
taken over a period of 3 weeks show decay with the 
characteristic half-life of Nb”. On the basis of this 
measurement, (5.6-+0.6) X 10~ positrons/disintegration 
were obtained. 

Simple theoretical considerations indicate that the 
positron decay is to the 0.93-Mev state. To verify 
this, a triple coincidence experiment was carried out. 
Two crystals, back-to-back, detected the positrons 
(channels set at about 450-550 kev), and a third 
detected possible gamma rays in coincidence. Each 
crystal was approximately 1 inch from the source. A 
fast-slow triple coincidence system was used, and the 
output of the third crystal was pulse-height analyzed. 
The result was the characteristic pulse-height distri- 
bution of the 0.93-Mev gamma ray. The agreement 
between positron intensities in this experiment and the 
back-to-back coincidence experiment is within the 15% 
statistical error of the triple coincidence experiment. 

VII. ANGULAR CORRELATION 

For these measurements, the slow channels of the 
coincidence system bracketed the photopeaks of both 
0.9-Mev gamma rays. Data were taken at every 223° 
from 90° to 180°. The chance coincidence rate was 
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8=€2/M!i AMPLITUDE RATIO 
Fic. 6. Angular correlation coefficients for the spin sequence 
2, 2, 0. 5 equals the E2/M1 amplitude ratio as defined by Ferentz 
and Rosenzweig. The correlation is given by W(6)=1+-a,‘* cos 
+-a,‘* cos. 


measured every hour by inserting 0.16-usec delay in 
the fast output of one of the detectors. During the 
course of the experiments (~50 hours) the resolving 
time of the coincidence system varied by 20%, as 
measured by the observed chance rates. However, 
because of the hourly checks on chance rate, the 
resolving time was always known to 5%. 

Two separate runs were made. In the first run, a 
Nb.O,; source was used with source-to-detector distances 
of 8.3 cm. In the second run the Nb.O; was in a HF 
solution, with source-to-detector distances of 7.0 cm. 
These sources could have strong nuclear field gradients 
which would attenuate the angular correlation unless 
the lifetime of the intermediate state is very short. 
This lifetime has been measured by Stelson and 
McGowan,* using Coulomb excitation and assuming 
pure £2 radiation. They obtained 5.5X10-" sec, which 
is not expected to affect the angular correlation. 

A function of the form A+B cos’@ was fitted to the 
data by a least-squares analysis. The results are 
W (@)=1+ (0.414+0.02) cos*@ for the NboO; source, and 
W (6)=1+ (0.383+0.02) cos’? for the Nb,O; in HF 
solution. If a cos‘@ term is included in the analysis, the 
data from the HF solution give W(@)=1+0.395 cos’@ 
—0(.015 cos‘#. These results have been corrected for the 
finite angles subtended by the detectors by the calcu- 
lational method of Rose.’ The data obtained from the 
HF solution are shown in Fig. 5. 

The angular correlation results, in combination with 
the known internal conversion of the 0.934-Mev gamma 
ray and the gamma-ray transition probabilities, give a 
unique determination of the spins of the Zr® states. 
(The ground state is assumed to have zero spin.) 
Stihelin and Preiswerk” have measured the total 

§ P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. Ser. 
II, 2, 69 (1957); and verbal report, New York Meeting of the 
American Physical Society, 1957. 

9M. E. Rose, Phys. Rev. 91, 610 (1953). 

1 P. Stihelin and P. Preiswerk, Nuovo cimento 10, 1219 (1953). 
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conversion coefficient for the 0.934-Mev state and 
obtained (7.5+2.5)X10~. From the tables of Sliv,” 
the theoretical values which agree with this are 81=ae2 
=7.2X10~. These values are in agreement with an 
F2 assignment from Coulomb excitation,’ giving spin 
2+ for the 0.934-Mev level. 

The compilation of experimental lifetimes for 
gamma-ray transitions by multipole orders, given by 
Goldhaber and Sunyar” was used to estimate the 
gamma-ray transition probabilities. The results show 
that only spins 1 and 2 are possible for the 1.82-Mev 
state because of the large crossover intensity. 

The angular correlation is determined by the spins 
of the states and by the multipole orders involved in 
the gamma-ray transitions. These effects are shown by 
the curves in Figs. 6 and 7, prepared from the tables of 
Ferentz and Rosenzweig" for the spin sequences 2, 2, 0, 
and 1, 2, 0. Comparison with the experimental results 
shows that only spin 2 is possible for the 1.82-Mev 
state, with a quadrupole-dipole intensity ratio of 
<0.2% for the 0.89-Mev gamma ray. Spin 3, with a 
multipole mixing ratio of 25%, also fits the data but 
is ruled out by the large crossover intensity. Therefore 
the spin sequence is 2, 2, 0. The 1.82-Mev state is 
assigned positive parity on the basis of the large 
crossover transition. 


VIII. DISCUSSION OF DECAY SCHEME 
The decay scheme as shown in Fig. 1 can be con- 
structed. On the assumption of allowed transitions into 
the upper states, the total decay energy can be deter- 
mined from the A-capture/positron ratio using the 
curves of Feenberg and Trigg." The total decay energy 
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Fic. 7. Angular correlation coefficients for the spin sequence 1, 2, 0. 


uL. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCKI, issued 
by Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. 

12 See reference 6, Chap. XVI. 

13 M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report ANL-5324, 1954 (unpublished). 

4E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950). 
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is of the order of 2.14 Mev, giving log ft values of 6.5 
for the 1.82-Mev level, and 6.1 for the 0.934-Mev level. 
The positron experiments show that no more than 20% 
of the positrons could go to the ground state. This 
gives a lower limit for the ground-state transition of 
log ft= 10.3. 

An attempt was made to use the shell model of 
Mayer and Jensen'® to determine the ground-state 
configuration of 4,;Nb”. The allowed states for the 
41st proton are gg/2 and 1/2. For the 51st neutron, the 
states are ds5;2 and gz». Then the possible states for J, 
where J is given by Nordheim’s!’ empirical rules, are: 


89/2dsj2(J=2—7), go/2gz2(1*), pryeds/2(27), 
and 
pi 227 2(3 ~ or s)h 


The 51st neutron is usually found to be d5,2 rather than 
£72 as first expected from the model. On the basis of 
the above, the first and third configurations are to be 
favored. The ft values make the first preferable because 
it makes the ground-state transition second forbidden. 
The third case would make all the transitions first 
forbidden. 

Previous investigations of the (2+,2+,0*) level struc- 
ture have produced the following results: (I) Between 
a second and first excited state, the transition is usually 
mainly £2 with only a small M1 admixture. (II) The 
transition probability of the #2 part of this transition 
relative to the ground state (crossover) transition is 
much higher than is to be expected on the basis of the 
single-particle model. Both these rules were pointed 
out by Kraushaar and Goldhaber.'® Scharff-Goldhaber 
and Weneser™ have further studied the systematics of 


18S, A. Moszkowski, Phys. Rev. 82, 35 (1951). 

16 Considerations based on Chaps. XV and XVI of reference 6. 

17, W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 

18 J, J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 
(1953). 

19 Gertrude Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 
212 (1955). 
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this decay and pointed out a third rule, namely, (III) 
that the ratio of the energies of the second to first 
excited states is of the order two. 

Mottelson” describes the (2+,2+,0+) structure as due 
to nuclear quadrupole vibrations. Since the funda- 
mental excitation mode involved is a quadrupole 
motion even though AJ=0, the M1 matrix element 
vanishes. 

Clearly, in the present case, only rule III is satisfied. 
The present (2+,2+,0*+) case has the least 2 admixture 
for its upper transition of any case known to the 
authors. The literature has revealed a second case 
which is largely M1 and that is the (2+,2+,0+) decay 
of Ir (M1=98%) measured by Kraushaar and 
Goldhaber.!® 

Assuming the energy dependence of the single- 
particle model given by Moszkowski*! and the lifetime 
of the 0.934-Mev state as measured by Stelson and 
McGowan,’ a transition probability for the 1.82-Mev 
ground-state transition equal to 7.8X10" sec" is 
obtained. Using this value and the observed branching 
ratio, 1.710" sec is obtained for the 1.82- to 0.934- 
Mev transition. The single-particle estimate for M1 
radiation from Moszkowski’s theory (statistical factor 
S taken as 1) is 2.110" sec". 
10-100 times faster than most of the experimental M1 
transitions listed by Goldhaber and Sunyar.” In the 
light of all considerations it is concluded that the 


This, however, is 


transitions are essentially of the single-particle type. 
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Photoneutron Cross Sections of Li® and Li’ 


T. A. RoMANowski* AND V. H. VOELKER 
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The total photoneutron production cross sections for Li and Li’ were determined from the yields meas- 
ured with a neutron detector. The efficiency of the neutron detector was found from the comparison of the 
detected and computed neutron yield from copper. In the calculation of the cross section the inverse photon 
matrix formulation of the photon difference method was used. The Li® cross section has a peak at about 
12.5 Mev and its absolute value at the peak is equal to 2.82-0.53 mb. The Li’ cross section has a peak at 
about 14 Mev and its value at the peak is equal to 340.75 mb. 





INTRODUCTION 


N the past, a comparatively large number of photo- 
neutron yields from heavy and medium-heavy 
nuclei have been studied. Among light nuclei only a 
relatively small number have been investigated and 
their cross sections measured. In this experiment the 
photoneutron production cross section of Li® was deter- 
mined by detecting the neutrons directly with BF; 
counters. Because of the existence of some disagreement 
among the reported measurements of the photoneutron 
production cross section of Li’,’~* the determination of 
that cross section was repeated. 


EXPERIMENTAL PROCEDURE 


The experimental arrangement used in studying the 
(y,m) reaction in Li® and Li’ is shown in Fig. 1. The 
neutron detection technique used in this experiment 
was similar to the one used by Halpern ef al.‘ The 
gamma rays were hardened and the primary electrons 
were removed from the beam by means of a 2-in. thick 
aluminum plate. The beam was collimated by a 16-in. 
lead collimator to a diameter of 1.3 cm at a distance 
212 cm from the gamma-ray target. A 3-in. thick paraf- 
fin sheet was placed in the y-ray beam in order to 
diminish the background caused by neutron contami- 
nation present in the beam. 

The neutron detector assembly was aligned with the 
gamma-ray beam by exposing x-ray film placed directly 
on the targets. Neutrons were detected with two boron- 
lined proportional counters’ imbedded parallel to the 
gamma-ray beam in a paraffin-filled moderator box. 
The 10 in. X10 in.X8 in. box was made from iron sheet 
plated with a cadmium layer 0.020 in. thick. The box 
had a vertical slot in the center for the target holder. 
The minimum thickness of paraffin between the 


¢ Based in part on a thesis submitted for the Ph.D. degree at 
Case Institute of Technology. Work supported by the U. S. 
Atomic Energy Commission. 

* Now at Carnegie Institute of Technology, Physics Depart- 
ment, Pittsburgh, Pennsylvania. 

1T. Goldemberg and L. Katz, Phys. Rev. 95, 471 (1954). 

? F, Heinrich and R. Rubin, Helv. Phys. Acta 28, 185 (1955). 

*T. W. Rybka and L. Katz, Phys. Rev. 110, 1123 (1958). 

‘ Halpern, Nathans, and Mann, Rev. Sci. Instr. 23, 678 (1952). 

'U. S. Atomic Energy Commission Model BP-X7(B), manu- 
factured by General Electric Company. 


counters and the target was about 1? in. In order to 
thermalize the background neutrons present and allow 
them to be captured by cadmium, the moderator box 
was surrounded by 14 in. of water and paraffin. To 
reduce the background further the detector assembly 
was surrounded by a 24-in. concrete wall made up of 
heavy concrete blocks. The Li’ target contained 2.6 
grams of natural lithium (92.6% Li’, 7.4% Li®) in the 
form of a cylinder. For Li®, a 3-gram sample enriched 
to 92.8% Li® was used. The targets were placed in 
Lucite containers with walls jg in. thick and were 
moved in and out of the beam by a two-position target 
holder which was remotely controlled. 

The signals from the neutron counters were amplified 
and fed to a discriminator circuit and to the scalers 
connected in parallel. Each scaler was gated to count 
when the target assigned to it was placed in the beam 
and in addition was gated by the betatron expander 
pulse. For the purpose of visual monitoring, the gate 
pulse and the gamma-ray pulse were displayed on a 
cathode-ray oscilloscope. The cycling of the target 
changer and the scalers was accomplished by an elec- 
tronic circuit controlled with a current integrator meas- 
uring the ionization current from a conventional ioniza- 
tion chamber placed in the gamma-ray beam. The 
block diagram of the electronic circuitry is shown in 
Fig. 2. 

To obtain an optimum gate width for detecting 
neutrons, a study was made of the neutron half-life in 
the moderator. A number of neutrons produced by a 
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Fic. 1. Experimental arrangement. 
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given irradiation in a 25-ysec gate was detected as a 
function of time between the gamma-ray burst and the 
onset of the gate. The neutron half-life determined in 
such a way was about 80 usec and was independent of 
the gamma-ray energy. From these measurements a 
gate width of 300 usec was found desirable for the experi- 
ment. In order to determine the over-all stability of the 
experiment, the neutron yield from Cu(y,7) reaction at 
17.6-Mev gamma-ray peak energy was determined after 
every lithium measurement. The copper yield monitored 
the stability of the betatron, the gamma-ray dose meas- 
urements, and the neutron detector. A beam-indepen- 
dent check on the stability of the neutron detector was 
frequently made with a standard Ra-Be neutron source. 
Further, a precision pulser was used to check the dis- 
criminator level and the amplifier gain in the neutron 
detection system. Finally, to provide monitoring ofthe 
betatron and the ionization chamber separately from 
the neutron detector, copper tabs /g in. thick and ? in. 
in diameter were exposed in a standard geometry to the 
unhardened gamma-ray beam with the peak energy at 
17.6 Mev. The copper tabs were also counted in stand- 
ard geometry by means of an end-window Geiger 
counter. The stability of the Geiger counter was fre- 
quently checked with a standard Cs!’ source. The data 
obtained from the stability checks were subjected to a 
statistical analysis. In each case the observed deviation 
was found for the accumulated number of runs and it 
was compared with the statistical deviation for the test 
runs. 

From the yields observed by means of direct neutron 
detection and from the activations determined by the 
Geiger counter, the observed instabilities in yield and 
activation were expressed as an energy instability. The 
energy instability determined in this fashion was found 
to be less than 0.2 Mev. The possibility of a change in 
beam direction was ruled out on the basis that there 
was a good correlation observed between the (y,m) 
yield as measured by copper tabs and by the BF; 
counters. The copper tabs were irradiated close to the 
y-ray target with the uncollimated beam and therefore 
the copper activation measured was considerably less 
sensitive to the changes of the beam direction. Assuming 
that the changes of the activation of the copper tabs 
were caused by the change of the y-ray beam direction, 
one would obtain bigger changes than observed in the 
neutron yields measured by BF; counters. 

The absolute energy calibration of the betatron was 
accomplished by detecting the Cu®(y,2) threshold at 
10.7 Mev and by detecting a break in the C”(y,n) yield 
which occurs at 19.8 Mev.® The absolute energy cali- 
brations were performed twice—once at the beginning 
of the experiment and once at the end of the experiment. 
Both calibrations performed five months apart agreed 
within the experimental error. 


6 Robinson, McPherson, Greenberg, Katz, and Haslam, 
“Betratron Energy Calibration”, Physics — Report, 
University of Saskatchewan, Canada (unpublis ed). 
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To express the yield in number of neutrons/100 r 
mole, one must know the number of roentgens per given 
gamma-ray dose as a function of the peak energy of the 
gamma-ray beam. This measurement was performed 
using a secondary standard as recommended by the 
National Bureau of Standards.’ 

The efficiency of the neutron detector was determined 
by comparing a computed yield from the natural isotope 
of copper with the experimentally determined yield. 
The photoneutron production cross section for copper 
was calculated by adding® Cu®(y,n) and® Cu%(y,n) 
cross sections according to the natural abundance ratio 
of Cu® and Cu®. The spectrum used in the calculation 
was prepared in this laboratory for the case” when 
Z=73 and C=191 and the spectrum was modified to 
account for the gamma-ray absorption in the 2-in. thick 
aluminum beam-hardener. From the comparison of the 
detected and computed neutron yield at 17.25 Mev, the 
efficiency for the neutron detector was found to be 
0.5340.06%. This energy lies close to the thresholds 
for the (y,np) and (y,2m) reactions in copper so that 
the contributions from these competing reactions were 
negligible. 

The detection efficiency of the neutron detector can 
depend on the neutron energy and their angular dis- 
tribution. In the case of copper the energies of the 
detected neutrons are in the range from 0 to 10 Mev, 
and their angular distribution is isotropic." 

It was found that both the computed and the meas- 
ured copper yields agreed within the experimental 
errors in the energy region from 12-20 Mev. In order to 
check the neutron detector efficiency dependence on the 
angular distribution of the neutrons from the (y,m) 
reaction, the neutron yield from deuterium was meas- 
ured in the energy region from 6-13 Mev. The angular 
distribution of the photoneutrons from deuterium is 
peaked at 90° to the gamma-ray beam."'-8 The detected 
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yield was also compared to the computed one. Both 
yields agreed in shape. The neutron detector efficiency 
obtained from deuterium at 13 Mev was 0.46+0.02%. 
From the comparison of the efficiencies obtained from 
copper and deuterium it is evident that the neutron 
detector efficiency does not depend strongly on the 
angular distribution of the photoneutrons. 


EXPERIMENTAL DATA AND ITS TREATMENT 


Lithium yields were measured as a function of the 
gamma-ray peak energies in half-Mev intervals from 
thresholds to 20 Mev. In a run the target received an 
irradiation dose of 8-12 roentgens depending on the 
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Fic. 4. (y,n) yield from Li® as a function of y-ray peak energy. 
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energy region. In order to obtain the required statistical 
accuracy, many runs were taken at each gamma-ray 
peak energy. The runs were accumulated by taking 
them in succession over the gamma-ray peak energy 
range until the necessary total was obtained at each 
energy. 

The threshold for the Li®(y,z) reaction was deter- 
mined to be 5.3+0.2 Mev which is in good agreement 
with the data of Sher et al.44 The detected (y,n) thresh- 
old in Li? was 6.90.2 Mev which is also in essential 
agreement with Goldemberg and Katz.!® The statistical 
errors in Li’ yields ranged from 2.5-1.4% in the range 
from 13-20 Mev gamma-ray peak energy and from 
20-2.5% in the range from threshold to 13 Mev. Li® 
yields were detected with the statistical error 1.8-1.3% 
in the energy range 7.5-20 Mev and with errors from 
14.3-2.6% in the range from threshold to 7.5 Mev. The 
real counting rate was approximately equal to the back- 
ground rate for both Li targets. For copper at 17 Mev 
the real-to-background ratio was 13:1. 

In Li® the following reactions are possible : 
Threshold energies 

3.7 Mev 
5.5 Mev 
4.7 Mev 


Li'+7=He'+n+p 
Lif+y=Lib +n 
Li'+y=He’+p 
Lié+y=Lit +2n 


In this experiment all neutrons were detected and in 
effect the cross section determined from the yields will 
be the total cross section for the reactions mentioned 
above. 
Similarly in Li’ neutrons from the following reactions 
were determined : 
Threshold energies 
7.0 Mev 
11.6 Mev 
14.0 Mev 


Li’+y=Li' +n 
Li’+y= He'+ p+n 
Li’7+y=Li' +2n 


It might be added that the residual nuclei in these 
reactions have either short half-lives (Li and He’®) of 
the order of 10~*! sec or they are stable. 

The yields were normalized to 100 r/mole (Figs. 3 
and 4), and were corrected for the absorption of the 
gamma rays in target and paraffin sheet. Further, the 
correction to the yields arising from the absorption of 
neutrons in Li® target according to the reaction 
Li®(n,y)He® was investigated and was found to be 
negligible. Also the contribution to the yields from 
(n,2n) reactions was negligible. 


RESULTS AND CONCLUSIONS 


The absolute yield from Li’ was compared to the 
yields observed by Heinrich and Rubin'® and by 
Goldemberg and Katz. The yields were normalized to 

4 Sher, Halpern, and Mann, Phys. Rev. 83, 370 (1951). 

18 J. Goldemberg and L. Katz, Can. J. Phys. 32, 49 (1954). 

16 A. Heinrich and R. Rubin, Helv. Phys Acta 28, 185 (1955). 
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the observed yield in this experiment at 17 Mev (Fig. 3). 
From the observed yields the total cross section for the 
(y,n) reaction for Li® and Li’, Fig. 5 and Fig. 6, were 
calculated using the photon difference method.” The 
Li® integrated cross section from threshold to 19 Mev 
is equal to 0.021 Mev barn. The Li® cross section at 
17.6 Mev in this experiment agrees with the one deter- 
mined by Titterton and Brinkley.'* The Li’ integrated 
cross section from threshold to 19 Mev is equal to iat acai 
0.018 Mev barn. The statistical errors for the Li® cross ection for Li? as a 
section varied from 20% at 5.5 Mev to 24% at 19.5 function of y-ray 
Mev, and for the Li’ cross section from 24% at 7.5 Mev “"e"sy- 
to 30% at 19.5 Mev. 
The Li’ cross section was compared with the cross 
section reported by Heinrich and Rubin'® and by 
Goldemberg and Katz!® (Fig. 7). The cross section of | 
(el 
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was caused by the smoothing procedure, the procedure 
was applied twice. Both times the small peak at the 
threshold was obtained. The correctness of the com- 
puted cross section depends on the validity of the 
bremsstrahlung spectrum and on the smoothing of the 
yield differences. The over-all shape of the brems- 
strahlung spectrum is known with a better accuracy 
than the accuracy of the computed cross section. A 
relatively small possible error in the shape of the spec- 
trum would not appreciably change the computed cross 
section. However, errors arising from the somewhat 
arbitrary smoothing procedure could be appreciable. In 
the experiment there was no direct stability measure- 
ment on the ionization chamber monitor and the current 
integrator circuit. The limits on this stability were given 
by the measurements of the energy stability which 
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Fic. 5. (y,m) cross section for Li® as a function of y-ray energy. 
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Heinrich and Rubin was normalized to the cross section —-—HEINRICH & RUBIN, 
obtained in this experiment at 14 Mev. — EXPERIMENT 

Comparison between the (y,) cross section and the 
(y,p) cross section” shows that both agree in shape. 
This agreement is expected because there is a small 
Coulomb barrier for the protons in the Li’ nucleus. The 
absolute magntitude of the peak of the (y,p) cross 
section is about 1.6 mb as compared to the (y,7) peak hat 

, ° 2 son of Li’ cross 
which is about 3.5 mb. ousina. 

The apparent existence of a second peak in the 
Li’(y,m) cross section could be caused by the dipole 
resonance in the (y,2m) reaction. The small peak near 
the threshold is probably due to magnetic quadrupole’ 
interaction. To check if the existence of the small peak 
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showed that the variation in the dose monitoring was 
less than 1.5%. 

The cross section obtained was compared with cross 
sections computed on the basis of two models for the 
Li® nucleus."*° One model considered Li® as an alpha- 
particle core with a neutron and proton independently 
bound, the other with a deuteron bound to the alpha- 
particle core. Both of these calculations are based on 
the general phenomenological formulation of the inter- 
action between the nuclear fields and the electro- 

” G. E. Bing, Ph.D. thesis, Case Institute of Technology, 1954 
(unpublished). 

*E. F. Corome, Ph.D. thesis, Case Institute of Technology, 
1954 (unpublished ) 
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magnetic field.” The calculations considered electric 
and magnetic interaction contributions to the cross 
section. Neither of the models gives a cross section 
which agrees with the experimental results. 
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C”(n,p)B™” Cross Section for 14.9- to 17.5-Mev Neutrons 
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The cross section for the C*(n,p)B" reaction has been measured for 14.9- to 17.5-Mev neutrons. The 
neutrons were obtained from the T(d,n)He‘ reaction and their flux density was determined by counting 
the recoil alpha particles or by counting the neutrons directly with a Li®I(Eu) scintillation counter. A 
cylindrical plastic scintillator 5 inches in diameter and 3 inches in length served as the carbon-containing 
target and permitted the counting of the B" decay beta rays in nine consecutive 7-msec intervals during 
the “beam off” period of a pulsed neutron beam cycle. The cross section rises from slightly above the reaction 
threshold of 13.6-Mev to a value of 29.09+-4.36 millibarns at 17.5-Mev. The B™ beta-decay half-life has 


been redetermined as 18.87+0.50 milliseconds. 


INTRODUCTION 


ORON-12 has been observed to decay by emission 

of beta particles having a maximum energy of 
13.4 Mev and a half-life whose measured values have 
ranged from 18 to 27 milliseconds.':? Detailed studies* 
of the decay have shown that 97% of the beta transi- 
tions go directly to the ground state of C”. For most 
of the studies of this decay, the B® has been formed 
by the B"(d,p)B™” reaction. However, it is also possible 
to form the radioactive B® by the C"(n,p)B™ reaction, 
and the cross section for this reaction is of some general 
theoretical interest. Mass determinations ascribe a Q 
value of —12.5 Mev for this reaction and a neutron 
energy threshold of 13.6 Mev. An attempt to observe 
this reaction has been made by Jelley and Paul, who 
used the neutrons from 0.9-Mev deuterons on a lithium 
target; the occurrence of the reaction was not estab- 


*On leave of absence from the University of Kentucky, 
Lexington, Kentucky. 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
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( * Cook, Fowler, Lauritsen, and Lauritsen, Phys. Rev. 107, 508 
1957). 

‘J. V. Jelley and E. B. Paul, Proc. Cambridge Phil. Soc. 44, 
133 (1948). 


lished with certainty. An earlier measurement at this 
laboratory® determined the cross section as 29+23 
millibarns for neutrons of energy 17.3-Mev, but the 
method used the inefficient detection of the 4.43-Mev 
gamma rays from the de-excitation of the first excited 
state of C” and it was not possible to obtain satisfactory 
accuracy. The present report describes a measurement 
of the cross section at several neutron energies using a 
method in which the beta rays are detected with high 
efficiency. In the course of this work the half-life for 
the beta decay has been redetermined. 


EXPERIMENTAL APPARATUS AND TECHNIQUES 


It was decided to measure the C#(n,p)B® cross 
section by counting the energetic beta particles in the 
time interval from 7 to 70 milliseconds after the 
bombardment of a carbon-containing target with 
monoenergetic neutrons. The carbon was contained in 
a solid plastic scintillator, which as a component of a 
scintillation spectrometer made it possible to record 
the pulse-height distribution with a 100-channel pulse- 
height analyzer and also to record the integral counts 


5 Kreger, Bolotin, and Edelsack, Bull. Am. Phys. Soc. Ser. II, 
1, 325 (1956). 
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Fic. 1. Arrangement of the 
neutron source and counters. 
The higher neutron energies 
were obtained with the scintil- 
lator at 0° and one lower energy 
with it at the “+6” angle of 
60°. The insert shows the target 
holder as used with the KI 
recoil alpha particle counter. 
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round opening near its periph- 
ery which allows the beam to 
pass uninterrupted for 4.7 msec 
of each 131.7-msec interval. 
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with a nine-channel time analyzer. Figure 1 shows a 
plan view of the experimental arrangement. 

Suitable neutrons for bombarding the carbon target 
for a length of time which is short compared to the 
18.87-msec half-life (the value obtained in this work) 
were obtained from the T(d,z)He‘ reaction using the 
magnetically-deflected, pulsed deuteron beam from the 
N.R.D.L. Van de Graaff accelerator. The deuteron 
beam was pulsed electronically at the ion source at the 
rate of approximately 7 times per second, and a small 
residual beam which persisted during the “beam off” 
time was eliminated by the mechanical ‘“‘chopper”’ 
whose open period was synchronized with the “beam 
on” interval. The variation of neutron energy was 
obtained by changing the incident deuteron energy 
from 0.61 to 1.58 Mev and the angle of observation 
relative to the deuteron beam’s axis from 0° to 60°. 
The differential cross section values for the H*(d,n)He' 
reaction of Bame and Perry® were used to correlate the 


6S. J. Bame, Jr., and J. E. Perry, Jr., Phys. Rev. 107, 1616 
(1957). 
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data at different angles. The tritium target consisted 
of approximately 0.4 curie of H* in a 1-mg/cm? layer 
of zirconium, circular in form with a radius of 0.5 cm. 
The zirconium was evaporated onto a 0.25-mm thick 
foil of platinum. The deuteron beam struck the target 
at an angle of 45 degrees, so that the effective thickness 
of the tritium-bearing layer was 1.41 mg/cm’. The 
deuteron energy loss in passing through the zirconium 
layer varied from 360 to 190 kev and was taken into 
account in determining the average deuteron energies 
given in Table I. The beam pulse on the tritium target 
was determined to be of about 1-msec duration and 
the current was approximately 30 microamperes. 

The time-integrated neutron flux density was deter- 
mined for the average value of the deuteron energy of 
0.43 Mev by counting the recoil alpha particles from 
the T(d,n)He‘ reaction. This method is described in 
detail elsewhere.” At higher deuteron energies, it was 
not possible to monitor the alpha particles and the 


7B. D. Kern and W. E. Kreger, Phys. Rev. 112, 926 (1958). 
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TABLE I. Summary of data and results. 


Time-integrated 
neutron flux 
density at 
midplane 
(n/cm?) 


Discrimi- 
nator Fraction 
setting of 6's Cross section 
(volts) counted (mb) 


40 ~ 1.9340.25 
40 5.69-+0.68 
65 19.564-2.74 


29.09+4.36 


No. of 
B’s/7 msec 
at t=0 


2030 
5530 
2360 
2480 


Correction 
factor 


0.79 
0.77 
0.77 


0.81 


Angle 
(degrees) 


Ea(aver.) 
(Mev) 


0.43 60 
0.43 0 
0.87 0 
1.48 0 


AEs 
(Mev) 


“+0.48, —0.47 
40.38, —0.47 
40.21, —0.29 


3.110 10° 
2.924 10 
1.471X 105 
1.041 X 10° 


+0.14, —0.20 


neutrons were counted directly with a Li®I(Eu) scintil- 
lation detector. It was possible to count the pulses in 
the scintillator due to the Li®(,t)He* reaction for which 
the cross section has been measured’ in the energy 
range used in this experiment. Using the T(d,n)He* 
differential cross sections,’ it was then possible to 
calculate the time-integrated neutron flux density at 
the midplane of the plastic scintillator. 

The plastic scintillator was composed mainly of 
polystyrene® and was in the form of a cylinder 5 inches 
in diameter and 3 inches in length. It was supported 
with its nearer face 11.4 inches from the tritium target, 
as shown in Fig. 1. It has the advantage of containing 
no materials which, when bombarded by high-energy 
neutrons, produce radioactivities with half-lives in the 
millisecond region where they might be confused with 
B™”. The scintillator was optically coupled to a DuMont 
6364 photomultiplier tube which was supported by a 
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light weight arm mounted on a turntable which per- 
mitted rotation of the scintillator about the tritium 
target in a plane containing the deuteron beam’s axis. 
The large size of the plastic scintillator was chosen 
since the path length of beta rays of maximum energy 
(13.4 Mev) is 2.34 inches and it is desired that the 
output pulse-height distribution be as much like the 
actual beta-ray spectrum as possible. The carbon 
content of the scintillator was calculated from the 
dimensions, the density, the formulas for the constituent 
hydrocarbons, and the C” percentage abundance in 
carbon. 

The beta rays from the decay of B™” were counted to 
determine the number of C”(n,p)B™ reactions which 
occurred when a monitored number of neutrons passed 
through the sample. The schematic diagram of the 
electronic apparatus is shown in Fig. 2. The bombard- 
ment and counting cycle, shown in the lower left hand 
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corner of this figure, made possible the integration of 
counts over a large number of “‘irradiate, then count” 
cycles. The beta-ray pulse-height distribution in the 
plastic scintillator was determined with the 100-channel 
pulse-height analyzer, which was calibrated so that 
13.4-Mev beta rays produced pulses of approximately 
95 volts. In each of many repeated cycles, the analyzer 
received pulses starting 15 msec after the deuteron 
beam was turned off, and the pulse-height distribution 
due to the B® beta rays and background was recorded 
for a 15-msec interval. In order to determine the 
fraction of this distribution, shown in Fig. 3, which was 
due to the background, a 5-volt differential pulse-height 
count was taken in the nine-channel time analyzer for 
consecutive pulse-height intervals from 6.5 to 31.5 
volts. The fraction of the total count which decayed 
with the 18.9-msec activity was found for the mean 
time of the interval in which the pulse-height distri- 
bution (Fig. 3) had been obtained, and the ordinates 
of Fig. 3 then were reduced by this factor. The results 
are indicated by the squares in Fig. 3. For the lowest 
setting at 6.5 volts, the background was so high that 
the decay could not be observed. The corrected curve 
has been extrapolated to the left without change of 
slope. This seems a reasonable assumption as those 
beta rays which do not lose all of their energy in the 
scintillator tend to increase the number of pulses in the 
low-energy end of the distribution. With the background 
correction and the extrapolation having been made, 
the pulse-height distribution was taken as including all 
of the B® decay beta rays. At the higher pulse heights 
the background becomes nearly the same as that which 
was obtained by rotating the scintillator to an angular 
position at 130° relative to the deuteron beam where 
the neutron energy is below the threshold for this 
reaction. The pulse-height distribution at this position 
is shown in Fig. 3. 

A typical time analyzer count is shown in Fig. 4. 
All the counts above a discriminator setting of 40 volts 
are represented in each of the nine consecutive 7-msec 
time intervals described in Fig. 2. Having used the 
130° counts as the background, in this sample the 
half-life was found to be 18.6 msec; the average for 
seven determinations similar to that of Fig. 4 is 18.87 
+0.50 msec, where the uncertainty is the mean devi- 
ation. By extrapolating the decay curve back to the 
end of the bombardment, the initial decay rate was 
found and the number of B® nuclei whose decay 
produced pulses of voltage greater than 40 volts was 
calculated. This number, multiplied by the ratio of the 
total number of counts in the corrected distribution of 
Fig. 3 to the number of counts in the portion above 40 
volts, is then the total number of B” nuclei formed. 
At the higher deuteron energies, a discriminator setting 
of 65 volts was used in order to reduce the effect in the 
decay curve of an increase in the number of background 
pulses between 40 and 65 volts. 

A typical data-taking cycle required 15 to 30 minutes 
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Fic. 3. The B® beta-ray pulse-height distribution from the 
5-in. diameter by 3-in. high plastic scintillator. The dots give 
the background distribution at the 130° angular position (Ey 
= 13.29 Mev). The squares locate the points which have been 
corrected for the background by the time analysis method 
discussed in the text. 
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time and resulted in about 150 000 counts in the recoil 
alpha particle counter and a mid-time (channel 4) time 
analyzer count of 1800 counts for the 40-volt discrimi- 
nator integral count. The spread of neutron energies 
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Fic. 4. Example of the decay of the B® beta rays. The averaging 
of seven sets of data similar to this one gives the half-life as 
18.87+0.05 msec. The circles in this figure represent the data 
from the nine-channel time analyzer for those beta rays with 
energies greater than approximately 5.5 Mev and producing 
pulses above the 40-volt discriminator level. The dots are the 
background taken at the 130° angular position and the squares 
give the decay rate corrected for this background. 





W. E, 





LA 


aw 
o 








CROSS SECTION (MILLIBARNS) 
Nn 
°o 


° 


























0 A i a r i 
13 14 





' 17 18 19 
NEUTRON ENERGY (MEV) 


. Cross section for the C!*(n,p)B™ reaction. The horizontal 
bars indicate the spread in neutron energy. 


Fis. § 


ranged from 0.34 to 0.95 Mev and was due partly to 
the deuteron energy loss in the zirconium target and 
partly to the angle subtended by the plastic scintillator. 


RESULTS AND DISCUSSION 


A summary of the data and the calculated cross- 
section values are listed in Table I. The cross sections 
are shown as a function of neutron energy in Fig. 5. 

A significant correction has been made for the 
reduction of the neutron flux by scattering in the 
material of the plastic scintillator. Elastic scattering 
from carbon and hydrogen nuclei at certain angles, and 
inelastic scattering from carbon nuclei, can reduce the 
neutron energy to a value which is below the threshold 
for the C"(n,p)B™ reaction. Scattering cross sections’ 

® M. Kalos and H. Goldstein, Nuclear Development Corporation 
of America Report NDA 12-16, March 31, 1956 (unpublished). 


#” Allred, Armstrong, and Rosen, Phys. Rev. 91, 90 (1953). 
4 Poss, Salant, Snow, and Yuan, Phys. Rev. 87, 11 (1952). 
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were used to calculate for each value of the incident 
neutron energy a correction factor by which the 
uncorrected time-integrated neutron flux density at the 
mid-plane of the scintillator should be multiplied. 
These are given in Table I. 

The sources of uncertainty in the final cross section 
values and an estimate of their magnitudes are (1) 
geometry, 1%; number of C” nuclei in the scintillator, 
2%; statistical error in the monitor counts, 1 to 4%; 
extrapolated value of the B® decay curve, 5 to 8%; 
fraction of the beta-ray pulse-height distribution 
counted, 10%; angular factor, from reference 6, 3.5%; 
correction for neutron scattering and absorption, 4%; 
and cross section for the Li®(m,t)He* reaction, at the 
two higher deuteron energies, 5.7%. As these quantities 
all enter into the cross-section calculation in a multi- 
plicative fashion, the resulting uncertainty was taken 
as the square root of the sum of the squares. The 
uncertainties range from 12 to 15%. 

There are no other measurements of this cross section 
with which to compare the present value. It is inter- 
esting to note that a recent report” of the total cross 
section for the scattering and absorption of neutrons 
in this energy region indicates an increase in the cross 
section starting at 14 Mev. However, this total cross 
section goes up by 170 mb between 14.2 and 15.7 Mev, 
whereas the (m,p) cross section goes up only by 5 mb. 
Thus, there must be some cause for this increase in 
the total cross section other than the contribution from 
the (n,p) reaction. 

Of the several previously obtained values for the B® 
half-life, the present value of 18.87+0.50 msec is in 
closest agreement with that of reference 1, which is 
18_,.3*!-* msec. 


12 J. P. Conner, Phys. Rev. 109, 1268 (1958). 
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Radioactive Pm'* and Pm" were produced by the bombardment of Pr'*! with a particles. Gamma rays at 
475 kev, 610 kev, and 695 kev are found to be associated with the decay of Pm' by K-capture to Nd“. A 
740-kev gamma transition is associated with the decay of Pm by K-capture to Nd". Levels of Nd™ are 
placed at 695 kev (2+), 1305 kev (4+), and 1780 kev (6+) above the ground level. Assignments of spins 
of levels and multipolarities of gamma-ray transitions are based on the results of measurements of conversion 
coefficients and gamma-gamma angular correlations. A value of (13+4)X10~" sec was found for the mean 
life of the 1305-kev level of Nd. An upper limit of 3X 10~" sec was found for the mean life of the 695-kev 


level of Nd". 


INTRODUCTION 


LL the published works, concerning the decay 

schemes of Pm' and Pm"*, deal mainly with the 
identification of the isotopes and the determination of 
their lifetimes.!’* In these investigations it was found 
that Pm'™ and Pm'* decay by K-capture to Nd and 
Nd'®*, respectively, and that the half-lives of both are 
about 300 days. These experiments were carried out 
before the scintillation counter techniques were de- 
veloped and they did not yield any information con- 
cerning the properties of the excited levels of Nd and 
Nd' and of the emitted y-rays. 

In the present work the spectra of y-rays accom- 
panying the decays of Pm" and Pm'* were measured. 
The spectra of coincidences with the various radiations 
were also measured. In addition, the conversion 
coefficients of the y-rays and the angular correlations 
of 3 y-ray cascades were determined. On the basis of 
the results of these measurements decay schemes were 
suggested and assignments for the spins of excited 
levels and multipolarities of the y-radiations were made. 
Measurement of the lifetimes of two excited states of 
Nd'* were also carried out. 

The radioactive sources were produced by the 
bombardment of Pr,O; with @ particles in the 60-in. 
cyclotron of Brookhaven National Laboratory. The a 
particles were degraded to suitable energies before 
striking the target. Alpha-ray energies of 17 Mev, 22 
Mev, and 27 Mev were used. The possible reactions 
leading to the formation of radioactive isotopes in these 
bombardments are Pr"!(a,2)Pm'™, Pr''(a,2n)Pm"™, 
and Pr'#'(a,32)Pm!'". The half-life of Pm'? is about 
30 sec.’ As the measurements were carried out several 
weeks after the bombardment, the radioactivity of the 
source could come only from the decay of Pm'* and 
Pm'™, It was not found necessary to do any chemical 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* On leave from the Hebrew University, Jerusalem, Israel. 

1V. K. Fisher, Phys. Rev. 87, 859 (1952). 

2G. Wilkinson and H. G. Hicks, University of California 
Radiation Laboratory Report UCRL-751, June, 1950 (unpub- 
lished). 

3T. V. Marshal and J. O. Rasmussen (unpublished, 1958). 


separations in the source after the bombardment. By 
using the tables of semiempirical masses of atomst it is 
found that the threshold of the reaction Pr''(a,n)Pm"™ 
is about 10 Mev and the threshold of the reaction 
Pr''(q@,2n)Pm'® is about 16 Mev. A comparison of the 
y-ray spectrum obtained from a source which was 
bombarded by 17-Mev a particles with the spectrum 
obtained from a source which was bombarded by 
27-Mev a particles showed clearly which y-rays ac- 
companied the decay of Pm™ and which accompanied 
the decay of Pm", Only one y-ray (with an energy of 
740 kev) accompanies the decay of Pm". All other 
y-rays found in the spectrum accompany the decay of 
Pm", 


EXPERIMENTAL PROCEDURE 
1. Spectrum of Gamma Rays 


The spectrum of y-rays was examined with a 3 in. 
X3 in. NaI(TI) scintillation counter in combination 
with a hundred-channel analyzer. In curve A of Fig. 1 
the shape of spectrum of y-rays emitted from a source 
which was bombarded with 17-Mev a particles is shown. 
The spectrum obtained from a source bombarded with 
27-Mev a particles is shown in curve B of Fig. 1. The 
clear conclusion is that the decay of Pm"™ is accom- 
panied by a 740-kev y-ray and the decay of Pm" is 
accompanied by 475-kev, 610-kev, and 695-kev y-rays. 
An analysis of the spectra shows that no other y-rays 
with intensities above 3X10~* per disintegration are 
emitted. 


2. Coincidence Studies 


Gamma-gamma coincidence measurements were car- 
ried out with an apparatus employing two 3 in.X3 in. 
Nal(TI) crystals. Pulse-amplitude discrimination was 
made in the “gate”channel by a single-channel pulse- 
height analyzer and the coincidence spectrum was 
displayed on a 100-channel pulse-height analyzer. The 
coincidence circuit was operated at a resolving time 


(2r) of 2X 10-7 sec. 


4A. G. W. Cameron, Chalk River Project Report CRP-690, 
1957 (unpublished). 
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Fic. 1. Spectrum of Pm'*+Pm'™ gamma rays. (A) Source 


prepared by bombardment with 17-Mev a rays; (B) Source 
prepared by bombardment with 27-Mev a rays. 


An analysis of the spectrum of coincidences with the 
40-kev x-rays shows that its shape is identical with the 
Pm'*+ Pm" singles spectrum. This proves that both 
isotopes decay by K-capture and that the lifetimes of 
the excited states are shorter than 10~’ sec. An analysis 
of the spectra of singles and coincidences obtained with 
the source prepared by bombardment with 27-Mev 
a-rays shows that (45+5)% of all the decays of Pm" 
go to the 740-kev excited level of Nd'*. This value for 
the branching ratio was obtained from the comparison 
of the number of x-rays in the gating channel with the 
number of coincident pulses in the 740-kev peak. The 
same value was also obtained from the analysis of the 
“singles” spectrum. The decay scheme of Pm'* is 
given in Fig. 2. 

The spectra of coincidences with the 475 kev, 610 
kev, and 695 kev y-rays were measured using a source 
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Fic. 2. Decay scheme of Pm, 


prepared by bombardment with 17-Mev a particles, 
as shown in Fig. 3. The following conclusions have been 
drawn from the analysis of “singles” and coincidence 
spectra: The 610-kev and 695-kev transitions have 
equal intensities. The intensity of the 475-kev transi- 
tions is 45% of the intensities of the 610-kev and 695- 
kev transitions. The 610-kev and 695-kev transitions 
are in cascade. All the 475-kev y-rays are coincident 
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Fic. 3. Spectra of coincidences with 475 kev, 610 kev, 
and 695 kev y rays of Pm™. 


with the 610-kev and 695-kev y-rays. 45% of the 610- 
kev and 695-kev y-rays are coincident with the 475-kev 
y-ray. The 695-kev transition can be identified with the 
695-kev transition following the 6-decay of Pr’ to 
Nd'.5 A decay scheme of Pm'™ consistent with the 
experimental results is given in Fig. 4. 


5 Hickok, McKinley, and Fultz, Phys. Rev. 109, 113 (1958). 





DECAY OF 

No 511 kev-511 kev coincidences could be found 
and the analysis of the measurements showed that for 
both Pm" and Pm™ the ratio of 8+ decay to K-capture 
is smaller than 1/500. 


3. Angular Correlations of Gamma-Ray 
Cascades 


The angular correlations of the gamma-ray cascades 
following the decay of Pm' were measured by using a 
standard fast-slow coincidence circuit and adjusting 
the channels of the pulse-height analyzers to select 
pulses belonging to the full peaks of the two y-rays. 
The resolving time of the fast coincidence circuit was 
(27)=6X10-° sec. The radiations were detected by 
two 3 in.X3 in. NalI(TI) scintillation counters. The 
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Fic. 4. Decay scheme of Pm", 


distance between the source and the crystals was 14 
cm. The angle between the counters was changed auto- 
matically every 5 minutes by 30° in the region between 
90° and 270°. The number of single counts and co- 
incidences were recorded at each angle on registers. 
The angular correlation function obtained for the 
695 kev-610 kev cascade, after correcting for the finite 
solid angle of the detectors, was 


P(8)= A[1+ (0.103+0.010) P2(cos8) 
+ (0.01+0.01)P,4(cosd)]. (1) 


The angular correlation function obtained for the 
475 kev-610 kev cascade was 
P(6) = A[1+ (0.1140.01) P2(cosd) 

+ (0.01+0.01)P4(cos@) }. (2) 


Pmi43 


AND Pm'44 897 
The function obtained for the 475 kev—695 kev cascade 


was 


P(6)= A[1+ (0.093-0.010) P2(cosé) 
+ (0.02+0.01)P,(cos8)]. (3) 


4. Internal Conversion Coefficients 


The source used for conversion electron studies was 
prepared by bombarding a Pr.O; powder in the cylotron 
with 17-Mev a-particles for about 30 hours. The in- 
tensity of the beam was about 30 wa. The oxide was 
dissolved in hydrochloric acid. After evaporating the 
acid, the PmCl; salt was dissolved in water and the 
solution was evaporated onto a 1-mil thick Al foil over 
an area about 1 cm in diameter. The thickness of the 
source was about 1 mg/cm’. 

The measurements were performed with an iron-free 
intermediate-image spectrometer designed by Alburger.® 
The resolution setting of the spectrometer was 2.4% 
and its transmission about 4.5%. Four conversion lines 
with energies of 438 kev, 573 kev, and 703 kev were 
found. The lines could be identified as the K-conversion 
lines of the 475-kev, 610-kev, 695-kev, and 740-kev 
y-transitions. The K-conversion coefficients were de- 
termined by comparing the relative intensities of the 
K-conversion lines with the relative intensities of the 
y-rays. If one assigns a 2+ character to the 695-kev 
level in Nd on the basis of its being the first excited 
state of an even-even nucleus and hence the multipole 
order F2 to the 695-kev y-transition, the theoretical 
value of its conversion coefficient is 4.3 10~. Relying 
on this value and on the relative intensities of the y 
transitions and their conversion lines, the K-conversion 
coefficients given in Table I were deduced. 


5. Measurement of Lifetimes of the 695-kev 
and 1305-kev Levels of Nd!“4 


The lifetimes of the 695-kev and the 1305-kev levels 
of Nd'* were measured by using the electronic ap- 
paratus for lifetime measurements designed by Sunyar 
and described elsewhere.’:* Two plastic scintillators 
with thicknesses of about 2 cm were used for the 


TABLE I. K-conversion coefficients of Pm! and 
Pm! + transitions. 


Relative Relative intensity 
intensity of K-conversion 
of y-line line 


Conversion 


Energy of 
coefficient 


y transition 


(1+0.2) 10-? 
(5.7+0.5) x 10-3 
4.31073 
(6.541) 107% 


475 kev 45 90 
610 kev 100 120 
695 kev 100 100 
745 kev 150 195 


61. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 

7A. W. Sunyar, Bull. Am. Phys. Soc. Ser. II, 2, 37 (1957). 

8A. W. Sunyar, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958). 





SHIMON 


A-co™ SOURCE 
co® SOURCE wiTH 
: F 18xIO"' SEC 
xx~Pm'** SOURCE 


Fic. 5. Normalized integral spectra of coincidence pulse heights in 
the measurement of the 695-kev level lifetime. 


measurement of the lifetime of the 695-kev level. The 
channel of one pulse-height analyzer was adjusted to 
select pulses corresponding to 695-kev y rays detected 
in one plastic sctintillator. The channel of the second 
pulse-height analyzer was adjusted to select pulses 
corresponding to 610-kev y rays (and higher energy y 
rays but not 475-kev y rays). The output pulses from 
the fast coincidence circuit were analyzed by a 100- 
channel pulse analyzer gated by the output of the slow 
triple-coincidence circuit. The points marked on curve 
A of Fig. 5 give the number of coincidences obtained 
with heights higher than the corresponding values given 
on the abscissa. The numbers were normalized so that 
the total number of coincidences was taken as 1. The 
spectrum of coincidences obtained was compared to 
the spectrum obtained with a Co® source using the 
same channels as used with the Pm'™ source. Curve A 
in Fig. 5 shows the integral spectrum obtained with the 
Co® source. In order to measure the sensitivity of the 
shape of the coincidence spectrum to the lifetime of 
the intermediate state, an 18X10~" sec delay cable 
was introduced between the 695-kev radiation detector 
and the fast-coincidence circuit, and the spectrum of 
the coincidences was measured using a Co® source. In 
Fig. 5B the integral spectrum obtained with the 
18X10-" sec delay is shown. An analysis of the curves 
in Fig. 5 shows that the mean life of the 695-kev level 
is shorter than 3X10~" sec. 

The lifetimes of the 1305-kev level could not be 
measured by simply channeling the _pulse-height 
analyzer on the 475-kev and the 610-kev lines respec- 
tively because in doing so the analyzers would also 
select pulses belonging to y radiations of higher energy 
and not all the coincidences measured would belong to 
the 475 kev-610 kev or the 475 kev-695 kev cascades. 
The measurement of the lifetime of the 1305-kev level 
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was carried out by using 2 plastic scintillators facing 
each other with the source between them and a 3 in. 
X3 in. Nal scintillator perpendicular to the two plastic 
scintillators and as close to them as possible. The 
multichannel pulse analyzer was gated by the output 
of a fast-slow triple-coincidence circuit. The resolving 
time of this fast triple-coincidence circuit was about 
10-7 sec. The outputs of the three scintillators were fed 
to the fast-slow triple-coincidence circuit. The analyzer 
of the pulses from the Nal scintillator was channeled 
on a region including the 610-kev and 695-kev photo- 
peaks. The analyzer of the pulses of one of the plastic 
scintillator was channeled on a region including pulses 
corresponding to y-rays with energies higher than 475 
kev (610-kev and 695-kev y-rays) and the third pulse- 
height analyzer was channeled on a region containing 
pulses corresponding to 475-kev y rays (and higher 
energy y rays) detected by the second plastic scin- 
tillator. The pulses from the plastic scintillators pulses 
were also fed to Sunyar’s fast-coincidence circuit 
(2r=3X10~ sec) and the coincidence spectrum was 
analyzed by the gated multichannel analyzer. In this 
way it was guaranteed that only coincidence pulses 
corresponding to cascades whose intermediate level is 
the 1305 kev would be analyzed. Curve B of Fig. 6 
shows the integral spectrum of the coincidence pulses 
obtained with a Pm"! source. In curve A of Fig. 6 the 
integral curve obtained with a Co® source (without 
requiring coincidences with the Nal detector) is shown. 
In curve C of Fig. 6 the integral curve obtained with a 
Co® source after introducing a 20X10™'!-sec delay 
cable between the plastic scintillator channeled on the 
region above 475 kev and the fast-coincidence circuit 
is shown. An analysis of the curves of Fig. 6 shows that 
the mean life of the 1305-kev level of Nd'* is (1344) 
X10-" sec. 
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Fic. 6. Normalized integral spectra of coincidence pulse heights in 
the measurement of the 1305-kev level lifetime. 
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ANALYSIS OF EXPERIMENTAL RESULTS 
AND DISCUSSION 


A 2+ classification is to be assigned to the 695-kev 
level of Nd'‘4, on the basis of being the first excited 
state of an even-even nucleus. The experimental K- 
conversion coefficients of the 610-kev and 475-kev 
transitions are in agreement with the theoretical con- 
version coefficients assuming that the transitions are 
of the £2 type. The nonexistence of a crossover tran- 
sition from the 1305-kev level to the ground state of 
Nd', the value of the A-conversion coefficient of the 
610-kev y transition, and the angular correlation func- 
tion obtained for the 610 kev-695 kev cascade are all in 
agreement with the assignment of spin and parity 4+ 
to the 1305-kev level. No other assignment can be 
reconciled with both the value of the A-conversion 
coefficient of the 610-kev level and the angular cor- 
relation function of the 695 kev-610 kev cascade. The 
most reasonable spin and parity assignment for the 
1780-kev level of Nd'* is 6+. This assignment is based 
on the angular correlation function obtained for the 
475 kev—610 kev cascade, on the value found for the 
K-conversion coefficient of the 475-kev transition and 
on the nonexistence of y transition from the 1780-kev 
level to the ground state and first excited level of Nd". 
The angular correlation function obtained for the one- 
three gamma-gamma angular correlation of the 475-kev 
and the 695-kev y rays is also in agreement with the 
theoretical function for a 6(2)4(2)2(2)0 cascade.® 

The ground state characteristics of the odd-odd 
nucleus of Pm'* are not uniquely determined by the 
shell model,'® but the predictions call for odd parity 
and a high spin. The odd neutron and odd proton most 
likely occupy fz. and ds;2 levels, respectively. Ac- 
cording to Nordheim’s “weak” rule, the angular mo- 
menta of the proton and the neutron tend to add, 
although not necessarily to the highest possible value. 
A high spin assignment for the ground state of Pm" 
is also in agreement with the fact that Pm' does not 
decay to the ground state or to the first excited state 
of Nd'* whose spins are 0 and 2, respectively. The 
transition energy from Pm'* to the ground level of 
Nd!, as calculated from a semiempirical mass formula,‘ 
is about 1.9 Mev. The transition energy to the 1780-kev 
level is, therefore, about 120 kev and to the 1305-kev 
level about 600 kev. These calculated energies, are in 

9L. C. Bidenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
(1953). 

0 J. H. D. Jensen, in Beta- and Gamma Ray Spectroscopy, edited 
aw Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p. 
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Pm!44 
agreement with the fact that within the accuracy of 
the measurements, no 6+ emission was found in the 
decay of Pm. Relying on these calculated transition 
energies, a value of 8.0 is found for the log ft of the 
decay to the 1305-kev level and a value of 6.8 is found 
for the log ft of the decay to the 1780-kev level. These 
logft values lead to the conclusion that the most 
reasonable spin and parity assignment for the ground 
level of Pm" is 6—, although an assignment 5— cannot 
be ruled out. In Fig. 4 the assignments of spins and 
multipolarities in the decay of Pm are given. 

The measured spin of Nd" is 3," and according to 
the shell model! it is a f7/2 state with odd parity. The 
most reasonable spin and parity assignment, based on 
the shell model, for Pm' is 3+ (a dso state).!* The 
decay of Pm'* to the ground level of Nd'* is therefore 
first forbidden. The calculated energy available for this 
transition is about 1.9 Mev‘ and its log/ff value 8.8. 
This log ft value is not far from the average value for a 
first forbidden transition. The transition energy of the 
K-capture decay to the 740-kev level of Nd! is 1.150 
Mev and its calculated log ft value is 8.5. The experi- 
mental value of the conversion coefficient of the 740- 
kev y transition is in agreement with the theoretical 
value for an M1 transition. The most likely spin and 
parity assignments for the 740-kev level are $3—, }— or 


5 
3—. 
Lifetime calculations, based on single proton tran- 
sition probabilities, yield a value of 10~'° sec for the 
mean life of the 1305-kev level and a value of 5X10~! 
sec for the mean life of the 695-kev level. The experi- 
mental value obtained for the mean life of the 1305-kev 
level is in agreement with the calculated one whereas 
the lifetime of the 695-kev level is shorter than the 
calculated lifetime. 
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Scattering of Neutrons by Nonspherical Nuclei* 


H. M. Scuey 
Radiation Laboratory, University of California, Livermore, California 
(Received October 2, 1958) 


A discrepancy between experiment and the optical model calculations of Bjorklund and Fernbach exists 
in the scattering of 7-Mev neutrons by tantalum. The possibility is investigated that this discrepancy is 
due to the quadrupole deformation in tantalum. The deformation is represented by a term proportional 
to P2(cosy) added to the spin-dependent potential of Bjorklund and Fernbach (vy is the angle between the 
assumed nuclear symmetry axis and the radius vector to the scattered particle). The added term is treated 
as a perturbation and the calculation is carried to second order. The Schrédinger equation is solved numeri- 
cally on an IBM-704 computer to obtain the differential cross section for the elastic scattering of neutrons 
and the results are applied to the scattering of 7-Mev neutrons by tantalum. Parameters are determined 
which bring the theoretical results into adequate agreement with experiment. 


HE optical model has been highly successful in 

correlating a large amount of data for the 
scattering and polarization of nucleons by nuclei. The 
cross-section curves obtained by Bjorklund and Fern- 
bach! (BF) provide a remarkably faithful reproduction 
of experimental data. The fits to experiment are not 
perfect, of course, but discrepancies of the order of 
forty or fifty percent can be tolerated in a theory as 
crude as the optical model. In one case, however, the 
scattering of 7-Mev neutrons by tantalum, theory and 
experiment disagree by a factor as large as five or six 
for certain values of the scattering angle. This is so 
much larger than typical optical model discrepancies 
that one would like to ascribe it to something other 
than the crudity of the theory. 

A hint as to the possible source of this difficulty 
comes from the fact that tantalum has a large quadru- 
pole moment. Thus it cannot be expected to be a perfect 
sphere and an adequate optical potential may have to 
reflect the presence of nonspherical deformations. To 
investigate this possibility we have calculated the 
differential cross section for the elastic scattering of 
neutrons using a modified optical potential of the form 


V (r)= Var(r) + Vi(r)P2(cosy). 


Here Vpr(r) is the complex, spin-dependent potential 
of Bjorklund and Fernbach. Vi(r) is a real, spin- 
independent function of r alone which we choose to be 


Vi(r)= Vi, expl—(r—Ri)*/e], 


with V,, Ri, and ¢ adjustable parameters. P2(cosy) is 
the second order Legendre polynomial and y is the 
angle between the assumed nuclear symmetry axis and 
the radius vector to the scattered neutron. The angle- 
dependent term is meant to simulate the quadrupole 
deformation. 

The BF potential is spin-dependent ; thus one is faced 
with the task of solving the Schrédinger equation with 
a spin-dependent, noncentral potential. To provide an 
analytic solution is clearly hopeless. To find a solution 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1 F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 


numerically even with the aid of a high-speed electronic 
computer under such circumstances can be extremely 
awkward. One might consider omitting the spin-orbit 
coupling in Vgr, but the spin-dependent parts of this 
potential are known to be of considerable importance 
in treating elastic scattering. Furthermore, we should 
like to pursue this investigation without altering either 
the form of the BF potential or the numerical values 
of its parameters. For these reasons we shall perform a 
perturbation calculation in which the noncentral po- 
tential is assumed “small” relative to the BF potential. 
Chase, Wilets, and Edmonds? in a recent paper have 
shown that the “distorted-wave first Born approxi- 
mation” is not reliable for this problem. Thus we 
calculate correct to second order and obtain thereby 
an improvement over the first Born approximation. 

Our calculation also makes use of the adiabatic 
approximation which is the assumption that the target 
nucleus does not rotate during the time it interacts 
with the projectile neutron. The validity of this 
approximation has been demonstrated by direct calcu- 
lations,?* and a rough order-of-magnitude calculation 
shows that a heavy (A~200) nucleus rotates through 
an angle of less than one degree during the time a 
neutron (E~7 Mev) passes through the target force 
field. This corresponds to an exchange of about 30 kev 
of energy between the target and the projectile. 

The setting up of the equations proceeds along quite 
straightforward lines. The wave function is split into 
zeroth-, first-, and second-order parts, and terms of 
like order in the wave equation are equated to obtain 
a wave equation in each order. The wave function is 
analyzed in terms of angular momentum states and this 
leads to the determination of the zeroth-, first-, and 
second-order radial equations. The zeroth-order equa- 
tion is that already considered by BF and others. The 
first- and second-order equations contain inhomo- 
geneous terms resulting from the mixing of angular 
momentum states by the noncentral potential. 


2 Chase, Wilets, and Edmonds, Phys. Rev. 110, 1080 (1958). 
3B. Margolis and E. S. Troubetzkoy, Phys. Rev. 106, 105 
(1957). 


900 





SCATTERING OF NEUTRONS 


The radial equations are replaced by equivalent 
difference equations which are solved numerically on 
an IBM-704 computer subject to the requirement of 
outgoing spherical waves at infinity. The procedure 
involves integrating numerically from r=0 to the 
point r=fnax at and beyond which the potentials are 
essentially zero. At this point the numerical solutions 
are joined smoothly to spherical Hankel functions 
which are solutions of the field-free equations. The 
scattering amplitude is, of course, obtained from the 
asymptotic form of the wave function. The form of the 
amplitude in the three orders is as follows: 


fo(9,6) => F1(0,¢), 
1 
f1(0,0; En) =X Gim(0,6) V2 (En), 
lm 


f2(6,6;&mM= LL Arim(0,6)Vi"(E,n). 


L=0,2,4 lm 


The angles (&,) are the polar and azimuthal angles of 
the nuclear symmetry axis in a coordinate system so 
chosen that the z axis is the incident beam direction. 
The three functions of the scattering angles (0,6), F), 
Gim, and H rim are spin-dependent. 

Correct to second order, the differential cross section 
for the scattering of a neutron through a direction 
(0,6) by a nucleus with symmetry axis oriented in the 
direction (£,n) is 


(0,6; En) = | fo(0,0) |?+[ fo(0,o) fr* (0,0; &,n)+c.c. J 
Zh | f1(0,0) *+1 fo(0,b) fo* (0,0; é,n)+c.c. ]. 


The quantity which is to be compared with experi- 
ment is an average of the above expression over nuclear 
orientation. Suppose that the target nucleus is described 
by a wave function X;(2), where J represents all 
quantum numbers and 2 all coordinates (including & 
and 7) necessary to specify the target. Then with 
f(0,0; &,n), the amplitude for the scattering from an 
oriented nucleus, 


furld)= [xr $0 §,n)X1(Q)dQ 


is the amplitude for scattering in which the target 
makes a transition from the state J to the state J’. 
The cross section is then 


00,8) =2 8 | frrr(0,9)|*, 
7) 6f 
where S; represents an average over initial nuclear 
states. Using the closure property of the X;(Q), one can 


show that this expression assumes the form 


(0.4) =8 f |xr(9)f(05 &) "aa 
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For a randomly oriented target the quantity S;|X,(Q)|? 
is independent of 2 and, in fact, the cross section 


becomes 
1 . 
x(06)=— f | 0. §,n) |? sinédédn. 
4a 


It is the fact that the X;(Q) form a complete set that 
permits us to make use of closure in the above argu- 
ment. Thus we have included in o(6,¢) processes in 
which the target nucleus makes transitions to states 
different from the initial state. We have already pointed 
out, however, that the perturbing potential permits 
only very small energy exchanges between the projectile 
and the target; hence only those fr-7(@,6) for which 
the initial and final target energies are equal or nearly 
equal are nonvanishing. Furthermore, in the usual 
experimental arrangement the energy resolution is 
such that scattered particles whose energies lie in a 
range about the incident energy are counted as “‘elasti- 
cally” scattered, and so it is consistent to identify 
a(8,6) calculated by the method described here with 
the elastic scattering cross section measured in the 
laboratory. 

This process of averaging over nuclear orientations 
has the interesting consequence that the first-order 
correction to the cross section vanishes. Thus 


[noosroes —m) sinédédn 


=% Fi(0,\Grm*(6) [ Vr'*(é9) singdédn=0. 


ll’m’ 


The cross section averaged over nuclear orientations is 
then 


(8,0) = 70(9,d) +o11:(0,0) +020(8,9), 


where 


1 
a9(0,6) =— J | foto0)12 singatedn- fo(O,) |? 
dr 


is the BF cross section and 


1 
711(9,) ~~ - fino: &,n) |? sinédédn, 
TY 


and 
1 


nr 


o20(6,6) = [noose §,n)+c.c. ] sintdédn, 


are the lowest-order nonvanishing corrections resulting 
from the quadrupole deformation. It is important to 
emphasize that a first Born approximation would give 
only o1:(8,@) and not o20(6,o). Since o1:(0,) is always 
greater than or equal to zero while o20(0,¢) can (and 
does) vary in sign as a function of scattering angle, 
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Fic. 1. Differential cross section vs scattering angle for the 
elastic scattering of 7-Mev neutrons on tantalum. The solid curve 
gives the result of calculating with the quadrupole term included 
in the potential. The dashed curve represents the calculation 
omitting the quadrupole term. The data are those of Beyster, 
Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 


the first Born approximation is an overestimate of the 
lowest-order correction to the cross section. 

The result of applying our calculation to the scat- 
tering of 7-Mev neutrons by tantalum is shown in 
Fig. 1. Although no extensive parameter search has 
been made, the values 


Vi=10 Mev, R,=1.25A! fermis, c=2 fermis, 


give the improved fit shown in the figure. It should be 
noticed that the correction to the BF cross section is 
positive in the range of scattering angle from 60° to 80° 
and negative (though not sufficiently large in magni- 
tude) between 80° and 100° as required. A first Born 
approximation, as we have remarked, could never be 
negative, and if it were adjusted to improve the fit in 
the 60°-80° region it would worsen, rather than 
improve, the fit in the 80°-100° region. 

A connection between the nonspherical potential and 
the quadrupole moment of the nucleus can be made if 
one assumes that the nuclear charge distribution is 
proportional to the real spin-independent part of the 
optical potential. Thus the nuclear charge density is 
taken to be 


o(r,0)=a[ Ver(r) +Vi(r)P2(cosd) J, 


where a is a constant and Ver(r) is the real spin- 
independent part of the BF potential. a is determined 
by the requirement 


formar Ze. 


SCHEY 
With 
Ver(r)=VerL1t+e%-®/4}), 
one finds 
a&3Ze/4rRiV cr. 


The quadrupole moment is given by 
2 

0= f r2Ps(cost)o(r ar 
e 


6Z ( V; 
~5R,3 


)f exp[— (r— Ri)?/e* Jr'dr. 


Ver 


The integration may be carried out to sufficient 
accuracy and yields 


6\/1Z V1 
= S —) () (°+3AR?+cR)‘) 
5Ro? Ver 


BF give V.=45.5 Mev, Ro=1.25A! fermis, and a=0.65 
fermis. With these values and the values for Vi, Rj, 
and ¢ given above, one finds for tantalum 


Q=5.5 barns, 


in good agreement with the measured value which is 
about 6 barns.‘ 

We feel that we may conclude from this analysis that 
the quadrupole deformation in tantalum can be the 
source of the discrepancy between experiment and the 
results of BF. It would be interesting to apply our 
calculation to other elements but a scarcity of experi- 
mental data precludes this for the present. Two other 
elements, lutecium and uranium-238, have deformations 
comparable with that of tantalum, but, unfortunately, 
there are no lutecium scattering data available, while 
uranium, for which some data do exist, is outside the 
range of elements used by BF to determine the param- 
eters of their potential, and discrepancies between the 
BF results and experiment might be expected to reflect 
this situation as well as the existence of deformations. 
Other elements such as indium, antimony, and rhenium 
have quadrupole moments of such magnitude as to 
give deformations something less than half as big as 
the tantalum deformation. Since the correction to the 
cross section is of second order in the perturbing 
potential, the effect of the deformations in these ele- 
ments might well be so small that they are masked by 
“normal” optical model discrepancies and careful 
measurements, perhaps with mono-isotopic samples, 
might be required in order to discern the effects of 
quadrupole deformations. 

If data of sufficient quality and quantity become 
available, it might be worthwhile to re-examine this 
problem with an eye to dispensing with perturbation 


*T. Schmidt, Z. Physik 121, 63 (1943). 
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methods and solving the wave equation directly in the 
manner of Chase, Wilets, and Edmonds.? We feel, 
however, that for any such program to provide defini- 
tive results the calculation must be based on a spin- 
dependent optical potential such as that of BF which 
is known to be applicable to many elements over a 
wide range of energies. 
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Reaction A‘°(p,n)K*° and the Decay of K*°} 


R. E. HOLLAND AND F. J. Lyncu 
Argonne National Laboratory, Lemont, Illinois 


(Received August 11, 1958) 


The energy difference involved in the decay of K to A” by electron capture was measured in two ways. 
First, a time-of-flight technique was used to observe the neutron spectra from A“(p,n)K® and the corre- 
sponding Q’s were computed. Second, the thresholds for production of certain gamma rays from this reaction 
were measured ; these thresholds provided another set of values for the Q’s. When these Q values were com- 
bined with our measurements of the gamma-ray energies, we obtained a mass difference equivalent to 
1.522+0.006 Mev between A* and K* and an energy release of 60+-8 kev in the decay of K*® to A®. This 
appears to conflict with other information on this branch of the decay of K“. 


I. INTRODUCTION 


HE decay scheme of K* has been the subject of 
many papers since it is of interest not only as a 
nuclear phenomenon, but also as a geophysical tool. 
Even so, its decay scheme is not completely understood. 
In this paper we describe a measurement of the neutron 
spectra resulting from transitions to states in K® 
through the reaction A”(p,7)K*®. From these and other 
measurements we deduce the energy available for the 
decay of K* to A® by electron capture. 

The threshold of the reaction A“(p,n)K® was first 
investigated by Richards and Smith,' who obtained 
an upper limit of 2.4 Mev for it. The energies of ex- 
citation of the levels of K* were obtained by Buechner 
et al. using the K*(d,p)K® reaction. The low-lying 
levels of K* appear to arise from j-j coupling of an 
fzg neutron with a d3,2 proton hole leading to spin 
states of 2, 3, 4, and 5. The ground-state spin is known* 
to be 4; with other states assigned as in Fig. 1, Pandya‘ 
and Goldstein and Talmi® successfully computed the 


positions of the corresponding levels in Cl’. These 


assignments have been confirmed to some extent by 
recent measurements® of the angular distribution of 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1H. T. Richards and R. V. Smith, Phys. Rev. 74, 1870 (1948). 

2 Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 91, 
1502 (1953). 

3 Davis, Nagle, and Zacharias, Phys. Rev. 76, 1068 (1949). 

4S. P. Pandya, Phys. Rev. 103, 956 (1956). 

5S, Goldstein and I. Talmi, Phys. Rev. 102, 589 (1956). 

6]. B. Teplov and B. A. Yurev, Zhur. Eksptl. i Teoret. Fiz. 
U.S.S.R. 33, 1313 (1957) [translation: Soviet Phys. JETP 6, 1011 
(1958) ]. 


K*(d,p)K®. Endt and Braams’ have recently reviewed 
data on K*®, 

From this information one can conclude that we 
should observe transitions only to the second and third 
excited states of K“, as indeed we do. In the absence of 
a (pz) measurement, Way et al. had taken an average 
of mass-spectroscopic data and other reaction data to 
obtain a value of 1.51+0.02 Mev for the mass difference 
between A” and K*®, From our work, we obtain a value 
1.522+0.006 Mev for this mass difference. 


II. EXPERIMENTAL EQUIPMENT 


The spectra of neutrons from the reaction A®(p,n)K® 
were obtained by measuring the neutron time-of-flight 
in conjunction with an externally pulsed beam from the 
4-Mv electrostatic accelerator at Argonne National 
Laboratory. A block diagram of the equipment is 


Fic. 1. The energy levels 
of A® and K®. 


4° 
~ aio 


7P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

8 Nuclear Level Schemes, A=40—A=92, comp led by Way, 
King, McGinnis, and van Lieshout, U. S. Atomic Energy Com- 
mission Report TID-5300 (U. S. Government Printing Office, 
Washington, D. C., 1955). 
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Fic. 2. Block diagram of electronic equipment. 


shown in Fig. 2. Short bursts of protons were produced 
at the target by deflecting the external beam at a high 
rate across a slit ahead of the target. Gamma rays and 
neutrons produced in the target by the pulses of protons 
were detected by a plastic scintillator at a measured 
distance. Scintillations in the detector produced 
electrical pulses in the photomultiplier tube which 
were amplified and sent to a time-to-pulse-height con- 
verter similar to that described by Weber, Johnstone, 
and Cranberg.’ The converter differed from that of 
Weber ef al. by the addition of a diode restoring circuit” 
which reduced pile-up effects in the output of the con- 
verter. This converter produced an output pulse whose 
amplitude was proportional to the difference in time 
between the pulse from the detector and a timing pulse 
obtained from the beam deflecting voltage. The pulse 
amplitudes were then analyzed with a 256-channel 
analyzer. 

In order to minimize the effect of the amplitude of 
the detected pulse on the time measurement, pulses 
from the converter were recorded only if they were 
produced by detector pulses whose amplitude fell in a 
certain range. This was accomplished by taking from 
a dynode of the phototube a signal which was sent to a 
slow amplifier, a single-channel analyzer, and then to 
the gating circuit of the 256-channel analyzer. Since 
the position of this “slow” channel determined the 
efficiency of the counter, the window position was 
compared daily with the Compton edge for Be’ gamma 
rays. The efficiency of neutron detection was measured 
as a function of neutron energy relative to a long 
counter using the Li’(~,2)Be’ reaction with results 
similar to those given by Cranberg and Levin." The 
threshold for neutron detection was 250 kev with one 
bias setting and 350 kev at another. 

In Sec. III of this paper are shown data which were 


9 Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
(1956). 

1 F, J. Lynch, Argonne National Laboratory Summary Report 
ANL-5818, 1957 (unpublished), p. 11. 

1 L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 


obtained with this system. Because there were two 
bursts of protons but only one timing pulse per cycle 
of deflecting voltage, there is a double display of the 
data. Time increases linearly from right to left. The 
time of arrival of the proton burst at the target was 
obtained from the position of the gamma-ray peak and 
the transit time of the gamma rays. 

Figure 3 shows the arrangement of beam deflector, 
target, and detector. The beam deflector consisted of 
two parallel plates 1 inch wide and 12 inches long, 
separated by } inch. To reduce background, gold, 
tantalum, or lead surfaces were provided wherever the 
deflected beam could hit. With this precaution we had 
no difficulty with a large time-dependent background. 
The deflector was operated with a 3.5-Mc/sec sinusoidal 
voltage with a peak value of 6 kv. This produced a beam 
pulse with full-width at half-maximum of about 2 
mysec, estimated from the reduction in beam current 
when the deflector voltage was applied. 

The neutron detector was mounted in a shield which 
could be pivoted about the target and moved radially 
with respect to the target. The detector consisted of a 
piece of Pilot B scintillator,’ 0.50 inch thick and 1.75 
inches in diameter, placed on an RCA 6810-A photo- 
multiplier tube. Most of the data were taken with a 
0.25-inch lead filter between target and detector. 

Although the converter was quite linear, we made a 
small correction (less than 1 mysec) for nonlinearity. 
Peaks falling at either end of the spectrum, where such 
a correction would have been large, were not used for 
energy measurements. 

We took advantage of the duplicate display presented 
by this system to calibrate the converter in the following 
manner. First, we noted the spacing between the two 
gamma-ray peaks which represented approximately 
one-half of the rf period; and second, we measured the 
spacing of a pair of neutron peaks which were delayed 
enough so that they represented the other half of the 
cycle. Although these two measurements usually 


2 Pilot Chemicals, Inc., Waltham, Massachusetts. 
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Fic. 3. Schematic diagram of the deflector, target, and detector. 


differed by a few millimicroseconds because of in- 
accuracies_in alignment, the sum was equal to the 
period of the rf deflector voltage. We then calculated 
the’ energy of the neutrons which had produced a 
certain peak from the peak’s time delay relative to the 
corresponding gamma rays from the target. Obser- 
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made in this way on the neutrons from 
Li’(p,2)Be’ showed an accuracy corresponding to a 
timing error of about 0.5 musec. a 

The gas target used for the neutron work was similar 
to that described by Johnson and Banta." An “early 


version of the gas cell had brass walls and a gold end 
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Fic. 4. Neutron time-of-flight spectrum from A®(p,n)K®. The upper curve was taken with a detector distance of 142.4 cm, the lower 
curve with detector distance 70.6 cm. In both cases the proton energy was 2.878 Mev, the angle of observation 93°. 
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Fic. 5. Neutron time-of-flight spectrum from A®(p,n)K®. The upper curve was taken with a detector distance of 142.4 cm, the lower 
curve with detector distance 70.6 cm. In both cases the proton energy was 3.360 Mev, the angle of observation 93°. 


plate, but later a cell was used which had 3\y-inch 
aluminum walls lined with 0.008-inch polyethlyene in 
order to observe the low-energy gamma rays. The data 
were taken with two kinds of nickel entrance foil; the 
first was 0.00125 mm thick, and the second 0.0005 mm 
thick. The threshold of the Li’(p,n)Be’ reaction was 
used to measure the minimum energy loss and the 
energy spread produced by the foil. For the thicker 
foils, the minimum energy loss was 90 kev with an 
energy spread of 20 kev; for the thinner foils, the 
minimum energy loss was 30 kev and the energy spread 
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Fic. 6. The threshold for production of the 29.4-kev gamma ray. 
Also shown is the neutron threshold observed with a long counter. 


10 kev. The calculations of Aron ef al.‘ were used to 
compute the energy loss at other proton energies. 

The energy of the proton beam was measured and 
controlled by sending the molecular beam through a 
25° electrostatic analyzer.'> This system has an accuracy 
of about 2 kev. 

III. RESULTS 
(a) Neutron Spectra 


Figure 4 shows a typical measurement of the neutron 
spectrum from the reaction A®(p,7)K*®. These data 
were taken with a proton energy of 2.878 Mev, for 
which only transitions to the two lower states of K® 
are energetically possible. The two curves differ only 
in the distance L to the detector. Assuming a Q value 
consistent with the other data discussed below, the 
expected position of the ground state group and first 
excited state group are labeled A and B, respectively. 
It is clear that if the transition to the ground state 
occurs, it is much weaker than the transition to the 
first excited state. 

Figure 5 shows the result of similar measurements at 

4 Aron, Hoffman, and Williams, U. S. Atomic Energy Com- 


mission Report AECU-663, 1949 (unpublished). 
8 Hibdon, Langsdorf, and Holland, Phys. Rev. 85, 595 (1952). 
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a proton energy of 3.635 Mev. Here transitions to the 
four lower states of K are possible. Transitions A and 
B are not resolved, but it is apparent that the transition 
C to the second excited state is present and the tran- 
sition D to the third excited state is not. A number of 
measurements of neutron spectra were made at 30° 
and 150° as well as at 90° with a variety of bombarding 
energies; all of these measurements showed only the 
transitions seen in Figs. 4 and 5.* 


(b) Gamma-Ray Thresholds 


In order to verify the conclusions drawn above, we 
made measurements of the appearance thresholds for 
the 29.4-kev gamma ray, resulting from excitation of 
the first excited state, and for the 768-kev gamma ray, 
resulting from the second excited state. A_ typical 
threshold measurement for the 29.4-kev gamma ray is 
shown in Fig. 6, which also shows the neutron count 
taken at the same time in a long counter. The threshold 
obtained in this way was 2.390+0.010 Mev. The 
neutron counting rate immediately below the threshold 
was within 10% of the background counting rate, in 
agreement with the time-of-flight data. 

Two measurements of the threshold for production 
of the 768-kev gamma ray gave an average value for 
this threshold of 3.174 Mev. 


(c) Gamma-Ray Energies 


We observed three gamma rays arising from proton 
bombardment of A“: the two discussed above and a 
third from excitation of the first state of A by inelastic 
scattering. A Nal scintillator in a standard arrangement 
was used with the 256-channel analyzer to measure the 
energies of these gamma rays. 

Most attention was given to the 29.4-kev gamma ray. 
Figure 7 shows a typical pulse-height spectrum ob- 
tained in a 3-inch by g-inch Nal crystal covered by 
aluminum foil 0.004 inch thick. The proton energy was 
2.5 Mev, just above the threshold for production of 
this gamma ray. For comparison, the spectrum from 
the K x-rays arising from proton bombardment of a tin 
target is also shown. In addition, K x-rays of radio- 
active cesium and tellurium were measured. Figure 8 
summarizes these measurements. The centroids of the 
gamma peaks were plotted as abscissa. The ordinates 
were the centroids of the Kai, Ka2, Kgi, Kg2 lines com- 
puted from the energies and relative intensities of the 
lines as given by Williams.'® In this region of the 
periodic table, the average energy E was given very 

* Note added in proof.—J. P. Schiffer of this laboratory has 
pointed out to us that one should expect on the basis of the 
penetrabilities that transitions to the ground state of K® should be 
almost as probable as transitions to excited states of K®. The ex 
planation for the weakness of transitions to the ground state must 


therefore lie elsewhere. 


16 J. H. Williams, Phys. Rev. 44, 146 (1933). 
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Fic. 7. Pulse-height spectrum in Nal scintillator due to the 
29.4-kev gamma ray from A®(p,n)K®*. Also shown is the pulse- 
height spectrum from the K x-rays of tin produced by proton 
bombardment. 


closely by 


B=1.024Ea1, 
where Eq, is the energy of the Ka, line. 

Although energies of the components of the K x-ray 
lines are known with considerable accuracy, it is possible 
that one component is emphasized over the others either 
by a difference of absorption in the material between 
the source and detector or by a difference in the effi- 
ciency of the detector. In the worst case, the calculated 
mean energy of the K x-rays of tin was changed by 
0.3% by 3's inch of aluminum absorber. For the cesium 
and tellurium sources, the absorption of the intervening 
material was even smaller. No attempt was made to 
evaluate the variation in detector efficiency; since all 
of these x-rays have energies below the K-absorption 
edge of iodine, we believe the effect is small. The energy 
of the gamma ray as deduced from this work is 29.4+1.0 
kev. 

A similar measurement of the 768-kev gamma ray, 
using calibration gamma rays from Be’, Cs!*’, and Co®, 
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Fic. 8. Summary of the measurements of energy of the 29.4-kev 
gamma ray and the calibrating gamma rays. 
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TABLE I. Summary of measurements of Q (in kev) 
for A®(p,n)K®. 


Ground state 0 
A”(p,n)K#@ 


QO for Excitation 
Measurement A(p,n) Ko energy 


—2336410 294410 —2307+10 


Neutron group B 
Threshold 30-kev 
gamma ray 
Neutron group C 
Threshold 768-kev 
gamma ray 


— 2303+ 10 
— 2307+16 


—2332+10 29.4+1.0 
—3104415 797 +5 


—3096+10 797 +5 —2299+12 


Weighted average = —2304+6 


gave an energy of 771+10 kev. We have averaged this 
result with the determination by Day" of 767+7 kev 
and by Buechner ef al.? of 768+10 kev to obtain the 
value of 768+5 kev for use in Table I. The gamma ray 
produced by inelastic scattering of protons on A® was 
measured in the same manner to have an energy of 
1442+ 15 kev. 
IV. DISCUSSION 


Table I summarizes the results of these measure- 
ments. The first column indicates the type of meas- 
urement, the second column the Q value for the par- 
ticular excited state from A” (p,2)K**, the third column 
the excitation energy of the state, and the fourth 
column the corresponding Q value for transitions to the 
ground state of K®. The internal consistency of the data 
confirms the reaction schemes we have assumed. 

We believe that the threshold observed by Richards 
and Smith! was due to transitions to the first excited 
state of K®. Our value for the threshold of this transi- 
tion is 2.390+0.010 Mev, in agreement with their 
value of 2.40 Mev. As shown in Table I, the average 
of all measurements gives a Q value of —2.304+0.006 
Mev for the transition to the ground state. This cor- 
responds to an A*®-K® energy difference of 1.522+0.006 
Mev, in good agreement with the value 1.51+0.02 
Mev which Way ef al.§ obtained by averaging other 


17R. B. Day, Phys. Rev. 102, 767 (1956). 
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reaction data and mass spectroscopic data. For the 
position of the first excited state in A®, we prefer the 
value 1.462+0.005 Mev adopted by Endt and Braams 
because it is more accurate than our own measurement. 
This then gives a value 60+8 kev for the energy 
available in decay of K® to A®. 

The manner in which this conflicts with other data 
is as follows. It is generally assumed that the first 
excited state of A® is 2+, so the decay of K* by electron 
capture is expected to be a unique first-forbidden 
transition (AJ=2, yes).°!® For such transitions, the 
calculations of Brysk and Rose"’:’ permit the evaluation 
of the ratio of Z capture to K capture. The ratio varies 
rapidly with energy and for 60 kev is approximately 
0.3. However, Heintze® has measured the ratio of L 
capture to K capture to be 1.37. This would then 
require a decay energy of 25 kev. 

A possible explanation for this apparent discrepancy 
is that the spin of this first excited state of A® is not 
2+, and that the decay is therefore not a unique first- 
forbidden transition. This could also explain the large 
log f't of about 11, whereas transitions of this type 
usually have log f't~9. There is some direct evidence, 
obtained by electron scattering,”’ that the gamma-ray 
transition in A® is not an electric quadrupole, and thus 
that the first excited state of A does not have spin 2t. 
Before a decision on this point can be made, more direct 
evidence on the nature of this state of A® is necessary. 
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The relative scintillation efficiency for protons and electrons in KI(T1) has been measured in the energy 
range of a few Mev. Protons were found to give a greater light output than electrons, and a pulse-height 


ratio p:e=1.42:1 was determined. 


HE relative scintillation efficiency of the various 
thallium-activated alkali-iodide crystals, NaI(T]), 
KI(TI), and CsI(T1) for different mass particles has 
been the subject of several investigations.'~* Most of 
this work has been with particles having energies up to 
several Mev and particles of mass ranging from that of 
the proton up through some of the lighter nuclei. This 
work can perhaps be best summarized as follows: 

1. The light output per unit energy loss decreases 
with increasing particle mass (and/or charge), i.e., with 
increasing specific ionization. 

2. The light output is a nearly linear function of 
energy. However, significant nonlinearities are present 
for particles heavier than deuterons. The nonlinearities 
appear to be more pronounced at lower energies, and 
again seem te indicate a lower light output per unit 
energy loss when the specific ionization is higher. 

The relative response for electrons and protons has 
been thoroughly studied only for NaI(T1).‘ In this case, 
the pulse heights were found to be equal and both 
particles gave a linear pulse height vs energy curve. 

The present authors have been studying the proper- 
ties of KI(TI1) for possible use in fast-neutron spectros- 
copy.’ In the course of this investigation the relative 
light output per unit energy loss was measured for 
protons and electrons. The result was obtained that 
KI(TI) gives a greater pulse height for protons than for 
electrons of the same energy. 

A }-in. thick 1}-in. diameter KI(TI) crystal was 
irradiated with monoenergetic fast neutrons produced 
by bombarding a thin (100-kev) deuterium gas target 
with deutrons accelerated by the BNL Van de Graaff 
generator. Monoenergetic charged particle groups were, 
therefore, produced within the crystal from the 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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K*(n,p)A*® and the K*(n,a)Cl** reactions.* The pulse- 
height spectrum from the KI(TI) crystal when irradi- 
ated with 5.07-Mev neutrons is shown in Fig, 1. The 
proton group from the K**(n,p)A® reaction leading to 
the ground state of A® is clearly resolved, while the 
groups leading to excited states are merged with the 
groups from the (n,a) reactions. However, it was pos- 
sible to isolate the proton groups leading to the states 
in A® at 1.27 and 2.42 Mev®* by placing a Nal(TI) 
crystal adjacent to the KI(TI) crystal, and observing 
coincidences with the de-excitation gamma ray in A*®, 
The energies of the de-excitation gamma rays agreed 
with the energies of the proton groups as measured by 
Scott and Segel.® 

The pulse height (in arbitrary units) for the protons 
is shown in Fig. 2. The proton energy is a bit uncertain 
as a small fraction of the energy is taken up by the A® 
recoil. This recoil can be assumed to contribute a negli- 
gible amount to the total light output. The average 
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Fic. 1. Pulse-height spectrum observed in KI(T]) crystal 
bombarded with monoenergetic 5.07-Mev neutrons. 
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Fic. 2. Relative light output for protons and electrons in KI(T1). 
The pulse-height scale is in arbitrary units though, of course, it 
is the same for both particles. 


proton energies depend on the angular distributions of 
the various K*(n,p)A®* reactions, and these angular 
distributions are not known. The energies in Fig. 2 are 
given assuming that the protons are emitted isotropi- 
cally. If the protons are emitted primarily in the forward 
direction, these energies should be raised by ~ 3%. This 
uncertainty does not affect the basic conclusion of this 
paper. 

The ratio of the slope of the straight line drawn in 
Fig. 2 for protons to that drawn for electrons is equal 
to 1.28, which differs somewhat from the measured 
pulse-height ratio of 1.42. The pulse heights could be 
determined to about 1% and the electron energies were 
known to a considerably higher accuracy. However, as 
explained above, the proton energies were uncertain to 
~3% and, as only about a 2:1 range of proton energy 
was covered, the slope of the proton line could be in 
error by as much as several percent. An error in slope 
could explain why the proton line in Fig. 2 fails to extra- 
polate through the origin. Of course, a rea! nonlinearity 
in the light output vs proton energy cannot be precluded. 

The relative electron pulse height was measured by 
irradiating the same crystal phototube combination 
with gamma rays from Cs"*’ (0.661 Mev), Na™ (1.38 
and 2.76 Mev) and PoBe (4.43 Mev). For the higher 
energy gamma rays, only the second escape peak” was 
clearly resolved. Finally, a spectrum was taken with 

For a complete discussion of pulse-height spectra resulting 
from gamma-ray irradiation of a scintillating crystal, see P. R. 
Bell, in Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn 
(North-Holland Publishing Company, Amsterdam, 1955), Chap. 
V. The “second escape peak’’ corresponds to the following event: 
1. The incoming gamma ray creates a positron-electron pair in the 
field of a nucleus. The total kinetic energy of the pair is £y—1.02 
Mev. 2. Both members of the pair dissipate their kinetic energy 
in the crystal. 3. The positron annihilates with an electron, yield- 
ing two 0.511-Mev gamma rays. 4. Both gamma rays escape the 
crystal. The pulse height in the second escape peak, therefore, 
corresponds to E,—1.02 Mev. 
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the crystal being irradiated simultaneously with both 
neutrons and gamma rays, in order to normalize the 
proton and electron measurements to the same energy 
scale. 

The results of the electron pulse-height measurements 
are shown in Fig. 2 which also contains the proton data. 
The straight lines drawn through both sets of data 
indicate that KI(T]) is roughly linear, though the meas- 
urements are not sufficiently assurate to detect non- 
linearities of less than a few percent. From Fig. 2 it can 
be seen that the pulse height per unit energy loss from 
the protons is greater than that from the electrons, the 
pulse-height ratio being p: e= 1.42: 1 (accurate to ~5%). 

A rough determination was made of the relative 
alpha-particle pulse height by channeling the NaI(TI) 
counter at 1.95 Mev and, therefore, isolating the (n,q) 
group leading to the 1.95 state in Cl**" A proton to 
alpha pulse-height ratio of p:a=1.38:1 was thus found, 
in agreement with the value of 1.51+0.15 found by 
Scott and Segel.* Combining the p:e and the p:a data, 
one would expect electrons and alpha particles to have 
approximately equal pulse heights. Indeed, a direct 
comparison of the pulse height produced by U*** alpha 
particles and those of electrons yielded e:a= 1.09." 

Finally, we note that in the present work both the 
protons and the electrons were created internally in the 
crystal and, therefore, surface effects could not have 
played a major role. 

In the only previously published work on relative 
pulse heights in KI(Tl), Franzen, Peele, and Sherr® 
found p:e=1.12 for 16.4-Mev protons, and e:a=1.08 
for 5.30-Mev alpha particles. The p:e of these workers 
differs from that found in the present work, even if we 
take the p:e=1.28 from the ratio of the slopes of the 
lines in Fig. 2, though Franzen et al. also found a greater 
pulse height for protons. It is not possible to determine 
from the data presently available whether the difference 
is due to an experimental discrepancy or to a non- 
linearity in the pulse height vs proton energy response. 

No direct measurement has been published for the 
relative pulse height of protons and electrons in CsI(T]). 
Bashkin e¢ al! found p:a=1.70:1. Reading the data 
from the graph published by Halbert? (a dangerous 
practice), one obtains e:a=1.35:1 for 4-Mev alpha 
particles. Combining these two results, one obtains for 
CsI(Tl) p:e=1.26:1. Therefore, CsI(T1) appears to be 
similar to KI(T1) in that protons give larger pulses than 
electrons. 

In NalI(TI), as previously noted, protons and elec- 
trons are equally efficient light producers.‘ NaI(TI) 
therefore differs from KI(Tl) [and apparently also from 
CsI(TI)] in this respect. 

From the results reported herein, it can be concluded 
that the scintillation efficiency in KI(T1) is not merely 


4 Adyasevich, Groshef, and Demidov, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956). 

 R. D. Schamberger (private communication). 
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a decreasing function of specific ionization. Though 
saturation effects appear to play a predominant role in 
reducing the light output for particles heavier than a 
proton, other effects must inhibit the scintillation when 
electrons are the ionizing particles. 
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(Received September 15, 1958) 


Data-matching with the complex square well model for neutron scattering suggests that the imaginary 
part of the potential should be largest at the nuclear surface; such an effect is also in accord with present 
physical pictures of the interaction. However, when a diffuse edge is attached to the model and the other 
parameters are changed to provide experimental agreement, the need for surface absorption appears 
diminished. To investigate further, cross sections resulting from a surface-absorbing and a uniformly 
absorbing potential, both with a diffuse edge, are calculated and compared. The results differ considerably 
less from each other than from the data, but the strength of absorption is more nearly independent of mass 


number when it is concentrated near the surface. 


I. INTRODUCTION 


ARLY in the development of the optical model! 

for neutron scattering, it was noticed that the 
calculated compound-nucleus-formation cross section 
was too small and that the imaginary part of the 
complex square well should decrease with mass number. 
It was then suggested that if most of the absorption 
were made to occur near the surface instead of uniformly 
throughout the nucleus, so that the absorbing volume 
would increase only as the square of the radius rather 
than the cube, the absorption strength might depend 
less on mass number. It was also hoped that a new 
location for the absorption might increase the proba- 
bility of compound-formation. 

Both of these conjectures were verified quantitatively 
at zero energy in an early investigation,” which retained 
a square well for the real part of the potential but 
concentrated the absorption to a narrow shell just 
beneath the surface of the real part. Sinking the absorb- 
ing shell beneficially increased the compound-formation 
cross section, and locating it near the edge allowed its 
strength to be the same for all nuclei. However, although 
the potential continued to yield these same improve- 
ments at nonzero energies,’ the calculated angular 
distributions of elastic scattering were no better than 
those of the complex square well. 

Meanwhile, it was found that attaching a diffuse 


edge onto the complex square well improved both the 


* Operated for the U. S. Atomic Energy Commission by the 
Westinghouse Electric Corporation. 

1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 459 (1954). 

2H. J. Amster, Phys. Rev. 104, 1606 (1956). 

3 Amster, Culpepper, and Emmerich, Bull. Am. Phys. Soc. 
Ser. II, 1, 194 (1956). 


compound-formation and the differential cross sections.‘ 
Since such a potential was also more physically appeal- 
ing, there was no longer any reason to sink the imagin- 
ary part of the potential beneath the surface. Never- 
theless, there still persisted the separate question 
whether the absorption should be concentrated toward 
the edge in order for a single value of the absorption 
parameter at each energy to give the correct-size giant 
resonances over the complete range of nuclear radii. 

Diffusing the edge of the complex square well has 
made the answer to this problem more difficult to 
determine. For, if a square and diffuse edged potential 
both have the same constant ratio of imaginary part to 
real part, the diffuse-edged form, by allowing more of 
the wave to penetrate its surface, will produce the larger 
fluctuations in the cross sections. In order to damp down 
these fluctuations to experimental values, one must in- 
crease the absorption, which in turn reduces the chance 
that neutrons having penetrated the surface will reach 
the interior of the core.> Thus, even when the imaginary 
part of the potential is proportional to the real part, 
more neutrons are absorbed at the surface for a diffuse- 
edged potential than for a square well when an attempt 
is made to match the same data. 

Recently, diffuse-edged surface-absorbing potentials 
have been shown to yield excellent fits with experi- 
mental data,® and it has been mentioned that the 
comparisons with nonelastic cross sections were better 
than when uniform absorption was used. (This con- 
clusion is apparently independent of the spin-orbit 
coupling.) Although the present calculations partially 

4 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 


5H. J. Amster, Physica 22, 1162 (1956). 
6 F. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 
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overlap this work, we shall here emphasize the causes 
and extent of the differences in the two types of absorp- 
tion and try to make a judgment on the basis of all 
their consequences. One result is a demonstration that 
while surface absorption seems at least as successful 
as uniform absorption, it does not produce the extreme 
improvements some investigators had expected. A pref- 
erence for one of the two types of absorption has so 
far been delayed not only because they yield similar 
results, but also when using one potential or another, 
various authors differ in the degree of matching 
precision attempted, the data emphasized, and the 
constraints under which the optical parameters are 
permitted to vary. By treating both potentials simul- 
taneously, these differences can be minimized. 

Before making the comparisons, we now mention 
some physical arguments involved in the issue. Along 
with the observations made on the complex square 
well, the speculation’ arose that surface absorption 
might somehow be related to a larger neutron density 
than proton density at the surface, as had been pro- 
posed’ at that time, but largely refuted since.* 

The most frequently used argument for surface 
absorption is based on the Pauli exclusion principle: 
a collision between an incident neutron and a bound 
nucleon whose state is changed by the interaction is 
what is interpreted as “absorption” according to the 
optical model. In the interior of the nucleus there are 
few unoccupied states for the bound particle to scatter 
into," but near the edge of the target, where the 
density of bound particles is reduced, the absorption 
would be expected to increase. It has been pointed 
out,” however, that this argument unreasonably 
assumes that all collisions in the nuclear surfaces are 
with bound nucleons well localized there. 

Reference 12 also quotes Weisskopf as suggesting 
that surface absorption predominates because, except 
at resonance, the incident neutron wave function has 
a larger amplitude outside the nuclear volume than 
within and thus overlaps bound nucleon states most 
strongly at the surface. However, since the absorption 
rate is proportional to the product of the imaginary 
part of the potential and the probability density of the 
incident neutron, one might expect the second factor 
alone to account for such overlap effects unless the 
potential itself is dependent on the incident wave 
function in a way not now explicitly treated. 

Bethe": has pointed out that Brueckner-theory 

7M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 

*L. Wilets, Phys. Rev. 101, 1805 (1956). 

® Abashian, Cool, and Cronin, Phys. Rev. 104, 855 (1956). 

1 M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

4 A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955). 

2 L. Van Hove, Physica 22, 983 (1956). 

13 A. H. Bethe, in Nuclear Structure, edited by S. Meshkov, 


Proceedings of the University of Pittsburgh Conference, June 6-8, 
1957, p. 194. 

14H. Bethe, in Proceedings of the International Conference on 
the Neutron Interactions with the Nucleus, Atomic Energy 
Commission Report CU-175 or TID-7547, September, 1957 
(unpublished), pp. 3-9. 


HARVEY J. 


AMSTER 


calculations for an infinite nucleus yield a value for the 
imaginary part of the potential that is considerably 
smaller than scattering calculations from uniformly 
absorbing potentials would imply. This discrepancy 
was interpreted as meaning that additional absorption 
is concentrated at the surface. The Brueckner-theory 
calculations produce a small imaginary part within 
nuclear matter not only because of the Pauli principle, 
but also because a reduced effective mass inside the 
potential decreases the absorption rate; the effective 
mass would seem to be more nearly equal to the true 
mass at the edge than inside the nucleus. Furthermore, 
collective excitations and other direct interactions are 
initiated at the nuclear surface and appear as an 
absorption of the incident beam. 

In summary, although an optical potential with high 
surface absorption has never been derived directly 
from first principles, various rough, though sometimes 
uncertain, qualitative reasons have been given for its 
existance. Meanwhile, scattering calculations based 
both on uniformly absorbing and surface-absorbing 
potentials have shown excellent agreement with 
experiment, and the question is raised as to what extent 
these calculations can be used to test the proposed 
mechanisms. 


II. POTENTIAL FORMS 


The optical potentials used in this investigation have 
a real part given by 


Vre(r)=—Vo for r<R, 


=—V)/(e’—x) for r>R., (1) 


where x= (r—R,)/r. Vo is the potential depth; 7 is the 
diffuseness parameter determining surface thickness; 
and R, is the radius of the core. The potential varies 
smoothly from the constant value within the core to 
an exponentially decreasing shape at infinity. 

It is usually convenient to picture the potential shape 
as a single unit, rather than the core and surface 
separately. Therefore, instead of specifying the potential 
by the parameters Vo, 7, and R., we shall use Vo, 7, and 
R, where the mean radius R is defined as 


js 1 ‘i 
R= - f Vre(r)dr= R.+-1.35917. (2) 
Vre(0) Ho 
Two different imaginary parts of the potential will 
be considered : 
(1) Uniform absorption (U.A.): 
Vim(r) = §Vre(r), (3) 
(2) Surface absorption (S.A.): 
Vim(r) = —AdVR.(r)/dx. (4) 


£ and ) are the respective absorption parameters. The 
appearance of a derivative in the S.A. potential is 
suggested by spin-orbit coupling, but is actually just a 
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device to cause the imaginary part to be concentrated 
at the surface and to vanish gradually at infinity in a 
physically plausible manner. 

Although these form factors are not those of the now 
conventional ‘Saxon well,’’ they are just as realistic 
and expedite machine calculations. They can be ad- 
justed to yield practically the same results as any of 
the other expressions for a diffuse edge. 


III. COMPARISON WITH EXPERIMENT 


Figures 1-7 display the comparisons to be discussed.!® 
R and + are in units of 10-" cm; £, the incident energy 
and Vo, the core potential depth, are both in Mev. The 
solid and dashed lines are for the S.A. and U.A. poten- 
tials. In Figs. 1-4 the top curves and points are calcu- 
lated and experimental total cross sections a7, while 
the bottom curve compares calculated compound- 
formation cross sections o, with experimental non- 
elastic cross sections. Figure 5 displays only total cross 
sections. Figures 6 and 7 compare calculations with 
Legendre polynomial expansion coefficients of the 


experimental elastic-plus-inelastic differential cross 
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Fic. 1. Total and compound-formation cross sections at 14 Mev 
for surface-absorbing (solid line) and uniformly absorbing 
(dashed line) optical potentials. 

16 Preliminary work was reported by W. S. Emmerich and 
H. J. Amster, Bull. Am. Phys. Soc. Ser. II, 2, 71 (1957) and in 
Physica 22, 1163 (1956). 


sections, 

2L+1 
——B,P1(y). (5) 
4rr 


o(u)= os 


The compound-elastic and inelastic cross sections were 
assumed isotropic, so that the calculated B, and By are 
for shape-elastic scattering only. Neutron capture was 
neglected, so that the calculated Bo was taken to be 
or. The data for Figs. 6-7 are from Langsdorf, Lane, 
and Monahan"; those for Figs. 1-5, the compilation of 
Harvey and Hughes." All calculations were performed 
on the NORC computer by the SUMNUM code.!* 
Since some of the optical parameters are believed to 
depend on energy, the contest between the two types 
of absorption will be judged primarily on how closely 
curves match experimental data as a function of mass 
number when the parameters are held constant at a 
single energy. The first step in determining parameters 
was to work at 7 Mev, midway in the energies con- 














Fic. 2. A demonstration of the futility in trying to obtain an 
improved fit for the uniformly absorbing potential in Fig. 1 by 
changing optical parameters. 

16 Langsdorf, Lane, and Monahan, Phys. Rev. 107, 1077 (1957). 

17 J. A. Harvey and D. J. Hughes, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Super 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 

18H. J. Amster and L. M. Culpepper, Westinghouse Electric 
Corporation Atomic Power Division Report WAPD-TM 87, 
October, 1957 (unpublished). 
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Fic. 3. Total and eT ae cross sections at 7 Mev 


for surface-absorbing (solid uniformly absorbing 


(dashed line) optical potentials. 


sidered. Rough values of 7, A, and £, and the dependence 
of R on the mass number A were determined by 
matching or and o,. Then with these values of \ and &, 
best fits with 7-Mev differential cross sections were 
used to determine new values of 7 and R for individual 
isotopes for a series of values of Vo. A wide range of 
values of Vo could be made to give equally good 
results. For each Vo, the individual values of R were 
not further used, but the values of 7 were averaged 
over all the isotopes; then o7 was plotted as a function 
of A for each Vo with 7 held constant and equal to the 
average value for that Vo. The combination V)»=42 
and r=0.85 produced the correct height for the 
plateau in o7 between R=5.5 and 7; this criterion has 
the advantage” of not being sensitive to the rough 
values of the absorption parameter and R(A) assumed. 
With Vo and + chosen, the locations of the giant 
resonances in o, were used to determine 


R=1.25A'+0.5, (6) 
and final values of A and ~ were then obtained by 
matching a-. 

1 W. S. Emmerich in Fast Neutron Physics, edited by J. B. 


Marion and J. L. Fowler [Interscience Publishers, Inc., New 
York (to be published) ]. 
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The constants in Eq. (6) and the value of 7 were, 
for simplicity, arbitrarily required to be held independ- 
ent of energy and mass number in all further compari- 
sons with o7 and o,. Unfortunately, as we shall see, the 
conclusions of this article depend somewhat on this 
assumption. At 4 Mev the rest of the parameters were 
chosen primarily from matching angular distributions,” 
although fits with or and o, were considered. At other 
energies, Vo was determined by fitting o7, and the ab- 
sorption parameters were obtained by reproducing o,. 
All optical parameters were required to vary gradually 
with energy. How closely the calculations duplicate 
the experimental values of or and o, can then be used 
as a basis for comparing the two types of absorption. 

The slight differences in quality of experimental 
agreement with angular distributions were not used to 
judge the two potentials because, in these fits, 7 and 
the parameters in Eq. (6) were allowed to vary with 
mass number. (However, the authors of reference 6 
found that S.A. was needed to keep their optical 
parameters independent of A.) 

Figure 1 shows that when the total cross sections are 
made to fit experimental values at 14 Mev, the com- 
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Fic. 4. Total and compound-formation cross sections at 4.1 Mev 
for surface-absorbing (solid line) and uniformly absorbing 
(dashed line) optical potentials. Compound-elastic scattering 
destroys grounds for comparison of a-. 


2” W.S. Emmerich, Westinghouse Research Report 60-94511-6- 
R17, 1957 (unpublished). 
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pound-formation cross sections fit the nonelastic data 
better for the S.A. potential. The difference in the aver- 
age slopes of o, can be attributed to the slower rate at 
which the absorbing volume increases with radius for the 
S.A. model. The situation is somewhat confused because 
if Eq. (6) were altered so as to shift the experimental 
points for R <6 to the right, better agreement with or 
could result for both types of absorption, and the fit 
with o, would be much improved for the U.A. potential. 
This step was not taken because, with Eq. (6) inde- 
pendent of energy, the fits with or at lower energies 
would be made worse. One cannot entirely rule out 
the possibility of Eq. (6) having a slight energy depend- 
ence, being interpreted, for example, as Vo depending 
on A or as Vp,.(r) having a form factor different from 
the usual types. 

It is generally true at all energies that for a given r 
and Vo, the U.A. potential produces greater fluctuations 
in the total cross sections than does the S.A. potential 
when the absorption parameters are adjusted to fit the 
nonelastic cross sections. At 14 Mev, this effect seems 
to favor the S.A. potential, especially for small R. 
Since o, increases both with edge diffuseness and the 
imaginary part of the potential, one might think that 
increasing one and decreasing the other would allow 














Fic. 5. Total cross sections at 2.5 Mev for surface-absorbing 
(solid line) and uniformly absorbing (dashed line) optical 
potentials. 
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Fic. 6. First three Legendre components of elastic-plus-inelastic 
scattering at 1.2 Mev for surface-absorbing (solid line) and 
uniformly absorbing (dashed line) optical potentials. Note: & 
should be 0.062. 


the U.A. potential to fit nonelastic cross sections and 
at the same time yield sufficiently damped total cross 
sections. Figure 2 shows the results of the two possi- 
bilities when emphasis is placed on fitting o,. Even if 
one again allows for the possibility of gradual lateral 
distortions, Fig. 1 seems to be a better fit. When 7 is 
decreased and & increased enough to damp out the 
fluctuations properly for heavy elements, the cross 
sections fluctuate too much for light elements. Again, 
the absorbing volume seems to be increasing too 
rapidly with radius. When 7 is increased and € is de- 
creased, the fluctuations are too great for all values of 


k. At other energies, reasoning similar to the above 


can be used to predict the effect of varying 7 and &. 
Figure 3 shows most clearly the superiority of the 
S.A. potential in reproducing o, when or is matched 
(almost equally well) for both potentials at 7 Mev. At 
higher energies, the large absorption makes the two 
potentials more nearly alike, as mentioned in the 
Introduction, and at lower energies compound-elastic 
scattering confuses the issue. For example, even at 
4.1 Mev the compound-elastic scattering to be added 
to the experimental nonelastic data in Fig. 4, though 
inaccurately known, is sufficiently large* that a prefer- 
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Fic. 7. First three Legendre components of elastic-plus-inelastic 


scattering at 0.3 Mev for surface-absorbing (solid line) and 
uniformly absorbing (dashed line) optical potentials. Note: & 


should be 0.056. 


ence between the dashed and solid curve cannot be 

determined without it. It is obviously also difficult to 

make a choice between the calculated o7’s in Fig. 4. 
While comparisons with o, are completely out of the 
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question at lower energies, the fluctuations in or are 
larger. Figures 5-7 show a slight but very inconclusive 
superiority of the S.A. potential in determining the 
height of the several peaks in the whole range of R. 
Although B, and B, in Figs. 6 and 7 display the general 
validity of the optical model for low-energy angular 
distributions much more definitely than has been con- 
sidered before to be possible,'® they are still rather 
useless in determining which of the two types of 
absorption can give better experimental agreement. 


Iv. CONCLUSION 


A diffuse-edged optical potential seems to produce 
better over-all experimental agreement when the 
imaginary part is concentrated at the surface than 
when spread out uniformly through the nuclear 
volume, but the difference is so slight that some effect 
causing optical parameters to vary with mass number 
in an unaccounted way could possibly be responsible 
for the difference. The mechanisms leading to surface 
absorption, as described in the Introduction, thus 
remain plausible, but the need for such explanations 
has hardly been substantiated. Experimental compari- 
sons do not provide reason for one to expect the surface- 
absorbing potential to produce significantly better 
results for practical applications, such as providing 
unmeasured angular distributions, or furnishing un- 
perturbed distorted functions in direct-inter- 
action calculations. 


wave 
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Nucleon Form Factors from Electroproduction of Pions* 
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The dispersion relation analysis of Fubini, Nambu, and Wataghin for electroproduction of pions has 
been applied to the experiments of Panofsky and Allton as an independent means for studying nucleon 
structure. The results are in qualitative agreement with those from elastic scattering experiments. Some of 
the limitations inherent in the form-factor measurements by this process are also discussed. 


ANALYSIS 


SERIES of experiments is being undertaken by 
Panofsky and Allton' to measure cross sections 
for the direct production of pions in electron-proton 
collisions. Fubini, Nambu, and Wataghin? have made 
a dispersion theory analysis of this process and have 
shown an explicit dependence of the cross sections on 
the neutron and proton form factors. If one uses the 
proton form factor analysis of Hofstadter et al.,* experi- 
ments of this type appear to be an alternative to 
electron-deuteron‘ scattering as a means of investigating 
neutron structure. The initial experiments of Panofsky 
and Allton,! in which electrons are scattered at the 
resonance energy, were designed particularly for meas- 
uring the magnetic structure of the neutron. Other 
experiments® at threshold are presently being designed 
to measure the vector part of the charge form factors. 
The calculation of the cross section by use of the 
matrix element of F.N.W.? is straightforward. In the 
experiments under discussion only the final electron is 
observed. Following Dalitz and Yennie,*® we write the 
differential scattering cross section in the form 


K 2 


d’o 


&.9F 


; || 1) 
dQdp’ 320° W p we 


where M is the nucleon mass, / and p’ the initial and 
final electron momenta in the laboratory system, Q the 
final meson momentum in the center-of-mass frame, 
W the total nucleon-pion energy in this frame, a the 
fine structure constant, and K, the four-momentum 
transferred to the pion-nucleon system. An average 
over pion coordinates is included along with the 
appropriate traces over electron and nucleon spinors. 
The matrix element of the pion-nucleon current is 


* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research. 

+ Now at Purdue University, Lafayette, Indiana. 

1W. K. H. Panofsky and E. A. Allton, Phys. Rev. 110, 1155 
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2 Fubini, Nambu, and Wataghin, Phys. Rev. 111, 329 (1958); 
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3R. Hofstadter, Revs. Modern Phys. 28, 214 (1958). See also 
other references cited there. 

4M. R. Yearian and R. Hofstadter, Phys. Rev. 110, 552 (1958); 
R. Blankenbecler, Phys. Rev. 111, 1684 (1958). 
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expressible as 

(hu = TK Ju) +L 76,73 K ju) +434 78,73} (jut), (2) 
where 8 denotes the isotopic spin state of the final 
meson. The fourth components of the electron and 
pion-nucleon currents in Eq. (1) may be eliminated by 
use of the continuity equation. For the space parts of 
(j,), F.N.W. give 
i (K?) 
——[K’se— (Q- K)o+o-KQ] 


w 


1 . 
+j°)= in 
f 


1 
y $L2(Qx K)+i(Q- K)o—i(e- K)0i(1+ ~) 


1 


e383 sinds; uw" (K2) oo -QQ 

x +i——e’ (K°), 
G0 2f? Mw 

(3) 


PY )= —4[2(Qx K)+7(Q- K)o—i(o- K)Q] 
w \ "33 sinds3 uw’ (K?) 
(1+ ) 

M 08 2f? 
2Qe-(K—Q) 
—-€ 
(K—Q)?+2 
(@-Q)Q 

i 
2Mw 


+i] we’ (K?)+ 


e’ (K?). 


The momenta K of the virtual photon and Q of the 
meson are here evaluated in the pion-nucleon center- 
of-mass system. The form factors, e”, eS, uw", and p* 
are combinations of the proton and neutron charge and 
magnetic moment distributions as given in F.N.W. It 
is important to note that uw’ and u* include recoil 
corrections (to order 1/M) which explicitly depend on 
eY and e’. We have omitted from Eq. (3) terms for 
Fg and Fy, as given by F.N.W. since explicit calcu- 
lation shows these to be small (<3%) in the present 
range of interest. Also we have dropped all longitudinal 
terms. As Dalitz and Yennie have pointed out, the 
process of eliminating jo from Eq. (1) forces the 


~ 


/ 





918 5. 


longitudinal current to be divided by Ko, which may 
be expressed as Ko=(W?—M?*—K?*)/2W. For those 
points in the W-K? plane where Ko is zero, the longi- 
tudinal current should vanish according to the continu- 
ity equation. Since the present evaluation of the 
dispersion relations does not satisfy this requirement, 
spurious singularities result. In regions far removed 
from these sigularities, the longitudinal contributions 
to the cross section are negligible. We have assumed 
that this feature is maintained in the questionable 
regions. 

Besides Eq. (3), F.N.W. give the matrix element in 
a different approximation which involves principal 
value integrals over pion-nucleon scattering phase 
shifts. Even though this latter formula is more accurate 
than Eq. (3) for large values of K*, we have chosen to 
evaluate only the simpler formula, since a more refined 
treatment of the dispersion relations is being completed.’ 

The nonkinematic parameters in Eq. (3) include the 
coupling constant /*, the phase shift 633, and the four 
well-known form factors of the nucleon as usually 
denoted F\,(K*), Fo)(K*), Fin(K*), and F2,(K*). The 
coupling constant and phase shift are to be selected so 
as to be consistent with experimental data on pion- 
nucleon scattering and photoproduction. Orear* gives 
an analytic expression, for the (3,3) phase shift: 


(0? /w*) cotés3= 8.05—3.80*, 


oc —————____—__— 


*s 
1? =.08 
t? =.08 
t? «.076 
f+ .076 


EXPT, PT, 


EXPT, PT, 


~ 400 — k, (MEV) 
1250 ——» w (MEV) 


Fic. 1. Theoretical values of the photoproduction cross section 
and experimental points as a function of the center-of-mass 
energy, W, of the final pion-nucleon system. W is related to the 
incident photon energy in the lab system, ko, by W2=M?24+2M kp. 
Experimental 2° points are those of Koester and Mills” and 
McDonald et al."* Experimental x* points are those of Walker 
et al.“ Curves 1, 2, 3, and 4 assume the Orear effective-range 
relation, Eq. (4), empirically, with the indicated coupling con- 
stants referring to Eqs. (3). Curves 5 and 6 employ a coupling 
constant f?=0.076 for Eqs. (3) and modify the effective-range 
relation accordingly, keeping the same resonance energy. Electro- 
production calculations carried out in all cases correspond to the 
parameters of curves 1 and 3. 


7Y. Nambu (private communication). 


8 J. Orear, Phys. Rev. 100, 288 (1955). 
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where w*=w+Q?/2M and both Q and o* are given in 
units of the pion rest mass. We take Eq. (4) as a 
convenient representation of the experimental data 
without regard to the coupling constant implied by the 
effective range theory of Chew and Low.’ Other 
representations of 633 consistent with scattering experi- 
ments*:” can alter the present results. However, it is 
known that photoproduction data cannot be completely 
described" with a single phase shift and a reasonable 
coupling constant, and it is to be expected that the 
source of these discrepancies will similarly affect the 
electroproduction results. There is a simple relation 
between these two types of experiments which is given 


4r’*p do 
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Fic. 2. Relative magnitudes of the dominant contributions to 
the photoproduction cross section. The form factor in parentheses 
in each case indicates the origin of the contribution from Eqs. (3). 
In all cases here the form factors are of course unity. Curve 1: 
Magnetic dipole (u”)?. Curve 2: Born approximation s wave (e")*. 
Curve 3: Meson current. Curve 4: Interference of s wave and 
meson current terms (e”). Curve 5: Interference of magnetic 
dipole and meson current terms (u"). Curve 6: 7° Magnetic 
dipole contribution (u")? (predominant). Dashed lines indicate 
negative contributions. 


where op» is the total photoproduction cross section at 
the fixed center-of-mass energy and @ is the electron 
scattering angle. By use of Eqs. (3) and (5) we plot in 
Fig. 1 the photoproduction cross section for both at 
and 7° for different values of the coupling constant, 
together with experimental cross sections.’*~-“ One notes 


9G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

0S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 
(1955). Other forms of Eq. (4) consistent with the scattering data 
have also been considered. One extreme is represented by 5 and 
6 of Fig. 1. 

4 Uretsky, Kenney, Knapp, and Perez-Mendez, Phys. Rev. 
Letters 1, 12 (1958); E. L. Goldwasser, Proceedings of the Seventh 
Annual Conference on High-Energy Nuclear Physics, 1957 (Inter- 
science Publishers, Inc., New York, 1957), Chap. 2, p. 50; F. R. 
Tangherlini (private communication). 

( 2L. J. Koester, Jr., and F. E. Mills, Phys. Rev. 105, 1900 
1957). 
( 18 McDonald, Peterson, and Corson, Phys. Rev. 107, 577 
1957). 
( 14 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
1955). 
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that the 2° cross section is considerably more sensitive 
to f? than the w+ result. Hence, the 7° result can be 
brought into agreement with experiment while the a+ 
cross section remains inconsistent for all reasonable 
values of f*. With the Orear fit, we have found a 
coupling constant /?~0.09 to be most appropriate. 
The experiments of Panofsky and Allton! take the 
residual discrepancies with the experimental data (Fig. 
1) into consideration and normalize their results for 
electroproduction accordingly. For ease of reference, 
we have plotted in Fig. 2 the various contributions to 
the photoproduction cross section. As is well known, 
the magnetic dipole element completely dominates the 
nm production, while for the + it is only appreciable 
near the resonance. 

The remaining parameters in Eq. (3) are the form 
factors which are functions of the momentum transfer 
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w=i200 MEV 


STERADIAN MEV 


2.01 10°—» K? (MEV)? 
Fic. 3. Relative magnitudes of the dominant contributions to 
the electroproduction cross section as a function of K? near the 
resonance Ws 1200 Mev). Reasonable values of the form factors 
have been selected for illustration, using exponential models 
corresponding to rms radii (r?)+=0.8X10" cm for Fip and Fop 
and (72)4=0.9X10-" cm for Fon. Fin has been set identically 
equal to zero. Curve 1: Total cross section. Curve 2: Magnetic 
dipole (u”)*. Curve 3: Total Born approximation (meson current, 
Ss wave, and interference). Curve 4: Interference of magnetic 
dipole and meson current terms (4). Dashed lines indicate 
negative contributions. 


K?. In order to minimize the phase-shift uncertainties 
and photoproduction discrepancies, the experiments 
are programed to observe the cross section for fixed 
W, while varying A’. So for a fixed angle @ the cross 
section may be conveniently represented as a surface 
over the W-A? plane.'® 

Ideally one selects regions where just certain of the 
form factors dominate the cross section. Figure 2 
indicates that for electroproduction near the resonance 
the magnetic dipole terms are also predominant. In 
fact, they become even more important as one proceeds 
off the energy shell at resonance as shown in Fig. 3. 

16 Wolfgang K. H. Panofsky (private communication). For 
given values of W and K?, the kinematics uniquely define the 
relative percent of longitudinal contribution as a function of @. 
An experiment to measure the longitudinal contribution directly 
in this way is being planned. 
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Fic. 4. Relative magnitudes of the dominant contributions to 
the electroproduction cross section as a function of K? for W = 1120 
Mev using same form factors as in Fig. 3. Curve 1: Total cross 
section. Curve 2: Magnetic dipole (u")?. Curve 3: Total Born 
approximation. Curve 4: Interference of s wave and scalar 
magnetic dipole terms (e”uS). Dashed lines indicate negative 
contributions. 


Since the proton magnetic form factor F2, is known 
independently,’ experiments in this region effectively 
probe the neutron magnetic structure by measuring 
F;,. The sensitivity of the cross section to F2, for 
W = 1200 Mev has been examined by the first Panofsky- 
Allton! experiment. 

Figure 2 suggests that e-a threshold production, on 
the other hand, is dominated by the Born approxi- 
mation terms which involve the vector part of the 
charge form factor e’=(F1,—F;,)e. For increasing 
values of K*, however, the magnetic contributions 
reduce this sensitivity as shown in Fig. 4. An experiment 
is presently being designed to measure e” for W=1120 
Mev. Since, for small values of K?, F\,~O(K*) this 
experiment may possibly be used to probe Fj, in 
regions where the elastic scattering data are not readily 
obtainable. Such a result would help to fix a value for 
the derivative of Ff}, at K?=0 and thus yield a value 
for the rms radius to compare directly to the theory.'® 
For larger values of K? where Fj, is well known, 
F,, itself may be measured. 


DISCUSSION AND CONCLUSIONS 


With regard to the accuracy of the dispersion-relation 
evaluation with respect to form factor measurements, 
one can at present make only qualitative comments. 
The evaluation of F.N.W. which we have selected 
follows by complete analogy to the photoproduction 
evaluation of Chew ef al.'7 in which the amplitude is 
expanded in powers of 1/M and only the first two terms 
are kept. Now, for photoproduction the only expansion 
parameter is w/M (w is the meson energy), and thus 
the uncertainty in the cross section is ~ (w/M)? which 


16 Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev. 
110, 265 (1958). 

17 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). 
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Fic. 5. Born approximation 
diagrams which contribute to the 
poles in the dispersion relations. 
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is ~10% at resonance. Electroproduction, on the other 
hand, involves in addition to the final meson energy 
the momentum transfer K?, allowing therefore an 
additional expansion parameter which in an extreme 
case may be K*/Mw. The present range of interest 
includes values of W from threshold (W~1079 Mev) 
to resonance (W~1230 Mev) and values of (K*)! up 
to about 500 Mev/c; and thus a large value of this 
expansion parameter is possible. For example, at reso- 
nance, and with the above value of K?, there is a 
possible uncertainty ~(K?/Mw)?~50%. We have, 
perhaps, applied Eq. (3) beyond its range of validity; 
indeed, F.N.W. have indicated that such uncertainties 
are to be expected. Other uncertainties, such as neglect 
of and choice of phase shifts, are not expected to be 
too significant by comparison. 

Finally, we might mention another possible source 
of uncertainty in the matrix element. F.N.W. have 
shown the existence of an ambiguous term in the 
inhomogeneous part of the dispersion relations. They 
were able to express this term in terms of the meson 
form factor. Since no knowledge of the latter exists at 
present, it was set equal to unity. It is worthwhile to 
examine the source of this ambiguity and to see clearly 
why it is absent in photoproduction. 

The all-important inhomogeneous terms of both 
photoproduction and electroproduction of pions are 
given'* by the sum of diagrams (a) and (b) of Fig. 5. 
These terms are of course equivalent to the perturbation 
theory Born approximation (modified, of course, with 
form factors at the y-ray vertices for the case of e-r 
production) with the meson current diagrams com- 
pletely omitted. Reference to the derivation in reference 
15 shows that one still has the complete freedom to 
add an arbitrary real constant (with respect to the 
un Taukhelidze, and Solovyov, Nuclear Phys. 4, 427 
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dispersion variable) to the inhomogeneous terms. The 
requirement of gauge invariance determines this con- 
stant uniquely for real photons, but not for virtual ones. 
For photoproduction, gauge invariance requires the 
addition of the constant given by 


[O-alrn) + K-<b(r)] 
[O-Ka(vg)+K2b(vp)] 


(6) 





2L 75,73 Jevs 


where Q, is the final meson momentum, and K, and e, 
the photon’s momentum and polarization, and the 
ratio of a(vg) to b(vg) is a completely undetermined 
function of y»s=Q-K/2M. Now, for real photons we 
have K-e=0 and K*?=0, so that the undetermined 
function drops out completely, leaving precisely the 
meson current diagram. On the other hand, for electro- 
production, gauge invariance does not produce a 
unique constant. Here, this prescription tells us to add 
(6) with e replaced by e’(K*) and with a, 6 functions 
of K? as well as vg. But now, since K*+0, one com- 
pletely undetermined function remains. The argument 
of F.N.W. shows that this function is such that the 
added term represents the meson current diagram with 
the meson form factor at the vertex. Setting this equal 
to unity causes some theoretical uncertainty in the 
measurement of the nucleon form factors. An estimate 
of this uncertainty here would be premature. We do 
note, however, that although this term does contribute 
to the isotopic } state, from Fig. 2 it is clear that it 
never dominates. Perhaps at some future time, when 
coincidence experiments between the pion and electron 
are feasible, one may be able to measure the meson 
form factor with electroproduction experiments. 

In recapitulation, we have reviewed the present 
status of the analysis of electroproduction experiments 
with regard to probing the neutron form factors and 
the eventual possibility of probing the meson form 
factor. Further work of Nambu’ is expected to clarify 
many of the theoretical uncertainties mentioned. This 
present work is also discussed by Panofsky® as part of 
a more detailed consideration of form factor analysis 
involving experimental considerations. 
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Lithium, Beryllium, and Boron in the Primary Cosmic Radiation* 
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In order to resolve the controversy concerning the abundance of the light elements (3< Z< 5) in the 
primary cosmic radiation, a further experiment has been performed. The charge spectrum of the cosmic 
radiation has been determined on October 19, 1957 in a stack of nuclear emulsions exposed nearer the top of 
the atmosphere than before. The results of the experiment prove that these light elements make up an 
appreciable fraction of all those nuclei with Z23 present in primary cosmic radiation. The flux values 


found after correction to the top of the atmosphere are, in particles/m? sec sterad: 


Li, Be, B (Z nuclei) 


CNOF (M nuclei) 
Z 210 (H nuclei) 


1.9+0.3 
5.10.5 
1.7+0.3 


These values appear to be lower than observed previously in agreement with the decrease in the a-particle 


flux associated with the sun’s increased activity. 


INTRODUCTION 


ETAILED experiments on the perennial problem 

of the abundance of lithium, beryllium, and boron, 
the Z nuclei of the cosmic radiation, have recently been 
the subject of several further papers. In these experi- 
ments essential agreement appears to have been reached 
on the form of the charge spectrum observed 10 to 20 
g/cm? below the top of the atmosphere. However, there 
is still disagreement as to the flux of these Z nuclei at 
the top of the atmosphere, due to an uncertainty in 
making the correction for the effects of residual matter 
above the detectors. In principle there are at least three 
ways of making these corrections. 

The first of these, which for experimental reasons has 
been the one principally employed to date, involves a 
study of the nuclear disintegrations produced by cosmic 
ray nuclei as they pass through nuclear emulsions and 
an extrapolation of this data to determine the char- 
acteristics of disintegrations in air. This method is 
empirical and suffers from the limitation that it is 
necessary to use a subtraction procedure which reduces 
the statistical accuracy of the results.! Nevertheless, in 
the form presented by the Bristol group'* upper limits 
are obtained for these parameters which lead to a cor- 
rection for the effect of matter that is consistent with a 
finite flux of Z nuclei at the top of the atmosphere. This 
procedure using limiting values of the parameters 
should lead to a lower limit of the true Z-nuclei flux. 

A more direct method of determining the number of 
L nuclei above the atmosphere is to measure the num- 
bers of these nuclei at different depths in the atmos- 
phere. In principle the only objection is the experimental 
difficulty of obtaining results of sufficient statistical 
weight. Because of the large amount of work involved in 

* This work supported in part by the joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research. 

t+ On leave of absence from a Royal Society Mackinnon Research 
Studentship. 

sh Y. Rajopadhye and C. J. Waddington, Phil. Mag. 3, 19 
Thoke, Hillier, and Waddington, Phil. Mag. 2, 293 (1957). 


such an experiment, it has only occasionally been 
attempted. Dainton ef al.’ measured the charge distribu- 
tion over Minnesota in 1950 at different depths in the 
atmosphere and found that the ratio of Z nuclei to the 
Z> 6 nuclei, S nuclei, hardly changed between 19 g/cm? 
and 50 g/cm*. More recently Appa Rao et al. have 
measured the charge distribution over Texas in 1956 as a 
function of zenith angle and find that the ratio L/S=R, 
varies from 0.25 at 10 g/cm? to 0.60 at 30 g/cm?*. This 
later result suggests that the flux of Z nuclei at the top 
of the atmosphere is small and consistent with there 
being none, in disagreement with results of Waddington 
using the Bristol correction procedure. 

The one certain method of removing the uncertainty 
due to these corrections is to measure the charge spec- 
trum at the top of the atmosphere. While this is not yet 
possible, recent advances in the technique of balloon 
flying make it possible to perform experiments under 
less than half the amount of residual atmosphere pre- 
viously present. At such an altitude there is a significant 
difference between the values of R predicted by Bristol! 
and Bombay,‘ and it should be possible to decide be- 
tween the two results. 

For this reason we have measured the charge spec- 
trum in a stack of emulsions exposed at 125 000 feet 
under a mean amount of matter of 4.5 g/cm? plus 0.3 
g/cm? of packing material. Our results are consistent 
with the Bristol! prediction. 


EXPERIMENTAL PROCEDURE 
1. Stack and Exposure Details 


The stack of nuclear emulsions used to detect the 
particles in this experiment consisted of 117 stripped 
Ilford G5’s with dimensions of 10 cmX 10 cmX0.06 cm. 
It was exposed on October 19, 1957 over Texas on a 


3 Dainton, Fowler, and Kent, Phil. Mag. 43, 729 (1952). 

4 Appa Rao, Biswas, Daniel, Neelakantan, and Peters, Phys. 
Rev. 110, 751 (1958). 

5 C, J. Waddington, Phil. Mag. 2, 1059 (1957) 
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balloon launched from Tyler. The trajectory of the 
balloon is given by Freier ef al.6 This shows that at 
altitude the balloon traveled from 31.8°N and 98.4°W 
(geographic) to the impact point at 32.7°N and 95.4°W. 
The flight curve is given in Fig. 1; this shows that the 
rate of ascent was 1180 feet per minute (6.55 m/sec) 
and that the balloon floated at a mean depth in the 
atmosphere of 3.8 g/cm? for 8.5 hours. Because of the 
importance of precise knowledge of the balloon altitude, 
several independent methods were used for its deter- 
mination. These are listed in Table I. 

While the stack was not turned over on reaching 
ceiling, so that a correction must be made for those 
particles which entered during the ascent, the rapid rate 
of rise and long duration of the flight makes this cor- 
rection less serious than usual. Since the geometric 
cutoff energy over Texas for multiply-charged nuclei is 
1.5 Bev/nucleon,® all the particles observed were 
assumed to enter the stack with relativistic velocities. 


2. Detection of Particles 
a. Scanning Criteria 


The emulsions were scanned along a line 6 cm long 
and 1.18 cm from the top of the emulsion. All particles 
crossing this line, satisfying the geometric conditions 
of length and angle and having ionizations greater than 
a specified amount, were recorded. If there were any 
doubt as to whether or not the particles were heavier 
than a particles, they were aligned on a scattering 
microscope and identified by scattering and ionization 
measurements. The plates were scanned in three groups. 
Table IT gives the details of the scanning criteria for 
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Fic. 1. Time-pressure curve for the balloon flight. 
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TABLE I. Altitude measurements. 


Method 


Theoretical ceiling* 
Smoked-disk barograph 


High-altitude barograph 
Down camera” 


Altitude obtained 
(millibars) 
+0.3 
3.7 
—0 
4.0+0.4 
3.7+0.3 
4.0+0.2 


* Theodolite observations showed that balloon was more than 90% full. 
b Photographs indicate a balloon altitude of 122 600 +1000 feet. Standard 
atmosphere is used to convert altitude to pressure. 


each group. The a-particle flux measured in these plates 
is also given. 
b. Re-scanning 


The emulsions in Group 1 were the first ones we used 
to determine the Texas a-particle flux. In this group 
38% of the scan area was independently re-scanned; 
the scanning loss for a particles determined from this 
re-scan was 5%; the scanning loss for Z>2 was zero. 

The emulsions in Group 2 were scanned for Z2 2. 
The a-particle flux obtained from these plates is in 
excellent agreement with that obtained from the plates 
in Group 1. Therefore none of the area in Group 2 was 
re-scanned ; 100% efficiency for detection of Z> 3 nuclei 
was assumed because of the high detection efficiency of 
a particles in this group. 

In the third group of emulsions a particles were not 
recorded. The scanning efficiency was checked in this 
group by re-scanning 15% of the area, recording a par- 
ticles on the re-scan. No additional heavy nuclei were 
found. 

Of the total area scanned for nuclei of Z > 3, 53% was 
scanned for a particles as well as heavier nuclei. Under 
these scanning conditions we are confident of nearly 
100% efficiency for Z>3. Of the total area, 15% was 
independently re-scanned, a particles always being 
recorded on this re-scan. No new Z2>3 nuclei were 
found, and only an additional 5% of a@ particles was 
found. 


c. Other Efficiency Checks 


The depth, length, and angle efficiency of the scan 
was checked for the heavy nuclei and a particles found 
in the scan (in Group 1, protons of >3/min were in- 
cluded in the efficiency checks). About 1200 particles 
were included in these efficiency checks. The scanning 
efficiency was found to be independent of the depth of 
the track in the emulsion except in Group 1 where there 
was an indication of lower efficiency near the air surface ; 
the top 3.5% of emulsion was omitted in the flux calcu- 
lation in Group 1. The length efficiency was satisfactory 
even when the minimum length was 8 mm. The angular 
efficiency was checked by examining the isotropicity of 
the a particles. 641 a particles found in 43 of the emul- 
sions were used. After correction to the top of the atmos- 
phere these particles should be isotropic for zenith 
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angles £60°.7 They were found to be isotropic within 
the statistical errors. 


d. Following the Particles 


All those particles which had Z23 were traced back 
to their point of entry into the stack and then followed 
down through the emulsion until they left the stack or 
were reduced to fragments with Z<2 by interaction. 
Those particles, eight in all, which had suffered inter- 
actions above the scan line were not included in the 
charge spectrum due to the difficulty of measuring the 
charges of the primary particles. A correction was 
applied which takes account of these particles and those 
absorbed in the emulsion above the scan line. The 
number of particles in each charge group was increased 
by a factor exp(x/A), where x is the average amount of 
overlying emulsion (4.9 g/cm?) and XQ is the interaction 
mean free path in emulsion.? 


3. Charge Determination 


Measurements of charge were then made on particles 
by two independent methods in a manner similar to that 
employed previously.® 


a. Charge Determinations from Core Measurements 


It has been shown’ that the core density of a track 
produced by a relativistic particle is a function of the 
charge, providing the track is not completely saturated. 
These core densities were measured by the Fowler and 
Perkins® blob-gap method in which the density of gaps, 
G, having a length greater than / is measured together 
with the density of blobs, B, to determine a parameter, 
g, defined by 

g= (1/1) In(B/G). 


It was found previously® that resolution between 
particles of neighboring charges could be obtained up to 
a charge which was dependent upon the development 
of the emulsion, in particular upon the grain size, but 
which was greater than the charge of carbon. Thus these 
measurements are capable of giving resolution between 
Land S nuclei. 


TABLE IT. Scanning of emulsions for nuclei of Z > 3. 


a-flux 

Min particles 

Max detection m? sec 

angle ion.® sterad 

+7 

3 Imin 65 32 
—5 

70+4 52 


/ No. of 
Z2>3 
nuclei 


Magnifi- Min 
cation length 


Group No. 
No. plates 


20 15 X25 10 mm 45° 
{15 X25) 
\15 X12} 
15 X12 


8 mm 60° 
8 mm 60° 


4 Im in 
6 Imin 


a In units of Jmin, the ionization of a relativistic proton. 


7R. E. Danielson and P. S. Freier, Phys. Rev. 109, 151-157 
(1958). 
8 P. H. Fowler and D. H. Perkins, Phil. Mag. 46, 587 (1955). 
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Fic. 2. Light transmission measurements of the 117 emulsions 
used in this experiment. The errors indicate the variability in 
individual emulsions. The solid arrows indicate development batch 
changes; the dashed arrow manufacturer’s batch change. 


Measurements of g were made on every track which, 
by visual observations, appeared to have been produced 
by a particle with Z<10. On each track there were 
counted 100 gaps of length greater than 0.70 uw and 400 
blobs. As far as possible these measurements were made 
at a constant depth in the emulsions, and as near to the 
top edge as was consistent with this requirement and 
with the further requirement that measurements should 
not be made within 1 cm of the processed edge of the 
emulsion. 

These measurements showed that there were marked 
changes between the development batches of the stack 
and that results in different batches could not be easily 
normalized. For this reason it was necessary to consider 
separately the results obtained in each batch. 

Light transmission measurements averaged over the 
area of each emulsion are shown in Fig. 2. They clearly 
demonstrate batch discontinuities associated with devel- 
opment batches as well as manufacturer’s batches. 
Although the conditions of development were carefully 
regulated and recorded, we are unable to account for 
the discontinuities. The variations within a plate are 
greater than the average variation from plate to plate 
except at batch discontinuities. Different batches 
showed both variations in development and different 
depth variations of development. The variation within 
individual emulsions precluded resolution of charges 
>3 by densitometer opacity measurements. 

The measured values of g are shown in Fig. 3 for the 
five different batches considered. In order to fit a charge 
scale to each of these distributions, separate calibration 
curves had to be constructed for each one. In Batches 
I and V, where there are discrete individual charge 
peaks from lithium to nitrogen, the construction of these 
calibration curves was unambiguous. In the other 
batches, where the individual charges were not so clearly 
resolved, the calibration curves were constructed taking 
into account the requirement that g must be a smoothly 
varying function of the charge, the presence of charge 
revealing interactions and the appearance of relatively 
strong carbon peaks. It may be noted that if there 
should have been a strong boron peak in any of these 
three batches, it would have been called carbon and 
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Fic. 3. The distribution in g observed in five different develop- 
ment batches. The assigned charge scale is also shown in each 
case. a, b, and ¢ show the positions of carbon, boron, and lithium 
nuclei, respectively, which make charge-indicating interactions. 
The open squares are secondary nuclei and a particles included to 
aid in the calibration. 


thus this procedure could have resulted in an under- 
estimate of the true number of L nuclei (see, for example, 
Batch II). The charge spectrum obtained from these 
measurements, up to Z=6.5, is shown in Fig. 4. 

In order to reduce the possibility that in these samples 
of small statistical weight the boron was merely the 
result of fluctuations in the g measurement on a true 
carbon, all the apparent borons and carbons in each 
batch were measured at one time. These additional 
measurements showed that there were real differences 
between the two groups of particles which could not be 
attributed to fluctuations in the counting convention. 


b. Charge Determination from 6-Ray Measurements 


The 6-ray density was determined for all the particles 
of charge 23. Some a particles were counted to aid in 


the calibration. A range criterion for the 6 rays was 
used, and all the counting was done by one person. The 
6 rays were counted over a length of 1 to 2 cm in at 
least two emulsions. The length was centered about the 
middle of the emulsion (in depth) and was more than 
30 w away from either emulsion surface. 

The results were plotted by development batches 
because it was definitely observed that in the batches 
with smaller grain size, Ns was lower by an amount 
equivalent to a half-unit of charge in the Li, Be, B 
region. The batches also had different background cor- 


rections. There were four charge-revealing interactions 








Fic. 4. The charge spectrum obtained from measurements 
of the core density. 
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and several other interactions which aided in the charge 
calibration. 

Batch I had the best resolved peaks in the Li, Be, B 
region as well as two charge-revealing interactions. This 
batch had a charge calibration of the form 


N;=b+ cz". 


n=2.07 fit the data best for Batches I, III, and IV. 
Batches II and V were fitted with calibration curves of 
the same form but with »=1.87 and 2.14, respectively. 

Figure 5 gives the experimental data for those nuclei 
with charges <8. The nuclear charge determined from 
the 6-ray measurement is shown in Fig. 6. 


c. Charge Comparison 


The charges determined from the blob-gap measure- 
ments, Z,, are compared with those determined from 
5-ray measurements in Fig. 7. In this diagram those 
points lying within the squares represent particles on 
which the same integral charge was determined by both 
methods. An examination of this figure shows that there 
is not complete agreement between Z, and Z; and that 
there appears to be a general tendency for Z; to be less 
than Z,. Re-examination of particles in the boron to 
carbon range showed that these divergences were mainly 
due to real changes in the relative values of g and Nz, 
rather than being due to fluctuations in the experimental 
techniques of counting and measuring. These diver- 
gences were most probably due to fluctuations in the 
grain size in different emulsions of the same development 
batch. NV, and g should both be essentially independent 
of grain size differences, but in this stack they definitely 
vary with grain size. 


EXPERIMENTAL RESULTS 
1. Flux Ratios 


Because of the rather poor agreement between Z, and 
Z,, no attempt has been made to quote values for the 
numbers of particles of individual charges. Instead, 
attention will be confined to the relative numbers of 
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Fic. 5. The measured values of N; for the nuclei of charge <8. 
The charge determined from the calibration curve of each batch 
is shown along the top. The open squares are secondaries and 
a particles which were counted to aid in the calibration. 
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Fic. 6. The charge spectrum ob- 
tained by 6-ray counts for all nuclei 
with charges < 12. 





nuclei in the different charge groups. It is assumed that 
a lower limit to the true number of L nuclei present in 
the sample measured is given by taking as L nuclei only 
those particles on which both Z, and Z; are less than 
5.5. An upper limit is obtained by taking as Z nuclei all 
those particles on which either Z, or Zs was less than 
5.5. The most probable value was determined by assum- 
ing that all particles for which Z,XZs< (5.5)? are 
L nuclei. 

The separation between nuclei with 6<¢Z<9, 
M nuclei, and those with 7210, H nuclei, depends 
entirely on 6-ray counting and was made at Z;=9.5. 
Since the great proportion of H nuclei have Z; values 
which are appreciably greater than 9.5, the error intro- 
duced by separating these groups cannot be very large. 
Numbers of nuclei under these various assumptions are 
shown in Table III. Also shown in this table are the 
ratios L/S=R, and M/H=T. When these numbers are 
corrected for the emulsion above the scan line, these 
ratios are changed slightly to the values shown in 
brackets. Thus the bracketed values are those at 4.6 
g/cm? below the top of the atmosphere. 

The methods of extrapolation used by Bombay‘ and 
Bristol! agree on the value of R at ~12 g/cm? but 
predict different values when there is less matter above 
the emulsions. In Fig. 8 there is shown the growth 
curves of R predicted by Bristol and Bombay. The 
Bombay curve is that obtained by extrapolating their 
experimentally observed R values at various depths in 
the atmosphere and contains no correction for the ascent 
to ceiling. To a first approximation the effect of this 
correction would be to lower this curve so that the inter- 
section at zero depth is the value found by these workers 
for Ry at the top of the atmosphere. This curve we have 


TABLE III. Number of nuclei in various charge groups as meas- 
ured in the emulsion. R= L/S and T=M/H are the ratio of the 
numbers in various charge groups. The bracketed numbers have 
been corrected to the top of the emulsion. 


L M H 7 


35 sas 3.44 
(40.1) (3.27) 

3 3.14 
(3.00) 
3.26 +0.63 
(3.12 +0.60) 


Z, and Z§¢5.5 39 120 
(42.5) (132.5) 
Z, or Z5K5.5 49 110 


(53.5) (121.5) 
Z9 XZ8K (5.5)? 45 114 


(40.1) 
35 


0.30 +0,05 


(49.2) (126.0) (40.1) (0.30 40.05) 
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drawn in Fig. 8. The Bristol curve, which is normalized 
on the R value found previously at 12 g/cm?, is already 
corrected for the ascent. 

Also shown on this figure is the experimentally ob- 
served value of R obtained in this experiment. This 
point is uncorrected for the ascent, due to the fact that 
the magnitude of this correction depends on the 
assumed growth curve. However, since the present 
emulsion stack rose at double the rate of the Bombay 
stack and remained at ceiling for 36% longer, this cor- 
rection must be considerably less than that made by the 
Bombay group, even if their growth curve is used. If 
the Bristol curve was used instead, then the correction 
would lower the measured value of R by less than 3%. 
The result presented in Fig. 8 shows, in our opinion 
conclusively, that there are appreciably more Z nuclei 
present in our emulsion stack, and therefore at the top 
of the atmosphere, than predicted by the Bombay 
group. We conclude that the ratio Ry (L/S) is entirely 
that value found previously by 


consistent with 


Waddington.*® 
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Fic. 7. Comparison of charge determination by 6-ray 
and core measurements. 
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DEPTH IN THE ATMOSPHERE IN g/cm? 


Fic. 8. The variation of R with depth in the atmosphere pre- 
dicted with different methods of extrapolating to the top of the 
atmosphere. The experimental point labeled “W” is that found by 
Waddington (reference 5) at 12 g/cm? and is used to normalize 
the Bristol growth curve. The curve labeled “Bombay”’ was deter- 
mined by studying the angular distribution of the heavy nuclei 
(reference 4). Also shown is this curve with our estimate of the 
ascent correction (see text). The most probable value of R found 
in the present experiment is shown together with its upper and lower 
limits (see text) and the standard deviation associated with it. 


2. Absolute Flux Values 

The flux values measured in these emulsions have 
been calculated and corrected to the top of the atmos- 
phere. 208 nuclei with Z > 3 which satisfied all geometric 
conditions were found in the 113 scanned emulsions. 14 
nuclei found in 9 of the emulsions had charges measured 
by the 6-ray method alone. Except for these nuclei, the 
separation of L and M nuclei was set by the requirement 
that 

ZaXZsK (5.5). 


The separation between the M and H nuclei was made 
on the charge determined by 6 rays alone. 

The nuclei in each of the charge groups were tabu- 
lated by zenith angle intervals. The number of nuclei 
found in the emulsion in each angular interval was cor- 
rected to the top of the atmosphere by multiplying by 


the factor 
e! 3.8 +3.8 +0.3) sec#/A(absorption) 


The vertical air above the emulsion was 3.8 g/cm?; 
the emulsion above the scan line was 3.8 g/cm?. (This 
is the average amount of emulsion traversed taking into 
account the gap between plates.) The packing material 
was 0.3 g/cm’. The values used for the absorption 
lengths in air were \, = 35.8 g/cm?, \y= 32.0 g/cm?, and 
An= 25.4 Z ‘cm?,! 

The number of nuclei observed in the emulsion was 
also increased to correct for those nuclei which cross the 
scan line with correct geometry, but interact in the 
emulsion before they go the required length. This 
factor is 

ell. 


The interaction mean free paths in emulsion for the 
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various charge groups are used, and L is the minimum 
length for the tracks. 

The thickness of the emulsion which enters into both 
the scan area and solid angle in this type of scan was 
carefully determined. Each emulsion was weighed indi- 
vidually before and after the flight. The shrinkage 
factor obtained from direct depth measurements and 
from mass and density measurements agree very well. 
We estimate the error in the average emulsion thickness 
to be 1%. 

The flight time was corrected for the ascent by ex- 
pressing the ascent time as equivalent time at ceiling 
pressure. The air absorption mean free paths were used, 
and sec#=1.2 was used as an average for both groups 
1 and 2 in the time correction. 

In the angular interval we measured (06=0—45° 
group 1; 6=0—60° group 2) the angular distribution 
of the particles calculated by the above method shows 
isotropicity within the statistics. Therefore we see no 
reason for using anything but this exponential absorp- 
tion to calculate our fluxes at the top of the atmosphere. 
The flux values corrected to the top of the atmosphere 
are given in Table IV. 

The Bombay group‘ have proposed a growth curve 
for the M to H ratio, 7, which suggests that H nuclei 
do not decrease exponentially in the atmosphere. These 
workers observe that T decreases with increasing depth 
in the atmosphere up to about 20 g/cm? and then com- 
mences to increase again. They explain this observation 
by suggesting that due to the wide spread in charge of 
the nuclei, the absorption mean free path for this com- 
ponent at the top of the atmosphere is at least twice as 
large as the interaction mean free path and is, therefore, 
larger than the absorption mean free path of the 
M nuclei. After the traversal of sufficient matter, when 
the H component has been sufficiently degraded in 
charge, the absorption mean free path should decrease 
to a value less than that of the M nuclei. While a change 
in the absorption mean free path does probably occur, 
the Bristol! data from interactions observed in emul- 
sions suggest that it is not of the magnitude required 
to explain the Bombay observations. In order for T to 
decrease with increasing depth, the probability P that 
an H nucleus should be emitted from an interaction in 
air produced by an H nucleus must exceed 0.45. Experi- 
mentally one finds an upper limit for P of 0.29+0.11, 
and while the very heavy nuclei will have a value of P 
greater than this, they are only a relatively small frac- 


TABLE IV. Flux values measured over Texas 
(A=41°N) on October 19, 1957. 


Flux in particles/m? 
Charge group sec sterad 
L Li, Be, B 
M CN,0,F 
H Z>10 


Total 





Li, Be, AND" B 
tion of the total number of H nuclei. (Hillier and 
Rajopadhye find that 64+8% of the H nuclei observed 
at 12 g/cm? have Z> 13; we find 66+25% in the present 
experiment.) In addition, the Bombay group draws 
attention to the results of Danielson et al.,2 who have 
determined the absorption mean free path of H nuclei 
at the equator as being 4146 g/cm?, compared with a 
value of 26+2 g/cm? for M nuclei. However, these 
results suggest that there is an exponential decrease of 
the H nuclei down to a depth in the atmosphere of at 
least 55 g/cm? and thus predict that T should continue 
to decrease down to these depths. The Bombay group, 
on the other hand, observed that 7 increases below 
20 g/cm*. Furthermore, Danielson and Freier’ in a later 
paper find that using similar techniques the absorption 
mean free path of H nuclei observed over Texas is con- 
sistent with the value found by the Bristol emulsion 
measurements. It seems probable, therefore, that the 
T values observed by the Bombay group may have 
been affected by systematic errors in charge identifica- 
tion and that these errors are a function of the zenith 
angle and thus of the atmospheric depth. That such a 
functional error could occur is suggested by the fact 
that in these authors’ work the probability that a par- 
ticle will have a short path length in each emulsion 
increases with increasing zenith angle. The existence of 
a systematic misidentification of charges of particles 
with different projected lengths could easily explain the 
discrepancy already remarked on between the R values 
predicted by these authors and that found in this 
experiment. 


3. Time Variation of Flux 


At the time this flux of heavy nuclei was measured, 
the sun was near the maximum of sun-spot activity in 
its 11-year cycle. As is well known now, the cosmic-ray 
flux has decreased significantly since the sun has be- 
come active." 

Several investigators have reported the magnitude of 
the decrease for protons and for a particles. At Texas 
we have found in this stack that the a-particle flux has 
decreased by 30+10% from the value measured on 
February 6, 1956. We did not measure the flux of heavy 
nuclei in Texas in 1956, but we have summarized in 
Table V the measurements made by other investigators 


® Danielson, Freier, Naugle, and Ney, Phys. Rev. 103, 1075 
(1956). 

1 Scott E. Forbush, ‘“‘Cosmic-ray intensity variations during 
two solar cycles,’ Department of Terrestrial Magnetism, 
Carnegie Institution of Washington, for presentation at the Fifth 
General Assembly of CSAGI, Moscow, USSR, July 30—August 9, 
1958 (unpublished). 
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TABLE V. Fluxes over Texas and northern Italy prior to 1957. 


Flux in particles/m? sec sterad 
Author L M H Total 
5+0.60 55+0.65 2.20+0.35 10.3 
2.6 11.6 
2.5+0.3 10.9 
2.8+0.4 99 


Noon et al.» 3 
Waddington® 2 
Cester et al.4 1 


5 re 
5 a. 
340.4 6.1+0.6 
6 5.5+0.4 


Appa Rao etal. 0. 


® See reference 4. 

b Noon, Herz, and O'Brien, Nuovo cimento 5, 854 (1951). 

¢ See reference 5. 

4 Cester, Debendetti, Garelli, Quassiatei, Tallone, and Vigone, Nuovo 
cimento 7, 371 (1958). 


at about this time and either at Texas or an equivalent 
cut off energy over Europe. 

The total flux of Z>3 should show better agreement 
than the fluxes of various charge groups where uncer- 
tainties in charge determination enter. In our opinion 
there should be no ambiguity in identifying nuclei as 
heavier than a particles at relativistic velocities. The only 
large source of discrepancy could be scanning efficiency 
and extrapolation to the top of the atmosphere. The 
mean value of the fluxes of Z > 3 nuclei given in Table V 
is 10.7+6. The value we measure in October, 1957 of 
8.7+0.6 is lower by about 20%. The magnitude of the 
decrease is certainly not as well determined as that of 
the a particles due to the difficulty of getting large 
statistics in emulsion experiments. Yagoda has also 
reported! that he sees a decrease in heavy-particle fluxes 
at rocket altitudes. 

The discrepancies between various flux measurements 
of heavy nuclei, even at relativistic, velocities have been 
large but can mostly be explained. Appa Rao et al.4 have 
given an excellent summary of the fluxes measured at 
A=41°. If time variations of the heavy-nuclei flux are 
to be measured, problems of charge identification and 
extrapolation to the top of the atmosphere must be 
resolved. With balloons now capable of taking loads as 
high as 3 g/cm*, investigators should be better able to 
measure the total flux of the Z> 3 component providing 
the nuclei are relativistic. 
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This experiment was designed to demonstrate the recently predicted particle-mixture property of the 
neutral K meson. The prediction asserts that the neutral K meson contains a short-lived component, @,°, 
and a longer-lived component, 6,°. The @.° should have the property that it regenerates the short-lived 
component and also produces hyperons upon traversing matter. Under proper conditions the observation 
of such mesons or hyperons demonstrates the predicted mixture property. The neutral K mesons in this 
experiment were produced by 1.25-Bev/cx~ mesons striking a 4X4X12-inch aluminum target. Neutral 
particles emitted from the aluminum at an angle of 5 deg with respect to the x~ beam traveled 9.3 ft to a 
propane bubble chamber operated in a 12-kilogauss magnetic field. A sweeping magnet removed charged 
particles from this beam. 6:° mesons could interact in the walls of the chamber or in the liquid propane, 
yielding 0,°-meson and A°-hyperon decays in the sensitive region of the chamber. Twenty thousand pictures, 
corresponding to about 3X 10% pions incident on the aluminum, were scanned for V° events. About 14 A° 
decays and about 12 @,° decays were observed. Spurious sources of these decays have been estimated to be 


negligible. 


I. INTRODUCTION 


NDER the assumption that the weak decay inter- 
actions of K® mesons are invariant with respect 
to the operation of charge conjugation, Gell-Mann and 
Pais predicted the existence of a long-lived neutral K 
meson.! Following Pais and Piccioni,? we have used the 
notation 6,° for this meson. The existence of a short-lived 
neutral K meson, the @,;° meson, which could decay into 
two pions with a mean life of about 10~" second, had 
already been established.’ Gell-Mann and Pais sug- 
gested that the 6," meson represented one half of a 
two-component K° meson, called @. The other half, 
the 62° meson, they predicted would appear as a longer- 
lived neutral K meson for which the two-meson decay 
mode would be forbidden. Although recent experiments‘ 
suggest that the theoretical grounds for the original 
prediction are not tenable, alternative formulations 
with essentially equivalent predictions have been 
proposed.® 
In order to demonstrate the particle-mixture char- 
acter of the 62° meson it is necessary to observe its 
interaction properties. Pais and Piccioni point out that 
the interactions of the 62° with matter can result in the 
regeneration of the short-lived component, 6,°, and the 
appearance of hyperons and mesons of negative strange- 
ness.” The present experiment was designed to carry 
out the complete process of production of @, separation 
of 62°, and regeneration of 6,° and hyperons. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

2 A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 

3 Robert W. Thompson in Progress in Cosmic-Ray Physics, 
edited by J. G. Wilson (North-Holland Publishing Company, 
Amsterdam, 1956), Vol. 3, p. 297. 

*Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957); Garwin, Lederman, and Weinrich, Phys. Rev. 
105, 1415 (1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 
105, 1681 (1957). 

5 Raffaele Gatto, Phys. Rev. 106, 168 (1957); Lee, Oehme, and 
Yang, Phys. Rev. 106, 340 (1957); Myron Good (private com- 
munication). 


II. EXPERIMENTAL METHOD 


It should be pointed out that the observation of 
hyperons arising from interactions of long-lived neutral 
K mesons is explicit evidence for a particle mixture 
only if it can also be shown that no K mesons of negative 
strangeness were produced at the source of the long- 
lived K°’s. The particle-mixture theory states that a 
meson is produced with positive strangeness, but may 
exhibit negative strangeness some time later after the 
6,° component has decayed. The production of negative- 
strangeness K mesons would allow one to postulate the 
presence of long-lived K° mesons in the neutral beam. 
A K° meson is produced with negative strangeness and 
thus need have no mixture property in order to form a 
hyperon when absorbed by a nucleon. Hence the ob- 
servation of hyperons might be explained without 
resort to the mixture theory unless one were assured 
that no K° were produced. The present experiment was 
designed to obtain this assurance. (The observation of 
regenerated 6,° mesons does not suffer from this re- 
quirement.) 

According to presently accepted classification systems 
for strange particles,® in which the various particles 
are assigned a strangeness quantum number, 5S, as 
shown in Table I, the strange particles are produced 
in association with one another in such a way that the 
sum of their strangeness quantum numbers is zero. 

We note that there are no known positive strangeness 
hyperons. This situation requires that, for each strange- 
ness —1 meson (K~ or K°) produced, a strangeness 
+1 meson be produced in the same interaction. On the 
other hand, K mesons of strangeness +1 can be 
produced in association with hyperons without the 
simultaneous production of strangeness —1 mesons. A 
glance at the mass values involved shows that it is 
possible to produce K mesons of positive strangeness 


at such an energy that K mesons of negative strangeness 


® Murray Gell-Mann, Phys. Rev. 92, 833 (1953); T. Nakano 
and K. Nishijima, Progr. Theoret. Phys. Japan 10, 581 (1953). 
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NEUTRAL K MESON AS A PARTICLE 


TABLE I. Strangeness quantum numbers and mass values for 
“strange particles.” 


“Strange particle” 


K+ meson 494 
K® meson 494 
K~ meson 494 
K° meson 494 
A° hyperon 1115 
~* hyperon 1188 
>° hyperon 1193 
=~ hyperon 1196 
=~ hyperon 1315 
=° hyperon 1315 


Approximate mass (Mev) 








cannot be produced. The strangeness +1 quantum 
number is carried by the K meson, and the — 1 quantum 
number is carried by the hyperon. All of these hyperons 
are known to have mean lives of the order of 10~"° sec, 
so that at a distance of several feet from the point of 
production there should be no —1 component. The 
lifetime of the 2-pion decay mode is also of the order 
of 10~-” sec. If a magnetic field is used to sweep Kt 
mesons and other charged particles from the beam, the 
only strange particles remaining would be long-lived K° 
mesons, in particular, the 6°. The reappearance of 
hyperons in such a beam would then be explicit evidence 
for the re-creation of negative-strangeness particles as 
predicted by the particle-mixture theory. 


III. EXPERIMENTAL ARRANGEMENT AND 
REDUCTION OF OBSERVATIONS 


A. Experimental Procedure 


The experimental arrangement is shown in Fig. 1. 
The 6.2-Bev kinetic-energy internal-circulating proton 
beam of the Berkeley Bevatron was allowed to strike a 
6-in.-long beryllium target located 5° from the end of 
the quadrant. Particles emitted forward from this target 
entered a momentum-analyzer system designed to 
accept negative particles of 1.25 Bev/c+5%. The 
analyzer consisted of the Bevatron field, two quad- 
rupole-focusing magnets, Q; and Qe, and a bending 
magnet, A-1, Fig. 1. This beam, consisting primarily of 
negative pions, was focused on a 4- by 4- by 12-in. 
block of aluminum, B. Neutral particles produced in 
this aluminum at an angle of 5° with respect to the 
incident pion beam traveled 9.3 ft to a propane bubble 
chamber 3.25 in. deep by 6 in. wide by 12 in. long 
operated in a 12-kilogauss magnetic field. Charged 
particles were swept aside by a second bending magnet, 
A-2. The momentum channel was patterned after that 
of Cork et al.? A beam-momentum check was performed 
with counters at the beginning of this experiment, but 
the momentum spread quoted is taken from reference 7. 
The composition of the beam was determined by Cork 
et al. to be primarily pions, with a contamination of 


7Cork, Lambertson, Piccioni, and Wenzel, University of 
California Radiation Laboratory Report UCRL-3650, February, 
1957 (unpublished). 


MIXTURE 


Proton beam 


Bubble 


Chamber —-EET. 


Fic. 1. Experimental arrangement. 


about one antiproton per 70000 pions and about one 
K~ per 150 pions at the producing target. Electron and 
muon contaminations are expected to be small and 
cannot produce a spurious effect in this experiment. 

The pion flux was not directly monitored and can 
only be estimated roughly. The effective aperture of 
the quadrupole lens was determined by magnetic 
analysis to be about 40% of that used by Cork ef al. 
A knowledge of their pion flux at the second quadrupole 
per 10" circulating protons in the Bevatron gave an 
estimate of 15 000 pions per pulse at an average beam 
level of 5X 10° protons circulating. This resulted in an 
estimated total of 3X 10° pions on the Al target for the 
20 000 pictures analyzed. 

The bubble chamber used to observe the events was 
of the propane type and has been described elsewhere.* 
It was operated at a repetition rate of 10 cpm in a 
magnetic field of 12 kilogauss. Pictures of track forma- 
tion in the liquid propane were taken by a power- 
operated stereo camera mounted 30 in. directly above 
the center of the propane. This camera also recorded 
the picture number and magnet current for each 
picture. Two 90-mm Leitz Elmar lenses were used. The 
film used was Kodak Linagraph Pan 1.8 in. wide in 
400-ft rolls. The stero angle was 10° included angle 
between the normals to the film planes. 

The time duration during which the chamber was 
sensitive to ionizing radiation at each expansion was 
about five msec, so that any timing variation that 
allowed the pion beam to strike the aluminum before 
or after this sensitive period made that particular pulse 
ineffective. Also, the pion beam duration itself had to 
be kept less than 5 msec for efficient operation. Some 
variation of the beam both in timing and duration 
occurred during the run. The effective pion flux was 
probably not decreased by more than 15% in this way. 


B. Scanning of Film 


The developed film was scanned on a modified stereo 
projector mounted overhead so as to project an image 
on a white table top. Either stereo view could be pro- 


8 Larry Oswald, Rev. Sci. Instr. 28, 80 (1957). 
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jected alone or both simultaneously. The film was 
scanned essentially for neutral V-particle decays only, 
as these were the most readily identified events. There 
were many thousand charged-particle scatters which 
had recoil nuclei too short to be observed. Because 
these scatters could not be distinguished from charged- 
particle decays without complete measurement and 
analysis, scanning for charged decays was not prac- 
ticable. The events recorded in the first scan were 
reexamined on a table-model three-dimensional viewer. 
Those events that passed this second examination 
were then measured. This procedure was repeated 
again after all the film had been scanned once. In this 
second scan a considerable number of new events were 
found, indicating a low scanning efficiency, perhaps 
50%. All the film was scanned in this manner twice, 
detecting perhaps 75% of the actual events. Of 371 V° 
type events, 115 were suitable for measurement, the 
remainder having one or more prongs too short for 
accurate curvature measurement. Several events with 
short prongs that stopped within the propane were used, 
because the momentum could be determined from the 
range and the particle identification. 


C. Measurement of Events 


Measurement was effected by means of a stereoscopic 
projector,® which permitted reconstructing in space the 


events photographed in the chamber. The projector 
reproduced the optical conditions of the original pho- 
tography except for the foreshortening effect of the 
propane. Corrections for this effect were calculated and 
applied at a later stage of the analysis. 

The following data were recorded on Keysort filing 
cards: 


(1) picture number; 

(2) x, y, and z coordinates of the apex of the event; 

(3) magnet current; 

(4) dip angle, a, of each track ; 

(5) azimuthal angle, 8, of each track; 

(6) the radius of curvature, p, of each track ; 

(7) radial distance, r,, from the magnet axis, and 
vertical coordinate, z,,, of the center of each track (used 
for determining effective magnetic field) ; 

(8) visible track length; 

(9) estimated upper and lower limits of ionization 
of each track ; 

(10) estimated upper and lower limits of a, 8, and p. 


The dip angle, a, is the angle between the track and a 
line perpendicular to the horizontal plane of the 
chamber. The azimuthal angle, 8, is the angle between 
the projection of the track on the horizontal plane and 
the incoming-beam direction. The radius of curvature, 
p, is measured in the plane containing the track by 


® Brueckner, Hartsough, Hayward, and Powell, Phys. Rev. 75, 
555 (1949). 
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means of scribed plastic templates. In addition, when 
curvature and ionization values made particle identity 
obvious, the identification was noted on the filing card. 
Discussions of the errors associated with such meas- 
urements can be found in published literature.” We 
mention only the following points peculiar to this 
experiment. Multiple scattering in the propane can 
contribute to the error in curvature measurements. 
For propane at a density of about 0.42 g/cc, this uncer- 
tainty has been estimated to be 10%. Tracks may suffer 
detectable small-angle scatters. Such tracks have 
shorter lengths suitable for curvature measurements, 
resulting in larger limits of error. Turbulent motion of 
the liquid propane has been investigated, using photo- 
graphs of tracks taken without a magnetic field. 
Turbulence has been found to be negligible except very 
near to the expansion ports. Measurements in general 
were not made near these ports. When secondaries of 
neutral V events stopped within the chamber, their 
energies could be determined from range measurements. 
Range-energy curves for polyethylene (CH»2) were 
used for this purpose as an approximation to propane 
(C3Hs). In those cases where curvature and range 
measurements were both available, the values agreed 
within the errors. 


D. Data Reduction 


Once an event had been measured, the data so 
obtained were processed on an IBM-650 computer 
programed to yield the following: (1) the Q value or 
energy release between the two prongs, assuming a 7 
and either a m* or proton; (2) the error AQ; (3) the 
calculated ionization of each prong corresponding to 
the measured curvature and assumed particle; and (4) 
the direction and momentum of the V particle before 
decay. The calculated ionizations were then compared 
with the visual estimates to determine particle identi- 
fication. When necessary, and provided the bubble 
density and picture quality allowed, microscope bubble 
counting was used to determine a better estimate of 
ionization. Of the 115 measured events, 7 were rejected 
because the estimated ionization was not consistent 
with that of either a pion or a proton. 


IV. RESULTS AND DISCUSSION 
A. Results 


A total of 108 events (see Fig. 2 for an example) 
containing only a positive and negative particle were 
measured. Sixty-five were identified, by ionization and 
momentum, as consistent with a proton and a negative 
pion. Thirty-seven were identified as consistent with a 
positive and a negative pion, muon, or electron, but 
not consistent with a proton and a negative pion. Six 
were consistent with either classification. The Q(p,77) 


1 Baxter H. Armstrong, thesis, University of California Radia- 
tion Laboratory Report UCRL-3470, July, 1956 (unpublished). 
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Fic. 2. Full view of chamber. The beam enters at the left. The arrow points to the apex of a A-type event. This 
event has a Q(p,7) value of 34+8 Mev. The longer (left) track is negative; the shorter (right) track is positive. 
The light and dark stripes in the background result from dirty water next to the Venetian-blind light collimator. 


This condition did not normally exist. 


values of the 65 A° types plus the six which could be 
either A° or # types were plotted in weighted histogram 
form (Fig. 3). Because the Q value for A°—> p+77 is 
known to be 37 Mev, a peak should appear at this 
value in the curve of Fig. 7 if the data include an 
appreciable number of A° decays. The striking peak 
near the known A° Q value (37 Mev) suggests that we 
are indeed observing A° decays. To ascertain that such 
a distribution could not come from two-prong neutron 
stars, we scanned for neutron stars with three or more 
prongs and calculated the Q(p,7—) values between the 
ma and each of the positive prongs. The 39 Q values 
obtained from a sample of such stars are plotted in 
Fig. 4 and clearly show no peak near 37 Mev. This dis- 
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Fic. 3. Q(p,r) distribution of 71 A°-type events. 


tribution does have the same shape as the A°-type dis- 
tribution except for the peak near 37 Mev, indicating 
that a background of 2-prong neutron stars, probably 
of the type n+n— n+p+7r, is present. If this back- 
ground curve (normalized to the estimated number of 
non-A°-type events in the A°-type distribution) is 
subtracted from the A°-type distribution, the distribu- 
tion shown in Fig. 5 is obtained, displaying somewhat 
more clearly the peak near 37 Mev. 

Of the 71 A°-type events, 24 had Q(p,7~) values con- 
sistent with 37 Mev. If the background distribution is 
considered, it is estimated that at least 14 of the 24 
must be genuine A° events. A plot of the A°-type Q 
values differing from 37 Mev by less than three times 
their errors is shown in Fig. 6. 
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Fic. 4. Q(p,2) distribution for protons and x~ from neutron stars 
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Fic. 5. Q(p,r) distribution of A®°-type events minus ((p,7) dis 
tribution from neutron stars. 


Those events which were # types, plus the six which 
fell into both categories, are plotted in weighted histo- 
gram form in Fig. 7. The lack of a well-defined peak 
near 214 Mev indicates that not many of the 43 events 
are 6,° decays. Twelve of these events, however, had 
((x,) values consistent with 214 Mev. Also, of these 
twelve events, four were associated with stars in the 
propane. None of the remaining 31 events was asso- 
ciated with a star. If these four stars were chance coin- 
cidences, the probability that all four would be found 
among the twelve events consistent with 214 Mev is 
about 7X10-*. These four events are then probably 
not coincidences, but indicate that 6,° mesons originated 
in the propane. 

A #-type background would require double meson 
production, which is known to be rare from an exam- 
ination of the neutron stars of greater than 2 prongs 
in the propane. Only one of the 39 cases appeared 
inconsistent with p+ but consistent with m++7-. 
Most of the #-type events were then probably 6,° 
direct decays of the type observed by Lande ef al."': 
namely rt+yt+v, rt++et+y, and r++2-+72°. Elec- 
trons have been identified in three of these cases, and 
the negative particles in four others are believed to be 
electrons. 


B. Possible Sources of the Strange Particles 


The presence of any one of the following particles in 
sufficient numbers could produce A°’s or 6;°’s in the 
chamber: (a) high-energy charged particles, (6) high- 
energy neutrons, (c) high-energy gamma rays, (d) 
long-lived neutral mesons produced with negative 
strangeness in the aluminum, and (e) the predicted 6° 
mesons. Cases (a), (6), and (c) represent local sources; 
that is, production by background particles near or 
within the chamber. Case (d) represents the possibility 
that there might be a long-lived neutral K° meson, 
independent of the mixture theory. The estimated 


4 Lande, Booth, Impeduglia, and Lederman, Phys. Rev. 103, 
1901 (1956). 
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AND POWELL 
contribution in each case is given below. The details of 
the estimates are reported elsewhere.” 

(a) Few charged particles were expected in the 
neutral beam because of the strong sweeping magnet 
interposed between the aluminum producer and the 
chamber. Double or triple scatterings might allow 
charged particles to enter the chamber, but they should 
be few in number and predominantly r~, because a 7 
beam was used. Very few negative particles other than 
low-energy electrons were observed to enter the 
chamber, indicating that the sweeping magnet was 
performing as expected. The charged particles observed 
were probably produced by neutron interactions in the 
walls of the chamber, and should thus be unable to 
produce hyperons. A direct check on the charged par- 
ticles as a source of hyperons is available from the 
observed momenta of the charged particles entering 
the propane. The observed momentum distribution 
indicates that only on the assumption that a large 
fraction of the positive tracks are r+ mesons could the 
observed A° particles be accounted for by the charged- 
particle flux. This assumption suffers from a lack of a 
similar #~ component, as no exclusive source of m* 
mesons is available. It is highly probable that all of 
these were recoil protons arising from the neutron flux. 
(6) The threshold momentum for the process 


n+nucleon — A°+ K-+nucleon 


is 2.33 Bev/c in the laboratory. The maximum momen- 
tum possible for the recoil nucleons from 2~+ p elastic 
scattering is 1.6 Bev/c for 1.25 Bev/c a mesons 
incident on stationary nucleons. The nucleons in 
the aluminum target, however, are not stationary, 
nor are those in the steel walls of the chamber or the 
carbon of the propane. The momenta of the aluminum 
nucleons could yield recoil neutrons above 1.6 Bev/c. 
The possible momenta of the recoil neutrons would 
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Fic. 6. Q(p,7) and AQ(p,7) for A°-type events with 
__ Q—3A0 <37 Mev <Q0+3A0. 


® Richard L. Lander, thesis, University of California Radiation 
Laboratory Report UCRL-3930, September, 1957 (unpublished). 
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depend upon the momentum distribution within the 
aluminum nucleus, the high-momentum tail of which 
is not well known. In addition, the momenta of the 
iron or carbon nucleons could reduce the effective 
threshold for the above reaction. In view of the large 
difference between the free-nucleon recoil momentum, 
1.6 Bev/c, and the free-nucleon threshold, 2.33 Bev/c, 
for the above reaction, it seems likely that internal 
momentum would have to be utilized twice—once in 
the aluminum and again in the iron or carbon. The 
probability of such a two-step process yielding a sig- 
nificant number of A°’s is expected to be small. Esti- 
mates indicate less than 0.1 A° should be observed from 
this source. This expectation is supported by the 
observation of only one case of double meson production 
in a 10% sample of the film. Because double meson 
production by neutrons is known to be prominent at 
energies above the A° threshold,” the low frequency in 
this experiment implies no large flux of neutrons above 
this threshold. The chamber was shielded against high- 
energy neutrons coming directly from the Bevatron 
target by about 8 ft of concrete, 4 ft of iron, and 1 ft 
of lead. 

(c) The available evidence for the photoproduction 
of K mesons indicates a rather small cross section.“ It 
is estimated that the number of A° decays observed 
from photoproduction during the entire experiment 
should be less than 1/36. The estimate is based on the 
failure to observe any electron-positron pairs above 
0.670 Bev in a sample of one-hundred pictures. 

(d) The pion beam is known to have a contamination 
of about one K~ per 150 m~ mesons at the internal 
Bevatron target. These A~ mesons could suffer charge- 
exchange scattering in the aluminum and become K® 
mesons. If there existed long-lived K® mesons, they 
might then arrive at the bubble chamber and interact 
to produce the observed A° hyperons. The pion beam 
also has about one antiproton per 70 000 pions. These 
antiprotons would strike the aluminum and possibly 
produce long-lived K°® mesons. The possibility of pro- 
ducing a K° meson by the reaction 


wr +p—> K°+K +n 


has also been considered, taking into account the 
internal-momentum distribution of the aluminum nu- 
cleons. The uncertainty in the K~-meson cross sections 
and angular distributions at this energy, similar uncer- 
tainties for this supposed long-lived K°, plus the dif- 
ficulty of estimating the effects of secondary scattering 
processes in the thick—4- &4- & 12-inch—target com- 
bine to reduce the reliability of estimates of the number 
of A*’s that might appear in the bubble chamber from 
K-~ mesons. However, the total contribution from all 


13 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 

4 P, L. Donoho and R. L. Walker, Bull. Am. Phys. Soc. Ser. 
IT, 2, 235 (1957). 
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Fic. 7. O(x,7) distribution for 43 -type events. 


three of these sources is estimated to account for less 
than one of the observed A°’s reported here. 

(e) According to Gell-Mann and Pais the state vector 
representing a # meson at the time of production 
consists of two orthogonal components, 6;° and @,°, 
each of which represents a distinct particle with a 
definite lifetime against decay. The resultant decay 
and interaction within the 12-in.-long aluminum pro- 
ducer lends a complicated structure to the K® beam 
within this producer.!® The number of 6? mesons 
traversing the bubble chamber may be crudely esti- 
mated, however, by assuming that one-half of the 
K® mesons are produced as #2", that these 6.° interact 
with a cross section equal to one-half that of the K-, 
and that the loss due to the finite lifetime of the 6.° 
can be neglected. It is estimated that about 250 A° 
decays occurred during the experiment. In addition, 
charged hyperons and K mesons were produced in the 
chamber, but, as mentioned in Sec. IIIB, these decays 
were not scanned for. Neutral decay modes (one third 
of the total)!® and scanning efficiency (about 0.75) 
would reduce the number of observed A°’s to about 
125. Because only about one-third of the observed 
possible V° events had sufficiently long tracks to be 
analyzable, about 40 A® decays should have been 
observed. At least 14 but probably less than 24 A° 
decays were observed. In view of the crudeness of the 
estimate, 40 is probably not inconsistent with the 
observed number. 


Vv. CONCLUSIONS 

The Q-value distribution for the A°-type events 
leaves little doubt that A° hyperons are present in the 
the chamber. It is extremely unlikely that they arise 
from local production by ordinary particles. The possi- 
bility that the A°’s were not produced by the negative- 
strangeness component of a particle mixture, but by a 
long-lived K° meson would be interesting in its own 
right, but seems unlikely inasmuch as the possible 
sources of such K's appear insufficient to account for 
the number of A°’s observed. Further, a long-lived AK° 

15 Kenneth M. Case, Phys. Rev. 103, 1449 (1956). 


16 Eisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957). 
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would not explain the regeneration of the short-lived 6,°. 
The only remaining explanation for the presence of 6;°’s 
and A°’s in the chamber is the particle-mixture pre- 
diction. The observations appear consistent with this 
prediction. It is difficult to avoid the conclusion that a 
neutral K meson having essentially the properties 
predicted by Gell-Mann and Pais does indeed exist. 
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Covariant Conservation Laws in General Relativity* 


ARTHUR KOMAR 
Physics Department, Syracuse University, Syracuse, New York 
(Received October 15, 1958) 


A set of covariant conservation laws is constructed in the general theory of relativity. Their relationship 
to the generators of infinitesimal coordinate transformations is indicated. In a given coordinate system 
certain of these quantities may be naturally identified as energy and momentum. We can continue to 
recognize these conserved quantities in all coordinate systems due to the covariant character of the 


expressions 


1. INTRODUCTION 

| aig ose within the general theory of relativity 

to formulate a meaningful and unique expression 
for energy density have always proved to be incon- 
clusive. The difficulties have been twofold: (a) there 
are many competing candidates for the energy density! 
(e.g., the Einstein canonical pseudotensor, the Landau- 
Lifshitz symmetric pseudotensor, and the infinity of 
Goldberg’s expressions), and (b) none of these ex- 
pressions possesses a simple transformation law. Even 
the total energy is no invariant. Two recent papers?* 
have contributed to a clarification of the difficulties. 
In this paper we shall combine these recent advances 
to construct physically interesting and covariant 
conservation laws within the general theory of 
relativity. 

The second section of this paper will briefly review 
the relevant results of the aforementioned papers of 
Mller and Bergmann. The third section will be devoted 
to the actual construction of the covariant conservation 
laws. The concluding section will briefly indicate the 
problems entailed by the identification of some of the 
conserved quantities with energy and momentum. 


2. REVIEW OF RECENT PAPERS 


Mller has shown how to remedy the most flagrant 
difficulty entailed by the lack of covariance of the 

* Supported by the Air Force Office of Scientific Research. 

1 J. N. Goldberg, Phys. Rev. 111, 315 (1958). 

2C. Mdller, Ann. Phys. 4, 347 (1958). 

’P. G. Bergmann, Phys. Rev. 112, 287 (1958). 


Einstein pseudotensor, namely, the drastic alteration 
in the computed value for the energy density, and the 
total energy, caused by a mere renaming of the 3-space 
points by means of polar coordinates instead of by 
quasi-Galilean coordinates. By employing the von 
Freud expressions‘ 


U,f=- (2.4) 


1 
SemL — g(ging’”—gi"g'") | n. 
(—8) 


[Latin indices=1, 2, 3, 4; Greek indices=1, 2, 3; 
comma denotes ordinary partial differentiation; semi- 
colon denotes covariant differentiation; U;,'“! means 
3(U,—U;,%) ]; the “strongly” (i.e., identically) con- 
served Einstein pseudotensor may be written in the 
form 


1 . 
—r,'=—U x4 ; 
2k 2k 


(2.2) 


(x is Einstein’s gravitational constant). Mller observed 
that if we define the pseudotensor 


1 1 
—Tf=—(U {4+ V4) ,, (2.3) 


2k K 


V OSU 9 —§ FU, 9.6 Pri l 


where 
(2.4) 


then this new quantity (1/2x)7,;* has the following 
desirable properties: (a) it is identically conserved ; 


‘P. von Freud, Ann. Math. 40, 417 (1939). 
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(b) for the total energy it yields the same value as the 
Einstein pseudotensor when the latter is computed in a 
quasi-Galilean coordinate system; (c) under coordinate 
transformations which do not involve the time, the 
energy density, (1/2x)74*, behaves like a scalar density 
and the energy flux, (1/2«)74*, behaves like a vector 
density ; (d) under linear transformations it behaves as 
a mixed second-order tensor. Conversely, if we demand 
of a pseudotensor properties (a), (b), (c), and (d), and 
further require that it not exceed the second order in 
the derivatives of the metric, then it is uniquely given 
by Eq. (2.3). 

We recall that the Einstein pseudotensor may be 
thought of as the set of generators of the various 
infinitesimal coordinate transformations corresponding 
to the rigid parallel displacements of the coordinate 
origin.®? We further observe that the fundamental 
conservation laws in physics are related to the invari- 
ance properties of the physical laws, and that general 
relativity is invariant under arbitrary curvilinear 
coordinate transformations. Consequently, Bergmann 
suggests’ that we may expect a significant conserved 
quantity to correspond to each infinitesimal coordinate 
transformation. 

If £ is an arbitrary vector field which indicates an 
infinitesimal coordinate transformation, one readily 
finds for the general theory of relativity® 


G" "gun tC” n=0, 
where 
bgmn= — (Emint En); 
and 
omn= (—g)iGn= (—g)1(R™™—Ag™R). 


Thus, we see that C‘, which is defined by Eq. (2.5) up 
to an arbitrary curl field, is “‘weakly” conserved, that 
is, it is conserved modulo the field equations of the 
theory. 
Combining Eqs. (2.5) and (2.6), we find that one 
possible expression for C' is 
Ci=2E"C ni’. (2.8) 
By the addition of an appropriately chosen curl an 
alternative generating density can be found which is 
free of second derivatives, thus’: 
CizCi+ (E*U/,, (41) mm E" tm’ +E™ AU iin) 
where /»' is the “weakly” conserved Einstein pseudo- 
tensor, and where we have used the identity 


(2.9) 


> to ft i 
2G;'= b'— 73". 


(2.10) 


By judicious choice of the vector field &', it can be shown 
that the infinity of conserved quantities referred to in 
the Introduction can each be obtained. [For example, 
taking &' equal to a set of constants, Eq. (2.9) yields 
the conservation of the Einstein pseudotensor. | Thus 
each expression (Einstein, Landau-Lifshitz, etc.) repre- 
sents a valid conservation law which is a generator of 
an appropriate (curvilinear) coordinate transformation. 


CONSERVATION 


LAWS 


3. COVARIANT CONSERVATION LAWS 


The association of a conserved quantity with an 
infinitesimal coordinate transformation, in accordance 
with Eq. (2.9), is unique if we require that the gen- 
erating density C‘ be free of second-order derivatives 
of the metric. However, it is only necessary to require 
that the generator of a canonical transformation contain 
no second-order time derivatives. We therefore propose 
a different set of criteria for the establishment of a 
unique association between the conservation law and 
the infinitesimal coordinate transformations. We re- 
quire, following Mller, that the resulting expression 
be generally covariant, and that for the special case of a 
rigid time-like translation the expression for the energy 
density reduce to that of M@ller. We are therefore led 
to consider the expression 


Di= (EU + EV gl), 0. (3.1) 


For the special case of  =6,' this evidently reduces to 
Ts'; however, it is not yet generally covariant. If we 
express U,,!"] and V,,!"4! by means of the metric tensor, 
we find that Dé may be written 


Di= [2(—g)*é™girg!"(gmn, p— mp, n) | (3.2) 


Thus we see that if we add to D‘ the curl field 


W = [2(—g)igirg'n(em fain ad n&mp) | b (3.3) 


we obtain the identically conserved vector density 


G'=Di+Wi= 2 (—g (EE), 
=2(—g)i(g'— E44). (3.4) 


We note that WW‘ is identically conserved, linear in £' ;, 
and vanishes identically when £'=6,'. Thus @' is 
precisely the unique covariant expression which we have 
been seeking.® 

The “generalized” energy-flux vector 


1 
Pi(t)= Pi=2(EGI— EL), 
(—g)! 


satisfies the covariant conservation law 


Pp. ,=0, (3.6) 


which readily assures the conservation of total “gen- 


eralized”’ energy 
1 
foes 
dk 


1 
P(t)= f P"dS n: 
2k é 


As a consequence of Eq. (3.4) we find that for a spatially 
closed universe P(£)=0, for all (nonsingular) &'. In 
general the integral in Eq. (3.7) may be converted into 
a boundary integral at spatial infinity. For a universe 
which is asymptotically Schwarzschild at spatial infinity 


(3.7) 


5 Dr. R. Sachs informs me that he was led to a consideration of 
precisely this expression since it is the only covariant expression 
of lowest differential order, linear in an arbitrary vector field, 
which is identically conserved. 
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we readily find 


P(64')= me’. (3.8) 


The discussion in this section has centered on the 
“strong” conservation law. The associated ‘‘weakly” 
conserved quantity is, by analogy with Eq. (2.9) 


&'(£)= 2E"Gmit+ P(E). 


In view of the fact that &*(£) is the generating density 
for the infinitesimal coordinate transformations indi- 
cated by £', it is necessary to confirm that the generator 
of the infinitesimal canonical transformation 


E(é)= f &4(E)d>x 


does not contain more than first-order derivatives in 
the time coordinate. From Eqs. (3.9) and (3.4) this is 
readily seen to be the case. 


(3.9) 


(3.10) 


4. CONCLUSION 


We have established a covariant conservation law 
associated with every infinitesimal coordinate trans- 
formation. The law is uniquely determined by the 
requirement that it coincide with the Mller expressions 
for the case of the rigid time translations. Since the 
rigid translations do not form an invariant subgroup 
of the group of general coordinate transformations, the 
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identification of any of the quantities P'(é) as energy 
or momentum must be made separately in each co- 
ordinate system. We can continue to recognize the 
conserved quantity in other coordinate systems, but 
the identification with energy or momentum may no 
longer be as reasonable. 

In view of the striking analogy, already noted by 
Mller,? which Eq. (3.5) has to the Maxwell equations, 
with £ playing the role of the vector potential, we see 
that fields which differ from é* by a gauge trans- 
formation yield precisely the same density distribution. 
Furthermore, vector fields which coincide near infinity 
necessarily yield, via Eq. (3.7), the same integral 
conservation laws. It may therefore become feasible 
to divide the vector fields into equivalence classes and 
to identify appropriate classes with energy and mo- 
mentum. Alternatively, we have considered imposing 
certain natural covariant conditions on the vector fields 
which we choose to identify with energy and mo- 
mentum. One such set of conditions might be that the 
density of energy flux should coincide with the mo- 
mentum density. However, these investigations are 
still at an early stage. 
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G-Conjugation and the Group-Space of the Proper Lorentz Group 


E. J. Scoremp 
Nucleonics Division, United States Naval Research Laboratory, W ashington, D. C. 


(Received March 31, 1958; revised manuscript received June 16, 1958) 


An earlier proposal of the author for the incorporation of isotopic spin into the foundations of the theory 
of spin 3 particles, based upon a consideration of the group-space of the proper Lorentz group, is here shown 
to require a certain definite conception of the essentially spatiotemporal character of all “internal” elementary 
particle phenomena such as isotopic spin. It is further shown that according to this proposal the particular 
spatiotemporal character of the 3-parameter group of isotopic spin rotations of a strongly interacting charge 
doublet is identical with that of another 3-parameter group of spinor transformations recently applied by 
Pauli to the neutrino. It thus follows that for leptons in general there should exist an analog of isotopic spin 
rotations, which must be expected to differ from the latter, however, in its physical interpretation. Through 
a similar generalization of the notion of G-conjugation, a fundamental criterion is then shown to be available 
for the classification of all spin } particles into the two families of leptons and baryons, respectively. 


1 


N a recent re-examination of the foundations of the 
theory of weak interactions, Pauli’ has been led to 
consider the spinor transformation 


v’=avtbysr’, (1) 


where v is the neutrino wave function and r‘¢ is its charge 
conjugate, and where a and 6 are complex parameters 


1 W. Pauli, Nuovo cimento 6, 204 (1957). 


subject to the constraint 
|o|?+ |b]?=1. (2) 


Giirsey’ has subsequently noted the existence of a 
certain formal correspondence between Pauli’s spinor 
transformation (1) and the group of real Euclidean 
rotations. One of the objects of the present note is to 
point out that this correspondence is not, as would 


? F. Giirsey, Nuovo cimento 7, 411 (1958). 
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appear at first sight, simply a mathematical isomor- 
phism with the abstract rotation group; rather, it turns 
out to be a physical equivalence with certain real 
Euclidean rotations to which we have previously called 
attention,’ which are induced in the tangent space to 
space-time by transformations of the real subgroup of 
the second parameter group of the proper Lorentz 
group. These real Euclidean rotations in space-time are 
not ordinary spatial rotations ; for they do not constitute 
a coordinate transformation as do the latter, but rather 
a transformation of one tetrad of orthonormal 4-vector 
fields in space-time into another, without any change 
of coordinates. Consequently, unlike the ordinary 
spatial rotations, these infernal rotations in space-time, 
as we have called them,’ leave all ordinary tensor 
quantities invariant. They form a subgroup of a still 
larger group with the same property, the group of 
internal automorphisms of space-time; and they have 
long been regarded by us as the space-time manifesta- 
tion of isotopic spin rotations, just as we have believed 
the larger group of internal automorphisms to contain 
the space-time manifestations of still other elementary 
particle phenomena, such as that of strangeness. 
Accordingly, as a first step towards providing in this 
way a unified description of space-time and of the 
“internal space” of an elementary particle, these 
internal rotations have been proposed by us, in terms of 
the geometry of the group-space of the proper Lorentz 
group, as the underlying space-time framework for the 
description of isotopic spin.*~® 

In an attempt to elaborate upon our approach, 
Giirsey” has recently advanced the suggestion that 
Pauli’s transformation (1), by virtue of its isomorphism 
with the group of real Euclidean rotations, might serve 
to describe isotopic spin rotations of the heavy spin 3 
particles. Another object of the present note is to show 
that Eq. (1) arises in our own theory‘ as a specialized 
form of a certain unimodular unitary group of 8-com- 
ponent spinor transformations induced by the above- 
mentioned internal rotations in space-time, by means 
of which we have already proposed to describe isotopic 
spin rotations. However, as will also be shown below, in 
order that the specialized form of these transformations 
given by Eq. (1) shall be applicable in any given 
instance, the corresponding 8-component wave function 
must admit a certain mode of decomposition into two 
” with prescribed symmetry 
properties. The symmetry properties that characterize 
this particular mode of decomposition are determined 
by the requirement that the two partial wave functions 


“partial wave functions 


E. J. Schremp, Phys. Rev. 85, 721 (1952). 


E. J. Schremp, Phys. Rev. 99, 1603 (1955). 

6 E. J. Schremp, Naval Research Laboratory Quarterly Report, 
January 1956 (unpublished), pp. 6-13. Reference 2, except for its 
last five equations, is essentially a paraphrase of certain results 
which previously have been set forth in this unpublished article 
and in reference 4. In this connection, see, for example, footnotes 
10 and 12. 

6 E. J. Schremp, Phys. Rev. 108, 1076 (1957). 
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in question shall be eigenfunctions of a certain operation 
closely related to that of G-conjugation,’ with eigen- 
values equal to +1 and —1, respectively. Now this 
mode of decomposition is characterized by the further 
property that, if either partial wave function vanishes 
identically, then the total wave function must describe 
a spin } particle of zero mass.* Moreover, in this case the 
number of independent components of the total wave 
function is only four instead of eight, and hence is too 
small to describe a conventional isotopic doublet. Such 
a description would seem to refer more appropriately to 
the neutrino; and in fact, as a description of the 
neutrino, it turns out to be quite consistent with 
Pauli’s original physical interpretation of Eq. (1). But 
it further implies that Pauli’s transformation (1) for 
the neutrino is ultimately induced by the previously 
mentioned internal rotations in space-time, in quite the 
same fundamental way that true isotopic spin rotations 
are induced in a conventional isotopic doublet. 

On the other hand, the principal object of this note is 
to show that actually there are ¢wo distinct ways in 
which a given 8-component spinor wave function might 
conceivably be decomposed into partial wave functions, 
in the sense just indicated. Furthermore, we shall 
present reasons for believing that these two alternative 
modes of decomposition provide a theoretical basis for 
the classification of all spin 3 particles into the two 
families of leptons and baryons, respectively. According 
to this classification, the mode of decomposition just 
discussed is applicable to leptons only. The alternative 
mode of decomposition, which we associate with 
baryons of spin }, will be shown below to be 
characterized by partial wave functions which are 
eigenfunctions of a new operation, involving both the 
G-conjugation and a certain discrete isotopic spin 
rotation. In contrast to the first mode of decomposition, 
the second mode is such that, if either partial wave 
function vanishes identically, then the total wave 
function still describes a heavy spin 3 particle. 

It will be observed that a central role in our present 
considerations is played by the operation of G-conjuga- 
tion. This operation, originally defined’ specifically for 
strongly interacting particles, appears here to be 
generalizable to leptons, in the sense that for leptons 
there exists an analog of isotopic spin rotations which 
can be described and physically interpreted in terms of 
Under this analogy, of 
course, one must clearly distinguish between the 


Pauli’s transformation (1). 


standard physical interpretation of isotopic spin rota- 
tions and of G-conjugation, as operations upon a 


7T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). See 
also A. Pais and R. Jost, Phys. Rev. 87, 871 (1952); L. Michel, 
Nuovo cimento 10, 319 (1953); D. Amati and B. Vitale, Nuovo 
cimento 2, 719 (1955); and C. J. Goebel, Phys. Rev. 103, 258 
(1956). 

8 This restriction to particles of zero mass is not to be confused 
with a similar restriction noted by Pauli in reference 1, as the 
restriction arises in our theory from a different origin discussed 
below. 
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strongly interacting particle, and the physical interpre- 
tation of the analogous operations upon leptons. Indeed, 
such a physical distinction must necessarily arise from 
the basic distinction with respect to symmetry proper- 
ties that we have just proposed as a criterion for the 
classification of spin } particles into the lepton and 
baryon families. 

In terms of the geometry of the group-space of the 
proper Lorentz group, the representation of G-conjuga- 
tion is perhaps next in simplicity to that of isotopic spin, 
among those elementary particle phenomena which we 
aim ultimately to represent geometrically as internal 
automorphisms of space-time. For such a representation 
of elementary particle phenomena, the most natural and 
most effective notation and terminology are to be found 
in the algebra of the group-space of the proper Lorentz 
group, the simplest formulation of which is the algebra 
of complex quaternions.* In fact, the use of the quater- 
nion notation and terminology has the twofold ad- 
vantage that, first, it deepens the algebraic and geo- 
metric content of our representation, and second, it 
facilitates recognition of the intrinsic physical content 
of each mathematical concept involved. For these 
reasons, we here employ a unified quaternion formalism, 
rather than the customary superposition of an extrinsic 
isotopic spin notation upon the Dirac matrix formalism. 
Because of the unfamiliarity of our formalism, however, 
the principal results to be obtained below will be 
restated in conventional language and notation. 


2 


The starting point for our present considerations is 
the pair of coupled quaternion wave equations 


eFH(2) Wi +i(mc/hy-=0, (3) 
which we have recently discussed.* In Eqs. (3), 
Os =e90/0x°F i(e,0/0x'+e20/0x°+e30/0x"); (4) 


€0, €1, €2, €3 are the quaternion units in a regular 4X4 
matrix representation’; the: solutions y, are a pair 
of general complex quaternions; and u(x) is a real 
pseudoscalar function of the space-time coordinates 
x'(l=0,1,2,3), the form of which, like that of the 
solutions ¥;, remains to be determined. As interpreted 
in references 4-6, ¥z constitute together an 8-compo- 
nent spinor wave function whose projections 


V4 >= + (eot+1e;) 2. 
V4 = (eo—7e3) ‘a 


* It is here necessary to bear in mind (when taking the complex 
conjugate, for example) that in this representation the quaternion 
units é0, 1, €2, és are all real and that our corresponding choice of 
reality system, or frame of reference with respect to which mathe 
matical reality is defined, differs from that of the conventional 
Dirac matrix formalism. In reference 5, where we have examined 
in detail the relative merits of different reality systems for spin 4 
particles, we have reached the conclusion that the reality system 
adopted here is the most appropriate one for the purposes of 
current elementary particle theory. 


(5a) 


(5b) 
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are 4-component spinors representing, in the case of a 
conventional isotopic doublet, two different states of 
isotopic spin 3. 

It should first be observed here that the wave 
equations (3) possess an underlying closed noncom- 
mutative algebra which may be regarded either as the 
algebra of complex quaternions or, equally well, as the 
complex matric algebra with the four units 


€11= (eo +ies)/2, 


e22= (eo— ie3)/2, 


€12= (1e;— e2)/2, ' 
(6) 
€21= (1€:+ 2) /2. 


Since, in the terminology of Eqs. (6), the 4-component 

spinors ¥;4 and ¥4~— are written 
Ve4+=Vaeu = e1¥a+eryy”, 
V4 = Wil2= e19 ++ Cops”, (7b) 


it is seen that in the usual 4-component spinor 
formalism the 8-component spinor 


¥4=Vi+t¥a- (8) 


would have to have the 2X4 matrix representation 


yl 
py, 
y ll 
ge 
When the elements of the matrix ¥ are made to refer 
explicitly to the nucleon, for example, they may con- 
veniently be relabeled according to the more familiar 


(7a) 


y,2 
oa (9) 


scheme 
| pr my 
p2 Ne 
ps Ns 
ps mM 


and the matrix equation (10) can then be re-expressed 
in the abbreviated form 


¥=||p 1M), 


in which the columns p and n denote the usual proton 
and neutron 4-component spinors. It thus becomes 
evident that, by the simple operation of quaternion 
multiplication from the right, our unified quaternion 
formalism effects in a fundamental and intrinsic way‘* 
the same kind of mixing of the 4-component spinors p 
and n of the nucleon for which the conventional isotopic 
spin operators 71, 72, 73 Were first introduced extrinsi- 
cally and on purely phenomenological grounds. 
Corresponding to the continuous mixing of the 4-com- 
ponent spinors p and m which in our formalism is 
accomplished by quaternion multiplication from the 
right, there is a fundamental discontinuous operation 
upon a general 8-component spinor wave function ~4 
which becomes simply identifiable, through our choice 
of reality system, with the operation of complex conjuga- 
tion. We have recently discussed the special physical 
significance of this operation for parity-nonconserving 


(10) 


(11) 
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interactions,* referring to it as a generalized representa- 
tion of the operation of space inversion which might 
serve as the basis for a new symmetry principle appli- 
cable to such interactions. We shall now examine this 
operation again, in a somewhat different light. 

Under our choice of reality system it is possible, 
without disturbing the form of the free-particle wave 
equations (3), to effect a space inversion simply by 
changing +i into —i everywhere, provided that the 
solutions ¥ of Eqs. (3) undergo the substitution 


v4 C= tVq. 


Here, as in general, the bar over a symbol and the 
superscript C will be used interchangeably to denote 
the operation of taking the complex conjugate,’ with 
the exception that, for y_ and for a certain class of 
quaternions of the same “kind” as y_, the operation 
(_)€ will involve also a change in sign. The substitution 
(12), which for brevity we call ‘‘complex conjugation” 
and denote by the superscript C, constitutes the 
generalized representation of a space inversion to which 
we have previously referred.® Its relationship to an 
ordinary space inversion, which in our notation takes 
the form 


(12) 


v4 Vi" =, (13) 


may be expressed symbolically by the equations 
We °=Pn?=Yi™, 


where by ¥,’? and ¥,?% we mean the respective 
resultants of the substitution 


V4 ¥s'= Fz, 


and the substitution (13), in first one order and then the 
other. We shall now show that the substitution (15) is 
precisely the operation of G-conjugation,’ and in so 
doing we shall have exhibited the physical meaning of 
our generalized space inversion (12): it is, namely, the 
commuting product of an ordinary space inversion with 
the operation of G-conjugation. Thus, there is a slight 
but definite distinction to be drawn between this 
generalized space inversion and the now well-known 
generalization which consists of the product of an 
ordinary space inversion with charge conjugation. 

It is necessary at this point to recall that under the 
reality system which we have adopted the quaternion 
units éo, €1, €2, €3 are all real,’ and hence, by Eqs. (6), the 
matric units e€11, €12, €21, €22 are all complex, and are 
subject to the relations 


(14) 


(15) 


€11— &22= eet én =0, (16) 


Consequently, the substitution (15) induces in the 
4-component spinor wave functions ¥,,=yp4en and 
4 —=W-4e2 the respective substitutions 

Vn4 7 Vn4!=Fbsen, Pe ¥g-"= Foseen, 


thus effecting, among other things, an interchange 
between the two different classes of states of isotopic 


(17) 
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spin 3 represented in Eq. (9) by the two different 
columns of the matrix y. In order to see the full effect 
of the substitutions (17), it is helpful to consider along 
with them the substitution 


44 ¥4+°= +401, 


by means of which we have previously expressed,° in our 
formalism, the operation of charge conjugation. Again 
letting the elements of the matrix y refer explicitly to 
the nucleon, as in Eq. (10), we find that the full effect 
of the substitutions (17) upon the matrix y is to 
transform it into the matrix 


(18) 


| — N4 Pa | 
| nN: = D: 
yo= | ts Ps 
| No» = P2 


| —7N Pi 


(19) 


On the other hand, the effect of the substitution (18) 
upon the “proton matrix,” 


pi 
p 20 
ps ai 
pa 


would be to transform it into the charge conjugate 
matrix 

D, 0 
Db; 0 
io O 
D, O 


i (21) 


ll pe 


in agreement with the standard definition of charge 
conjugation. We may therefore re-express the matrix 
equation (19) in the abbreviated form 


y= n° =e | 


where, in accordance with the usual convention, the 
columns p* and n° denote the charge conjugates of the 
proton and neutron 4-component spinors p and un, 
respectively. A comparison of Eq. (22) with the original 
definition of G-conjugation’ for the nucleon shows that 
there is complete agreement between the two. 


(22) 


3 


We return now to the free-particle wave equations 
(3), to point out the further important fact that these 
equations remain form-invariant under the entire 
group of transformations defined by the matrix equation 


. pe 
noo 
a —& ¥% —wp B, —B 
CDC DC 2) @ 
a ay y V4 B B, 


in the quaternion variables ¥,, with essential parameters 
given by the constant complex quaternion prefactors 
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a, and postfactors 8,. It will be observed, with the aid 
of Eqs. (15), that the 2X2 matrix with quaternion 


elements, ‘ 
() y) 
- WS 


is equivalent, in the case of the nucleon, to the 4X4 
matrix with scalar elements, 


(24) 


V=|p n n° —p'll, (25) 
obtained by adjoining on the right-hand side of the 
matrix y of Eq. (11) the matrix y” of Eq. (22). Similarly, 
the 2X2 matrices in Eq. (23) which involve the quater- 
nion parameters a, and #6, are equivalent to the 
following 4X4 matrices with constant scalar elements: 
=0," ’ 
— pa'||. 
Equations (26) exhibit the essential parameters of the 
transformation group (23) in the form of four linearly 
independent constant 4-component spinors pa, Na and 
ps, mg; and the corresponding spinor form of the 
transformation group (23) is thus expressed by the 


4X4 matrix equation 
W’=AVB. 


i” (26a) 


A=||Ppa Ma 


B=\\pp mg mng° (26b) 


(27) 


The subgroup of the entire group of transformations 
(23) for which the quaternion a, has a norm V(a,) of 
unit magnitude, while 8, =e) and a_=f8_=0, is the 
commuting product of the proper Lorentz group, for 
which N(a,)=1, with the imaginary gauge group,’ an 
Abelian group which we have recently discussed,® for 
which a, = ee, where yu is a real pseudoscalar constant. 
When the transformations (23) are confined to a pre- 
ferred Galilean frame for which a,=epe™, they reduce, 
for general values of a_ and 8x, to those of the amplified 
gauge group, one subgroup” of which we have previously 
introduced** to describe the internal mixing of the 
isotopic spin states of an ordinary charge doublet Wx 
(or, equally well, of its G-conjugate doublet ¥4%). In 
general, however, as may be seen from the form of 
either matrix equation (23) or (27), the entire amplified 
gauge group involves, among other possibilities, an 
external mixing of an ordinary charge doublet ¥, with 
its G-conjugate doublet ¥4%. We believe that such 
additional mathematical possibilities are to be identified 

Concerning this subgroup, we have previously written in 
reference 5: “This group—the second parameter group of the 
proper Lorentz group or, what is the same, the reciprocal quaternion 
group [see reference 3; and see also E. J. Schremp, Proceedings of 
the 1950 International Congress of Mathematicians (Cambridge, 
Massachusetts, 1950), Vol. I, p. 654]—will presently be shown to 
contain the ordinary electromagnetic gauge group as a subgroup; 
and it appears to embody, as well, the so-called ‘amplified gauge 
group,’ whose hypothetical existence has recently been linked with 
the problem of incorporating the meson-nucleon interaction into 
the foundations of the theory of spin 4 particles. In the latter 
connection, see the discussion by Pauli of the paper by A. Pais, 
Physica 19, 887 (1953); and see also, for example, C. N. Yang and 
R. L. Mills, Phys. Rev. 96, 191 (1954), and J. E. Meggitt, Phys. 
Rev. 97, 1126 (1955).” 
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with still other elementary particle phenomena, in- 
cluding strangeness. However, the detailed analysis and 
physical interpretation of the entire amplified gauge 
group is beyond the scope of the present introductory 
note, and hence is left to a subsequent communication. 
In the remainder of this note, we confine our attention 
to the particular subgroup of the entire amplified gauge 
group which is the immediate basis for Pauli’s trans- 
formation (1). 

The equations of this subgroup arise from Eq. (23) 
for the specialized set of values a,=ee'*, a_=0, 
8,=B,=r, B-=—B_=is, and are of the form 


y,’= e+ (Pi rFipss). 


When r=0, Eqs. (28) are reducible, with the aid of 
Eqs. (15), to the transformations 


Ws’ = tet), 95; 


and from among these transformations it is evidently 
possible, by a suitable choice of values of y» and s, to 
pick out certain involutoric transformations or reflec- 
tions. Now a twofold application of the G-conjugation 
(15) leads to a change in sign, i.e., 

02 =— Fa; 
whereas the reflections that we now seek are of a slightly 
different character, yielding, upon twofold application, 
no change in sign. From the resulting conditions upon 
uw and s, namely 


(28) 


(29) 


(30) 


9 


eins (31) 


=-—é€9, 


we see that the transformations (29) yield ‘wo different 
kinds of reflection, corresponding to two different 
admissible forms of the real quaternion s; for Eqs. (31) 
require that s be either a unit scalar 


=e=e95", (32a) 
or a unit vector 
s=e=e5!+ e05° + 35°, 


(32b) 


with (s°)*=1 in the first case, and (s!)?+ (s?)?+ (s*)?=1 
in the second. Thus, Eqs. (31) yield for » the values 


p=nw/2, (33) 


where 7 is an integer which must be odd for the reflec- 
tions determined by Eq. (32a), and even for those 
determined by Eq. (32b). Therefore, without loss in 
generality," we may express the “odd” and the ‘“‘even”’ 
reflections by the respective equations 
¥s'= Fabs’, 


+ =e, 


(34a) 
(34b) 


where &= — e= ep. 


Tt must be borne in mind that the domain of applicability of 
our present analysis is limited to the subgroup (28) of the entire 
amplified gauge group (23), and that, consequently, all of our 
equations following Eqs. (28) are covariant only with respect to 
that subgroup. Nevertheless, through a more general formulation, 
into which we shall not enter here, all of these equations can be 
made covariant with respect to a larger group. 
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These two different kinds of reflection provide us with 
two fundamentally different ways of decomposing the 
wave functions y, into partial wave functions with 
special symmetry properties; and they lead, besides, 
to two different simplified representations of the sub- 
group (28) of the entire amplified gauge group. Under 
the “‘odd” mode of decomposition, 


Vi= (Usot+?40), v2, 

the two 8-component partial wave functions are” 
Uso= (Wat ehs)/V2, 
Vso= (Ws— ef z)/V2; 


for us. and v4, are evidently eigenfunctions of the 
“odd” reflection operator *e( )%, with eigenvalues 
equal to +1 and —1, respectively. In terms of u4, and 
240, the wave equations (3) assume the coupled form 


(35) 


(36a) 
(36b) 


ef in) uy ti(mc/h)rzo=0, (37a) 


(37b) 


eFim(2) 0, +i(mc/h)uz.=0; 


while the subgroup of transformations (28) admits the 
simplified representations 


(38a) 
(38b) 


theo = et", o(rF tes), 
Veo =et"046(rbies). 


It is noteworthy that under this mode of decomposition 
the partial wave functions u,. and v4, play a role 
analogous to that of the real and imaginary “neutral 
fields” into which one customarily decomposes a 
complex “‘charged field.”” However, as may be seen from 
the coupled form of Eqs. (37), if either partial wave 
function Uso OF V4.0 vanishes identically, then, whether or 
not the charge does so, the mass must vanish. 
To effect the “even” mode of decomposition, 


Vi = (uget+r4.)/V2, 


the 


(39) 


we introduce two 8-component partial 


functions 


wave 


(40a) 
(40b) 


Use= (WF ipze)/V2, 
Vig (Wiripze) v2, 


which are eigenfunctions of the ‘even’ reflection 
operator i( )%e, with eigenvalues equal to +1 and —1, 
respectively. In terms of “4. and 24,, the wave equa- 
tions (3) assume the uncoupled form™® 


eFiv(2) uy ti(mc/h)uz.=0, (41a) 


eFin(2) 0, ob i(mc/h)vz-=0; (41b) 


The individual 4-component quaternion wave functions 
U4.= +e4_, and v4o=—ed_, are of a special form that was first 
introduced by us in Eqs. (19) of reference 5. Quaternion (or 2X2 
matrix) wave functions of a similar form have also been used by 
Giirsey, in reference 2, in defining his 4-component spinors 
x and ¢. 

13 Tt will be noticed, in connection with Eqs. (41), that there are 
constraints of the form u_,=i#,,e and v_.= — i05,,e. 
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while the subgroup of transformations (28) admits the 
simplified representations 


(42a) 
(42b) 


Use =e**u,.(r+es), 
Ve =etin, .(r—es), 


provided that r and s are mutually related through the 
equations 
se'=es, (43) 


re’ =er, 


where e’ is the transform of e associated with the 
transformations (42). Under this mode of decomposi- 
tion, too, the partial wave functions 4, and 2, play 
a role analogous to that of the usual “neutral fields’’; 
but in this case, as may be seen from the uncoupled 
form of Eqs. (41), the vanishing of either partial wave 
function Us. or V4¢ does not entail a vanishing mass for 
the other. Accordingly, whether or not in either case one 
has to do with “neutral fields,” the “even” partial 
wave functions are in strong contrast to the “‘odd”’ ones, 
in that the former, unlike the latter, can represent 
individually a massive spin 3 particle. This fundamental 
distinction between the two modes of decomposition 
leads very naturally to our theoretical criterion, 
mentioned above, for the classification of all spin 4 
particles into the two families of leptons and baryons, 
respectively. According to this criterion, the “odd” 
mode of decomposition must be physically admissible 
only for leptons, and the “even” mode only for baryons. 


4 


We have remarked earlier that the entire amplified 
gauge group (23) or (27) involves an external mixing of 
an ordinary charge doublet ¥, with its G-conjugate 
doublet y,’. This external mixing continues to take 
place under the subgroup of transformations (28) 
whenever s~0; and in fact, as may be seen from Eqs. 
(36) and (40), each of the “odd” and the “even” 
partial wave functions constitutes a special kind of 
external mixture of Y, and ¥,%. It is not our present 
purpose, however, to examine in greater detail the 
external mixing that is described by the subgroup of 
transformations (28); but we shall consider here, 
finally, a further specialization of Eqs. (28) which 
provides a unified description of the internal mixing of 
the isotopic spin states of a strongly interacting charge 
doublet, and of the analogous internal mixing in the 
case of leptons that is associated with Pauli’s trans- 
formation (1). 

Under this further specialization, for which ».=0 and 


14 The constraints upon the quaternion parameters r and s that 
are here defined by Eqs. (43) typify a general class of constraints 
upon the essential parameters a, and 8, of the entire amplified 
gauge group (23) that can (or in some cases must) be introduced 
by the imposition of certain restrictions upon the form of the wave 
function ¥,. Another important example of such a constraint, to 
which we shall return elsewhere, arises when the quaternion 
parameter a_ is assumed to be different from zero. 
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s=0, Eqs. (28) reduce to the simple form 


Vi =Yur; 


and the same simple form is assumed by Eqs. (38) 
and (42): 


(44) 


bio =U, thee =U, 


(45) 


, 
V+o =VidIl, Vie 


Here, without loss in generality, the real quaternion 


r= eo + eyr'+eor?+ ey = e114 — C126 +6210 + e200, (46) 


may be assigned a unit norm: 


N(r) = (2+ (7')?+ (22+ (7°)?=aa+bb=1. (47) 


It then follows immediately from Eqs. (7) and (8) 
that Eqs. (44) induce in the 4-component spinor 
wave functions ¥,, and ¥,~— the unimodular unitary 
transformations 


V4 , =Py ped +, e215, 
V4 = —¥4erb+y4 €220 ; 


and these transformations evidently describe the in- 
ternal mixing of the isotopic spin states ¥,, and WY, _ of 
an ordinary charge doublet ¥,. Thus, when identified 
with the nucleon through Eq. (11), and when tran- 
scribed into the usual 4-component spinor notation, the 
transformations (48) may be 


(48a) 
(48b) 


unimodular unitary 
written 


(49a) 
(49b) 


p’=apt+obn, 
n'= —bpt+an; 


and in the latter form they manifestly describe the 
isotopic spin rotations of the nucleon. 

However, Eqs. (45) show us that essentially the same 
kind of internal mixing must be applicable also to each 
of the partial wave functions “4., tio and Ue, Vic, 
although with certain distinctions regarding its physical 
interpretation. In the usual 4-component spinor for- 
malism, each of these partial wave functions would 
evidently have to be given a 2X4 matrix representation, 
exemplified in the case of u4,, say, by 

| Uso}! Us | 
Use! my? 
a” af | 


21 


U_o u 


(50) 


Now we have previously suggested the possibility of 
identifying one or the other of the partial wave functions 
Uso, ?4o With the neutrino. In order to explore this 
possibility somewhat further, let us call 


Vi, O| | vip 
Vo, O 

v3, O 

i, O Vay O 


the “neutrino matrices” associated with u,, and 14,; 
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and let us call 


2u 0 2Qv 
| — Pix 0 | 


i 


| 

Ca. 
v,° O|= | 
| 


— Ny 


their respective charge conjugates. Then, by virtue of 
the special symmetry properties of u,, and 2,,, which 
follow from Eqs. (36) and are such that” 


(53a) 
(53b) 


F U0" = eUzo= +40, 
F €04.9= €0+5= —Vs0, 


we may re-express the matrix equation (50) for «, and 
the corresponding matrix equation for 7, in the abbre- 
viated form 


(54a) 
(54b) 


+eysvu'||, 


Uo = Vu 
— €Y5Yv‘||. 


Under either identification, therefore, the neutrino has 
to be depicted here as a “doublet,” analogous to a 
conventional isotopic doublet, but subject, of course, to 
a quite different physical interpretation. In the first 
place, there is a difference arising from the fact that the 
maximum number of independent components of the 
“doublet” is here only four instead of eight; and, 
secondly, there is the difference that both members of 
the “doublet,” whether they be v, and +eysv.°, or », 
and —eys»,°, correspond here to a neutral particle.”® 
Nevertheless, the internal mixing of the two eigenstates 
of this “doublet” is described exactly as in Eqs. (48); 
and when this description is transcribed into the more 
conventional form of Eqs. (49) it becomes simply 


, 
Vy = avy tbeysru’, 


YsVu'°= — bev, + aysv.°, 


/ 
Vy =AYy— beysv, “A 


vsvr “= bev, +dysv,°, (56b) 
according to whether we identify the neutrino with u4, 
or with v4. 

A comparison of the Pauli transformation (1) with 
Eq. (55a) or (56a) immediately shows that the former is 
identifiable with either of the latter; but we have yet 
to clarify the physical distinction between these two 
a priori possible, but mutually exclusive, identifications. 
Now it will be observed from Eqs. (53)—(56) that the 
roles of the partial wave functions #,, and v4, become 
interchanged upon a reversal of the sign of e. Moreover, 


18 Unlike a conventional isotopic doublet, which normally can 
be reduced, by means of a suitable isotopic spin rotation, to either 
one of its two charge states, a ‘‘neutrino doublet” cannot be re- 
duced in a corresponding manner to just one of its two eigenstates. 
Consequently, the term “neutrino doublet” cannot, strictly 
speaking, be regarded as designating collectively two physically 
distinct particles, at least in the same sense in which the term 
“nucleon” designates collectively both proton and neutron. For 
this reason, we here employ the term “neutrino doublet” only 
provisionally. 





G-CONJUGATION AND GROUP-SPACE 


since it is necessary to retain for uy, and ? 49, 
individually, the same definitions of an ordinary space 
inversion and of G-conjugation that are given for y4 by 
Eqs. (13) and (15), respectively, it follows from Eqs. 
(36) that the sign of « must remain unchanged under an 
ordinary space inversion, but must be reversed under 
G-conjugation. This means that, within the domain 
of applicability of the subgroup (28)," € may rigorously 
be taken to represent the leptonic charge. Accordingly, 
if uw. is identified with a “neutrino doublet” for which 
the leptonic charge ¢ is equal to +1, then 7, must be 
identified with a “neutrino doublet” for which the 
leptonic charge ¢ is equal to —1. Pauli’s transformation 
(1) therefore describes the internal mixing of a ‘‘neutrino 
doublet” of just one given value of the leptonic charge e. 

It remains for us to indicate how the Pauli trans- 
formation (1) may be regarded as ultimately induced by 
the internal rotations in space-time that were discussed 
at the beginning of this note. In indicating this connec- 
tion with the geometry of space-time, we shall here be 
able to exhibit the basically spatiotemporal character 
of our proposed unification between the internal mixing 
described for leptons by Eqs. (55) and (56), and the 
internal mixing of the isotopic spin states of a strongly 
interacting charge doublet described by Eqs. (48) or 
(49). These two analogous kinds of internal mixing are 
formally unified, of course, by Eqs. (44) and (45); for 
the latter equations show that, under these two kinds of 
internal mixing, each individual 4-component quater- 
nion wave function, such as ~, or ¥_, or “4, OF U_», OF 
Yo OF ?_», etc., is multiplied on the right by the same 
real quaternion r. But, at the same time, these two 
kinds of internal mixing are also unified in a deeper 
spatiotemporal sense, owing to the fact that each of the 
above individual 4-component quaternion wave func- 
tions is normalizable into a quaternion g of unit norm 
which is defined throughout space-time as a function 
g=q(x) of the space-time coordinates x'(/=0, 1, 2, 3). 
Now every such quaternion g determines a correspond- 
ing tetrad of orthonormal 4-vector fields in space-time, 
¢,=¢,(x), through the equations 


f,=deq', (r=0, 1, 2, 3). (57) 


In particular, {> turns out in some cases to be just the 
probability current density, and £3 to be just the ordinary 
spin density, of the particle in question. But all of the 
tetrads ¢,, regardless of their particular physical inter- 
pretation, behave in the same way when the corre- 
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sponding quaternions g are multiplied on the right by 
the same real quaternion r. Each tetrad, in fact, then 
undergoes the same internal rotation in space-time. As 
we have emphasized earlier, these internal rotations in 
space-time are not ordinary spatial rotations; for the 
latter occur only when every quaternion g is multiplied 
on the left by the same real quaternion /. From the 
point of view of the geometry of space-time, multipli- 
cation of g from the left by / and from the right by r are 
two reciprocal groups of operations, which are on an 
essentially equal footing, but are to be distinguished as 
being, respectively, the first and the second parameter 
groups of the real Euclidean rotation group. Physically, 
they are distinguished by the fact‘ that multiplication 
by / corresponds to ordinary spin rotations, while 
multiplication by r corresponds to isotopic spin rotations, 
or to their analog for leptons described by Eqs. (55) 
and (56). 


5 

The central purpose of the foregoing analysis has 
been to set forth and to explain two concepts which we 
consider to be of potential value to elementary particle 
physics. The first involves a certain definite conception 
of the spatiotemporal character of such “internal” 
elementary particle phenomena as isotopic spin; while 
the second leads, through the notion of G-conjugation, 
to a closely allied theoretical criterion for the classifica- 
tion of all spin 3 particles into the lepton and baryon 
families. These concepts, we believe, may prove to be 
very helpful in pointing the way towards an eventual 
simplification and unification of the theory of elemen- 
tary particles. In attempting to present these ideas, 
however, we have of necessity raised several questions, 
implicitly, which we could not hope to settle fully within 
the confines of this introductory note. There has arisen 
implicitly, for example, the question as to how to 
interpret in detail our “neutrino doublet,” with its 
maximum of four independent components, as a 
satisfactory generalization of the ordinary 4- or 2-com- 
ponent neutrino. A similar question arises concerning 
the physical interpretation of Eqs. (55) and (56) for 
leptons of nonvanishing mass, which we describe as 
superpositions of the form given by Eqs. (35). And a 
further question can be asked concerning the physical 
interpretation of the baryon partial wave functions u4. 
and v;,. Such questions we still intend to deal with, in- 
dividually and in detail, in subsequent communications. 
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The decay of the A hyperon is studied within the framework of the chirality-invariant four-fermion 
interaction. It is shown that the branching ratio of the charged and neutral modes, the s- to p-wave emission, 
as well as the sign and magnitude of the asymmetry parameter of the +27 decay mode, can be understood 
on the basis of the V-A theory. Improvements upon the Born approximation, using dispersion theory, 
indicate that these conclusions are not invalidated by taking into account the pion-nucleon interaction. 


1. INTRODUCTION 


HE gross features of weak interactions (like cou- 
pling strengths and the breakdown of space 
reflection and charge conjugation invariances) are now 
fairly well understood.' Increasing confirmation has 
come from various experiments during the last few 
months for a four-fermion interaction in B decay of the 
V-A form. Indeed, the chirality-invariant V-A theory 
appears to be capable of explaining ail experimental 
data on weak interactions involving nonstrange par- 
ticles. We have already remarked! on the possibility of 
all weak interactions proceeding directly or indirectly, 
through a universal chiral four-fermion interaction with 
suitably chosen pairs of charged and neutral fields. 
The V-A interaction finds its simplest expression'~* 
asa self coupling of a chiral current, composed additively 
of a lepton current (j*), a strangeness-conserving cur- 
rent of strongly interacting particles (J*) and a strange- 
ness-nonconserving current of strongly interacting par- 
ticles (g*) in the form 


Lw=GXE(PADP +I), (Art Sr+H)},5 


where G is the universal weak coupling constant. That 
the lepton currents j* involved in 8 decay and the 
decays of the muon, the pion, and the K meson are the 
positive chiral charge-exchange currents follows from 
the agreement of the experimental results with the 
predictions of this interaction. No such immediate con- 
nection exists between the form of the transition 
amplitude and the structure of the current operator for 
J or J. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. Some of the results contained in this paper were 
presented at the 1958 Annual International Conference on High- 
Energy Physics at CERN, Proceedings edited by B. Ferretti 
(CERN, Geneva, 1958). 

+ On leave of absence from the Tata Institute of Fundamental 
Research, Bombay, India. 

1E. C. G. Sudarshan and R. E. Marshak, Proceedings of the 
Padua-Venice Conference, September, 1957; Phys. Rev. 109, 1860 
(1958). See also, R. P. Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958), and J. J. Sakurai, Nuovo cimento 7, 649 (1958). 

2? Okubo, Marshak, Sudarshan, Teutsch, and Weinberg, Phys. 
Rev. 112, 665 (1958). 

8 E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 1860 
(1958); the negative sign given in this paper refers to the nucleon 
asymmetry (the pion asymmetry has the opposite sign). 


Consider for example, the matrix element for B 
decay: the transition amplitude is proportional to 


(per| fas Jt (x) j*(x) n) 
= fo fas Itae=|n) 
«(er fey inp 


MpMn\) 
-( ) Ascoomier| 5010. 


E,E, 
Choosing the form 


Ju=Wnvu(l+ys)v>, 


one obtains 


A,= UV ul f+grs)untt p{o” (hy+heys) 
+6" (hs+hyys)} (p,— Ny )Un, 


where f, g, and /; are invariant functions only of the 
momentum transfer at the mp vertex. Notice that the 
terms involving /; vanish in the limit of zero momentum- 
transfer. The two form factors f and g are the renor- 
malization factors of the vector and axial vector parts 
of the current and are in general not equal (in the 
absence of renormalization effects f=g=1). The com- 
parison of the lifetimes of the muon, O" and the 
neutron,‘ give for the zero-momentum limits: 


fO)=1, g(O)=1.2. 


Thus, in spite of the strong interactions, the admixture 
of the negative chiral current of the physical nucleon 
states in the vertex function is small. 

The absence thus far of any hyperon-lepton decayst 


*Sosnovskii, Spivak, Prokofiev, Kutikov, and Dobrynin, re- 
ferred to in the summary talk by M. Goldhaber, Proceedings of the 
1958 Annual International High-Energy Conference at CERN, 
edited by B. Ferretti (CERN, Geneva, 1958). 

t Note added in proof—Two examples of the decay mode 
A — p+e+yv have been observed by the Berkeley group; although 
no reliable branching ratio for this mode is thus far available, it 
appears reduced. See Crawford, et al., Phys. Rev. Letters 1, 377 
(1958), and Nordin, e¢ al., Phys. Rev. Letters 1, 380 (1958). 
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seems to indicate that the corresponding strangeness- 
violating vertex is strongly dependent upon the mo- 
mentum transfer and much depressed with respect to the 
zero-energy value of the strangeness-conserving vertex. 
By virtue of this observation, the extension of the chiral 
coupling scheme to strangeness-violating currents J” is 
a specific hypothesis concerning the structure of the 
weak-interaction Lagrangian. It is one of the aims of the 
present paper to furnish empirical justification for this 
generalization. 

The weak interactions thus fall into subcategories 
depending on the appropriate parts of the weak- 
interaction Lagrangian responsible for the transitions. 
The muon decay is the simplest, involving the self- 
coupling of the lepton current. Beta decay, pion decay, 
and muon capture involve the coupling of the lepton 
current j* with the strangeness-conserving current J* 
while the leptonic modes of the K mesons involve the 
coupling of j* to the strangeness-violating current J. 
Finally, one has the nonleptonic strangeness-violating 
decays which are presumed to proceed through the 
coupling of the two currents J* and g*. The complica- 
tions of the strong interactions appear in their full 
complexity in the last case. 

This last category of slow processes differs in several 
essential respects from the leptonic modes. In view of 
the absence of a lepton current occurring as a factor in 
the interaction, it is not possible to express the transition 
amplitudes in terms of charge-exchange vector vertex 
operators. The corresponding vector vertex appearing in 
the leptonic modes is a far simpler object to deal with 
with regard both to selection rules and to renormaliza- 
tion properties. The consequences of specific assump- 
tions about the isotopic spin transformation properties 
and equations of motion of the “currents” are thus best 
tested for the leptonic modes. For the nonleptonic 
modes, the transition amplitude, in general, bears no 
simple relation to the “‘current” structure of the inter- 
action. For this reason, apart from the meagerness of the 
experimental data, there has been no incisive test of our 
hypothesis concerning the strangeness-violating decays. 
Furthermore, there is the ambiguity in deciding about 
the isotopic spin transformation properties and the 
individual fields entering in the corresponding current 
g*. Among the strangeness-nonconserving weak decays, 
the most favorable case to consider at the present time is 
the decay of the A hyperon. 

There are now at least three reasonably well-estab- 
lished pieces of information concerning the A decay: 
(1) The fraction of the A’s decaying via the mode p+ 
is 0.63+0.03°; it is presumed that the remaining decays 
are via the mode n+7°. (2) An up-down pion asym- 
metry e=0.55+0.10 has been observed® for the decay 


5 Glaser, Good, and Morrison, Proceedings of the 1958 Annual 
International High-Energy Conference at CERN, edited by B. 
Ferretti (CERN, Geneva, 1958). 

6 Fisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957); Plano, Prodell, Samios, Schwartz, 
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mode p+7~, where e=a_P, with a_ the intrinsic pion 
asymmetry parameter and P, the polarization of the 
decaying A. (3) The polarization of the decay proton 
from the unpolarized A has been observed to have a 
negative sign and a large magnitude’ (of the order of 
0.9). The last two experiments are fully concordant 
with each other and imply that the asymmetry parame- 
ter a-~+0.9.8 

The extension of the V-A theory to the A decay is 
rather unique and it is natural to take for the four- 
fermion interaction 


Hy=Gb py (1+75)Wa-Vnva(1 +s) pt+H.c. (1) 


The isotopic spin transformation properties of the 
strangeness-violating current J’=Ppy(1+ys)Wa are 
those of an isotopic spinor; we have shown elsewhere? 
that this choice is consistent with the K meson decays 
and that it predicts a value for the K;° lifetime in close 
agreement with experiment. The choice of A hyperon 
alone is, of course, not dictated by the isospinor charac- 
ter of the g* current. For the present, however, we 
assume that J” consists only of (A,p) since this is such a 
simple choice; and it may turn out that the A hyperon 
is the most fundamental of the various hyperons. This 
is true, for example in the Sakata model and in the 
theory of Kobsarev and Okun’ where the possibility of 
considering the m, p, A fields as the truly, fundamental 
fields and identifying the other hyperons and mesons as 
composite structures’ is discussed. In this paper we 
wish to discuss in greater detail than in a previous note® 
the consequences of considering the weak-interaction 
Hamiltonian (1) jointly with the strong pion-nucleon 
interaction. 


2. BORN APPROXIMATION PREDICTIONS 


We write down the transition matrix elements for the 
two decay modes of the hyperon as follows: 


M_=M(A— p+7-)={ (})'A3— (3)14}} 
+{(4)!B;— (2)!By}o-k, (2) 


Mo=M(A — n+7°)= { (3)!As+ (4)!A1} 
+{(2)IBs+(4)!Byo-k, (3) 


where & is the unit vector in the direction of the mo- 
mentum of the pion in the rest system of the A, @ is the 
spin of the nucleon, and A; and B; (or A; and B;) are 


Steinberger, Bassi, Borelli, Puppi, Tanaka, Waloschek, Zoboli, 
Conversi, Franzini, Mannelli, Santangelo, Silvestrini, Glaser, 
Graves, and Perl, Phys. Rev. 108, 1353 (1957); Crawford, Cresti, 
Good, Gottstein, Lyman, Solmitz, Stevenson, and Ticho, Phys 
Rev. 108, 1102 (1957). 

7 Boldt, Bridge, Caldwell, and Pal, Phys. Rev. Letters 1, 256 
(1958). 

§ Such a large asymmetry parameter is consistent only with spin 
4 for the A hyperon; see T. D. Lee and C. N. Yang, Phys. Rev. 109, 
1755 (1958). 

9S. Sakata, Progr. Theoret. Phys. 16, 686 (1956); I. K. 
Kobsarev and L. B. Okun, Proceedings of the 1958 Annual Inter- 
national High-Energy Conference at CERN, edited by B. Ferretti 
(CERN, Geneva, 1958). 
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Fic. 1, Lowest order graph 
for A decay. 


A 





the s and p parts, respectively, of the transition matrix 
belonging to the total isotopic spin /=} (or = }4) of the 
final pion-nucleon system. Now from the first experi- 
mental result cited above, it follows that 


R= | M_|?/| Mo|*~2. (4) 


Usually, (4) is explained by the selection rule AJ = 3," or 
equivalently in our notation, by assuming A;= B;=0. 
It is desirable to investigate the most general condi- 
tion under which (4) holds since it will turn out that the 
interaction (1) predicts (4) (in Born approximation) but 
nevertheless violates the AJ =$ selection rule. By using 

(2) and (3), (4) yields the following equality: 
2v2 Re(A,A3*+B,B;*)=— (| A3|?+| B;|?). 


(5) 
If we furthermore assume that the theory is invariant 
under time reversal, we can write 

A,;=+|A;\e™, A3;=+|A;|e', 

By=+ B,\e*™, B;=+| B;|e'*, 


(6) 


where the a’s are the usual pion-nucleon phase shifts at 
the final state energy ~~37 Mev. Since the a’s are quite 
small at this energy,’ we may set them all equal to 
zero. This implies that the A’s and B’s are real numbers 
and (5) becomes 


2v2(A 143+ B,B;) =—_— (A?+ B;?). 


One solution of (7) is 43=B;=0 (AJ=34 selection rule) 


but another possible solution is ; 
A;3= B;=—2v2B,. 


Let ts next consider the asymmetry factors for the 
two decay modes of A. In terms of our notation, we can 


(7) 


—2v2A1, (8) 


write 
a_=2(A3;—Vv2A,)(B3;—Vv2B,) 

[ (V2A,—A3;)*+(V2B,— B;)? ], 
ao= 2(V2A3+A,)(V2B;4+B,) 

[ (V2A3+A1)?+ (V2B;+ B;)? ]}. 


(9a) 


(9b) 


Fic. 2. A “triangle” 
diagram. 


A 





See M. Gell-Mann and A. H. Rosenfeld, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1957), Vol. 7, 
p. 407. 

A recent Rochester experiment at 41.5 Mev [Barnes, Rose, 
Giacomelli, Ring, and Miyake, Atomic Energy Commission 
Report NYO-2170 (to be published) ] yields a3= —0.1005+-0.015, 
a3; = —0.04774-0.0068, a; =0.1668+0.023, ai: = —0.016+0.11 (all 


numbers in radians). 
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The ratio a of these asymmetry factors is given by 


a=a_/ao= (A3—V2A,)(B3—v2B;) 
[2(vV2A3;+A 1) (V2B3+ B,) }. 


Obviously, when AJ =}, then a=1; however, when (8) 
is true, we again have a=1. 

The interesting fact is that the chirality-invariant 
interaction (1) yields (8) in the lowest order (Born 
approximation). If we decompose (1) into tensor opera- 
tors with respect to isotopic spin space, then we can 
rewrite (1) as follows: 


A,=H®+H®, 


(10) 


(11) 
where 


H® =43G{ 2 pyu(itys)Wa-Pny4(1+7s)¥ p 


—Wnvullt+rs)Wa vay" (1+7s)vn} +H.c., 


HY =3G Dp gyal tysWa-Pny4(1+y5) p 
t+bnvu(lt+ys a Vay" (1t+ys)vn} +H.c. 


(12a) 


(12b) 


In the lowest order of A-decay interaction (see Fig. 1), 
we can evaluate the A’s and B’s from (12a) and (12b). 
We can easily verify that we obtain (8). Thus, while the 


Fic. 3. The ‘‘bubble” 
black-box diagram. 





chirality-invariant interaction (1) actually contributes a 
larger AJ=$ than AJ=} matrix element to the decay, 
it gives the correct answer for the ratio of the A> p+a7 
to A—+>n+7° mode. In Born approximation, the V-A 
theory* also predicts that there is no transverse polariza- 
tion and that a_-=+0.88, which agrees both in sign and 
magnitude with experiment. The absolute transition 
probability, in Born approximation, diverges loga- 
rithmically. An estimate, using a cutoff of the order of 
the nucleon mass M (taking account of both the 
charged and neutral modes) leads to a lifetime ~4 
X10-" sec, too small by a factor of 10 compared to the 
experimental result. However, this is not serious, be- 
cause Goldberger and Treiman’ showed that the 
matrix element will be damped, if this loop is treated 
more rigorously. 


3. IMPROVEMENTS ON THE BORN 
APPROXIMATION 


The Born approximation calculations in the previous 
section led to results in agreement with experiment, 


_" The application of dispersion relations to the decay of the 
pion was made by M. L. Goldberger and S. B. Treiman [Phys. 
Rev. 110, 1178 (1958). 
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except for some uncertainty in the absolute scale factor. 
However, since the pion-nucleon interaction is strong, 
one must investigate the effects of this interaction by 
taking into account the multiple scattering in the final 
state; also, one must.consider Feynman diagrams more 
complicated than Fig. 1, leading to the decay. The 
multiple scattering couples the p+a~ and n+ 7° modes 
and alters the phase relations of the 7=3} and J=} 
states so that one would expect the branching ratio and 
the asymmetry factors for the two modes to be changed. 

Before we consider the multiple-scattering effects, we 
note that the next higher order correction to the Born 
approximation which is not a final-state interaction 
corresponds to a triangular loop (see Fig. 2). This 
“triangle” diagram (at least in lowest-order perturba- 
tion theory) no longer predicts the same ratio of the 
ptm and n+7° modes as does the “‘bubble”’ diagram in 
Fig. 1, nor does it lead to a large asymmetry factor. It 
turns out that in lowest-order perturbation theory, the 
“triangle” diagram contributes much less than the 
“bubble” diagram and indeed, for the +27 mode, the 
contribution vanishes identically due to mutual cancel- 
lation of various graphs. This latter result implies that 


Fic. 4. The “trian- 
gle” black-box dia- 
gram. 





a qualitative understanding of the large asymmetry 
factor in p+ decay is possible, even without believing 
the magnitude of the contribution from the “triangle” 
diagram as given by perturbation theory. If the “‘tri- 
angle” contribution were large, it would reduce the 
asymmetry parameter for the mode n+7° and alter the 
branching ratio R. To the extent that the latter ratio is 
known to be nearly 2, it may be significant that per- 
turbation theory predicts only a small contribution to 
the n+7° mode from this diagram. 

We have indicated that some of the above results are 
largely independent of perturbation theory. In fact, 
using only charge independence of the pion-nucleon 
interaction, one can obtain the same predictions for the 
branching ratio R and the asymmetry factors ao, a- 
from the black-box diagram corresponding to the 
“bubble” diagram (see Fig. 3). Similarly, using charge 
independence and charge conjugation invariance of the 
strong interactions, one can deduce that the contribu- 
tion to the p+2~ mode from the black-box diagram 
(see Fig. 4), corresponding to the “‘triangle” diagram, 
vanishes. The proofs of these assertions follow. 

To demonstrate that the total contribution from the 
“triangle” diagrams to the mode A — p+7-~ vanishes, 


DECAY OF A 


HYPERON 


Fic. 5. “Triangle” 
black-box diagram in- 
volving virtual neutral 
pion. 





consider the following vacuum expectation values of the 
time-ordered operators: 


M apy*=(0| P(ja(x) ja(y)J y*(2))|0), 
M as*=(O| P(Gja(x) ja(y)J*(z))| 0), 


where j4(x) is the isotopic vector “current” to which the 


pions are coupled, so that 
Ja(*)=Kbo(x), Ke=~OL2—-p’, 


and J,“, J* are defined in terms of the nucleon field 
operators in the form 


Ja" (2)=WV(2)y"raW (2); J#(s)=(s)yW(z). 
From charge independence, these should be of the forms 


M as"= baaB*; 
(A*= M03", BY= M1"). 


M as7"= €aBy- 1 gs 


From invariance under charge conjugation of the strong 
interactions, we obtain 


Bu=—Be=0. 


Since, under charge conjugation, 


Jeo —J*, Je => — Ja, Ji,3 <a Ji, 35 
we get 


M .s"= 0. 


Now consider the complete matrix element for the 
decay A — p+7- via the black-box diagrams in Figs. 5 
and 6. The total transition amplitude is proportional to 


v2(0| Pix (x), 73(y),Wn(2) 7 WW p(z))| 0) 
+ (v2)*(0 P(jx(x),j (y),W pv uW p(z)) ()) 
= }hiA*+2(4B4— iA+) =} B+=0. 


However, this is not true for the A > n+-7° decay mode. 
Similarly, for the simple black-box diagram (Fig. 3), 
the contributions of the charged and neutral modes are 


Fic. 6. ‘Triangle’ 
black-box diagram in- 
volving virtual charged 
pion. 
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proportional to 


(0| P@nO)yH 2(0),3+(x))|0), pa 
0| P@ p(O)v (0), js(x))|0), m+n" 


and, again, by charge independence 


(0| P((0)y,# (0), ja(x))|0)=0, 
| P@O)v.ra¥ (0), jp(x))|0) = Fasc", 


so that the ratio of the charged to neutral amplitude is 
simply V2. We have thus proved our earlier statements. 


4. DISPERSION-THEORETIC CONSIDERATIONS 


In view of the remarks at the end of Sec. 3, it seems 
justified to attempt to treat in a rather rigorous way 
(using the methods of dispersion theory”) the multiple- 
scattering corrections to the “bubble” diagram. The 
starting point is the expression for the S matrix element 
for the decay A— N+=7 in terms of the Heisenberg 
operators of the baryon and pion fields. With the weak 
interaction considered only in first order, the invariant 
transition matrix element may be written” 


T (p,kyq) =1(2m)9!?(2ko)*( po/m)*(qo/ma)Na| H..(0)| A) 
= — (2m)8(2ko)4(qo/ma) iin (p) 


x [ d'x e~*?-=D Ar| P((x)H(0))|A). (13) 


Here ~, g, and & are the 4-momenta of the nucleon, 
hyperon, and pion and m, my are the nucleon and 
hyperon masses, respectively. H,, is the weak inter- 
action (1) and 

D,= (y"0/dx,+m). 


From the covariance of the theory, 7(pkg) can be 
written in the form (J is the isotopic spin of the Vx 
system): 


tin (p){ (Mi'+M2!y5)+ivyk(M3'+Ma'¥s5)}ua(q), 
which can be reduced to the form 


tin (p){ Fy! (ma) +F 2! (ma)ys}ua(q), (14) 


by using the Dirac equations for p and A, where F,/ and 
F,! are related to A; and B; in Sec. 2 in a simple way. 

The construction of the dispersion relation follows in 
the standard fashion by noting that the matrix element 
(13) can be re-expressed in terms of a “‘Born’’ amplitude 
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13 Lehmann, Symanzik, and Zimmermann, Nuovo cimento 1, 


205 (1955). 
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(coming from an equal-time commutator; see below) 
and a causal amplitude. Provided that the functions are 
well-behaved, the real (“dispersive”) and imaginary 
(“absorptive”) parts of this causal amplitude are 
Hilbert transforms of each other. On the other hand, the 
absorptive part can be expanded in terms of a complete 
set of intermediate states. To make the problem 
tractable, it is necessary to assume that only one-pion 
states contribute to the explicit sum-over-intermediate- 
states expression for the absorptive amplitude; and that 
the A-hyperon field may be treated in perturbation. The 
inclusion of the A-hyperon interactions exactly leads to 
a complicated integral relation between the decay 
amplitude and several other matrix elements of the 
weak interaction, which reflect the possibility of having 
a cloud of virtual particles in the proper field of the A 
when it decays; this corresponds to Feynman diagrams 
with irreducible vertex modifications involving the 
incoming line. Similarly, the inclusion of other possible 
intermediate states (say, two-meson states) generates a 
term in the integral equation which involves a pion- 
production matrix element as well as the matrix element 
for the virtual two-pion A decay 


A— N+. 


This same amplitude can be related back to the one- 
pion decay, thus leading to two coupled integral equa- 
tions for these amplitudes. In omitting consideration of 
these two-meson states, we fail to include, among other 
things, the contribution from the “triangle” diagrams. 
Since the contribution from the “triangle” diagram 
(Figs. 5 and 6) for the p+2~ decay vanishes, we feel 
justified in neglecting the two-pion intermediate states. 
We are therefore calculating diagrams of the type 
shown in Fig. 7. Explicitly carrying out the differ- 
entiation implicit in D, in Eq. (13), we obtain 


T'(p,k,q) = — (2n)¥(2ke)¥(gu/ma)'y(p) fate e7 ip sz 
«(er 


1 
+-1e8(eVo(@),H-(0)]} A), (15) 
1 | 


6(x0)LJ p(x), w(0) | 


where J ,(x) is defined by 


(16) 


te] 
(+m) =J p(x), 


Xp 


and where we have made use of the (known) mass spec- 
trum to replace P(J »(x)Hw(0)) by 0(x0)[J p(x),H (0) ] 
in the expression for the matrix element. We can now 
decompose 7 (p,k,qg) in the form 


T (p,k,q) = T (p,k,q) + D(p,k,q) +14 (p,k,g), (17) 
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where the “Born” amplitude is 


T®)(p,k,g) = — (2)®(2ko)*(qo/ma)*a w(p) f ate ea? 


1 
x(r ~745 (x0) LY p(x), H w(0) ] A) (18a) 
1 


while the dispersive (D) and absorptive (A) amplitudes 
are 


D(p,k,q) = — (2n)¥(2he)(go/ma) gC) fd ep: 


X (a | Fe(x0) LJ p(x),Hw(0)]|A), (18b) 


A(p,k,q) = — (2n)¥(2ke)"(qu/m) gp) f ax e- 49-2 


|1 
x(e| 17 (0) Ho(0)]A, (18c) 
|2% 

It must be stressed that our Born term 7“ comes from 
the equal-time commutator which is different from the 
usual case where it originates from the discrete terms. 
From covariance only, one can explicitly write down the 
matrix dependence in the form 


T (p,k,q) =U p(p){ (Mit+Moys) 
+iy:k(M3+ Mays)}u(q), 


where M ; are invariant functions; similar expressions in 
terms of M,8, D;, and A; can be written down for 
T‘®), D, and A. If we now explicitly use the invariance 
of H,, and of the strong interactions under time reversal, 
one may show that all the /,8, D;, and A; are real. 
While the physical amplitude is defined only on the 
mass shell with 


ptk=q, 


the quantities introduced by Eq. (4) may be defined for 
arbitrary values of the momenta, especially without the 
last condition. 

We now assume that the A hyperon is totally un- 
coupled and may hence be treated in perturbation. It is 
then obvious that the invariant functions M ;, D,, and A; 
are independent of g and depend only on the invariant 
p-k. By virtue of the causal properties of the transition 
amplitude, 7, M;, D;, and A; are then analytic func- 
tions of the variable v= — p-k and consequently we can 
write dispersion relations of the form 


—p=m, —g=m,", —k=m,’, 


A,(v’) 


1 x 
M (v)=M* (v)+ f ere, (19) 
T Vw 


, ° 
yee 


where we have used the relation 
Im{M ,—-M )=A,. 


This last relation follows from time-reversal invariance. 
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To calculate the right-hand side of Eq. (19) we express 
A(p,k,g) [using (18c)] in terms of a complete set of 
states |m) in the form 

(2m)* 
A (p,k,g) = — (2m)¥(2ko)'— tt (P) 


~ 


XL {(w- | J y(0) | Xn | J (0) |0)5(n— p—k) 


+(m-|J4(0) |2) 


X(n|Jp(0)|0)5(p+m)}ua(g), (20) 
where J4(«)=[6/d~a(«) JH(x) and A was treated in 
perturbation ; the summation over 7 is to be understood 
as the average of the sum over incoming states and over 
outgoing states in order to preserve the reality condi- 
tions on the amplitudes, independent of approximation.” 
The second term on the right-hand side of Eq. (20) 
gives zero for —n*?= — p’= m? and thus » must be a one- 
antinucleon state and we are left with only the first 
term since (”|J,(0)|0)=0 in this case. The lowest 
state is an isolated state with |o)=neutron and from 
covariance alone, we may put 


(no| J (0) |0)= — (2m)-3(m/no)*ia(n0) (cat-esys), 


where c; and cs are pure numbers; the contributions to 
A ;(v) become 


A 1°") (v) =0, A a! 0) (vy) =0, 
As (v) = (a/V2)g6(v+4u2)cs, 
Ag (vy) = (/V2)g5(v+4u2) cs. 


The contribution to the transition amplitude can now be 
calculated and corresponds to the diagram shown in 
Fig. 8 which represents a self-mass term nondiagonal 
in strangeness and divergent in general. One may add a 
counter term" to the original interaction to cancel this 
divergence but such a subtraction leaves ambiguous 
finite terms (because of the different masses of A and the 
nucleon). We shall omit any explicit mention of this 
term. If there exist any finite contributions, they may be 
absorbed into the Born amplitude. 

The next set |) consists of states containing one 
meson and one nucleon. First, take the contribution 
from the |pmr~) states. Then the matrix element 
(pr-|J4(0)|0) is proportional to the transition ampli- 
tude we are studying in which A is treated by perturba- 
tion while the matrix element (#~|J,(0)| pr) is related 


ie 





























Fic. 8. The self-mass diagram. 


44 See S. Weinberg, Phys. Rev. 106, 1301 (1957). 





950 OKUBO, 


to the pion-proton scattering amplitude. In fact 


(x~(k)| J p(0) | Pepa (R’)) 
= ( 2a)? 2ko) Fe 4(2ko’)*(m/ po’)! 


x1 (APM4A0)*—iy 


, 


> (BO+B)* tuy(p’), 


“ 


(21) 


where A‘), B® are the quantities defined by Chew, 
Goldberger, Low, and Nambu" and can be expressed in 
terms of the pion-nucleon scattering phase shifts ayy. 
Summing over the intermediate proton spins and mo- 
menta, one obtains the total contribution for p+7 
intermediate states: 


A(Pt*)(p,k,g) 
1 
= [fever 8( Ro’ )O( po’ )5(k’*+-y?)5( p+ m?) 
81? 


/ 


| k+ 
KO (P+h— PK )E (9) teal B* 


“ 


x ( m— ty PLM v')+M2( v')ys | 


+iy-k’'LM3(v')+Ma(v’)ys}}ua(q). (22) 


Upon performing the p’ integration and rearranging the 
¥ matrices, this can be written in the form 


Art )(p-k) 


169? 
Xo[u?— p-k+k’: (p+k)] ReGi(p’,k',p,k), (23) 


f d*k! 8(ko’)0( po-+Ro— ho’)5(k’2+12) 


where 
siete 
yp— my? 


m?(k-k’)—v(p-k’) 
pol POM EAED) 


v— mp? 


G; =—A *um|2- 


—2(v’+m’) 


dct e ] 


py aes my? 


u2(p-k’)—v(k-F’) 
+r» nh 


——_——~— Ortu+h#)| 
vP—m yp 


u2(p-k!)—v(k-R’) 


po my? 





+ BM m(ut4+2) | (24a) 


18 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337 
(1957). 
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ee 


G2=A “| — 
v— mp? 


+B*M ym ——_—— 


— 
vP— my? 


ae? nae 


u v— my? v— my? 


r m?(k-k’)— v(p-k’) 
+B*M p?— (2v-+42)—_—__——]._ (24) 


9 


E v— mp 





The expression for G2(G4) is obtained from G,(G3) by 
replacing M, by M2 and M; by M4. To connect these 
expressions to the phase shifts, we recall the definitions 
of A, B® Taking the barycentric system of p and k 
and doing the angle integrations, we obtain, after a 
series of tedious but straightforward reductions, 


k 
A(p-k)=4-— Re[{Lwt+m ]fo,.*+[o—m]fi*} Mi 
+ (w— m*)[ fi- *_ fos *1M3], 
k 
A;(p-k)=} Re[_(fi_*— for*) Mi 
w 


(25a) 


+{[w—m]fo.*+[ot+m]fi*}Ms3], (25b) 
where w=[—(p+h)?]! is the total energy of the pion 
and the nucleon in the barycentric system and fi is 
related to the phase shift aj, by the equation 


(26) 


fi= ; exp(iai,) sinar, 


for a pure isotopic spin state. 

In exactly similar fashion, we may calculate the 
contribution from the w+ 7° intermediate states. These 
contributions are related to the decay amplitude 
A— n+7° and the charge-exchange scattering ampli- 
tude. Thus we obtain an integral equation coupling the 
A— p+ amplitude to itself and to the A—n+7° 
amplitude and involving the direct and charge-exchange 
pion-nucleon scattering amplitudes. These coupled 
amplitudes separate if we decompose according to the 
isotopic spin. The dispersion integrals now assume the 
form 


M1! (w) seca MI (8) (w) 


I pos k 
=— ; Re{ (w’+m) fo,!* 


X (M1! (w’) — (w’— m) M3! (w’) }+ (w’—m) 


x fr-™*[M 1! (w') + (w' +m) M3") }}, (27a) 
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M3! (w) —M,!® (w) 


3 Me 


m+ 2? —te 


XRe{ — fox *LM1' (w’)- 
+ fr*[M yt (w!) + (co! +m) M4! (wo 


(w’—m)M 3! (w’) J 
‘)}, 
We may 


(27b) 


with corresponding expressions for Mo, M4. 
now define new amplitudes F;!(w), F2!(w) by 


T(w) => M1! (w)— (w— m)M;!(w), 
F,! (w) = M1! (w)+ (wt+m)M3! (a), 


(28a) 
(28b) 


and rewrite the integral equations in terms of F;: for 
I= 3, these take the form 


F3(w) — F\} (w) 
“i Re[F13(w’) ¢3* 
oe 


(w’) ] 
w’ —w—1e 

Re[F24( 3( 

> ae Py Sere aes 


U 


@') g31* (w" =| 
F,}(w) — Fi (w) 


1 ‘ Re[F1}(w’) ¢3*(w’) | 
f da oo ee ee 
w’+w 


ReLF: Ho! de n*(o’) ] 
+— “f 


m+p 


— (29b) 


w’ —w—te 


where we have put 
)=k fo, (Rk) =e' sinas, (30a) 


(30b) 


¢3(w 
$31 (w)= kfi @ (k) = e's sina3}. 


For J=3, we have only to replace ¢3 and ¢3; by ¢; and 
¢u, Tespectively. We see, therefore, that in the one- 
meson approximation, the physical transition amplitude 
satisfies a singular integral equation. 

So far, we have not specified H,. If we choose the 
expression (1), we get 


G | 
T® = — (2n)"(2ka){ x ; Vn (O)y,( 1+75)¥,(0) °) 
1 


Xtp(p)yu(i+rs)ua(q). (31) 


Hence 
M,® = 


M{®=0, Mi®=M® =f, 


where f is a constant (whose value may be computed by 
the more detailed analysis of Goldberger and Treiman’). 
These Born amplitudes coincide with the lowest-order 
Born approximations discussed in the text. (Recall 
however that the residual single nucleon terms, if any, 
are also to be absorbed into this “Born” term.) We may 
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now put 


FU®=— F®= 


(w—m) f", 
fi=—2v2 f= ff. 


+m) ft 
—_— (32) 


The solution of the singular integral equations (29) 
can be obtained using the techniques originally de- 
veloped by Muskhelishvili'® (the details are given in the 
Appendix) : 


F\3(z) = f{m—2+} exp K!(z)+7A;(z) ], 
F:\(s) = f{m+2+¢} exp[K'(—2)+ida(e)], 


f 
——{m—2+9) exp[K4(z)+iAi(z) ], 


2v2 


F,}(z) (33a) 


f 
F,}(2) = wr sah oh 8 ae explK1(—2)+iA1(z) J, 
Vv. 
(s>m+un), 


where 


all 
oom f dw{sind;1(w) 


TY mtu 


XexpLK!(—w) ]—sinA;(w) exp[K!(w) J}, 


P fs” 
go) = f dw{sinAy;(w) 


TM mtp 


XexpLlK! 


“ A:(w) Asi(w) 
fo 
Tv W—2Z vA 


m+ ad 


Va 4 1(#) Au(e) 
K*(z)= f iol —— +-- | 
T W-Z wts 


m+u ” 


(—w) ]—sinA,(w) exp[K4(w) ]}, 


and A(w) is related to the scattering phase shifts a(w): 


1+7 exp(ia,) sina, 
axgednhla | 


2i L1—iexp(—ia,*) sina,* 


vy=3, 31,1, 11. (33c) 

From the expressions (33a), (33b), (33c), we can in 
principle evaluate the effect of the pion-nucleon inter- 
action exactly. However, the phase shifts as, etc. are not 
known beyond about 300 Mev and even up to these 
energies the empirically determined values are very 
unreliable. Thus, to assess the effect of the pion-nucleon 
interaction, we are forced to extrapolate the phase 
shifts. In this connection, it is important to notice that 
since the spin of the A hyperon is 4, only the scattering 
in the J=4 states (s; and p;) are relevant, and one 
recalls that these phase shifts are small in the region 

See S. G. 
London, 1957). 


Mikhlin, /ntegral Equations (Pergamon Press, 
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TaBLE I. Comparison of the dispersion theory predictions with 
the Born approximation results. a is the intrinsic (pion) asymmetry 
parameter, x is the ratio of the p- to s-wave amplitudes, and R is 
the ratio of the decay rate via the charged mode to the decay rate 
via the neutral mode. 





Parameter Born approximation 


a. +0.88 
ao +0.88 
R 2.0 

%. 0.60 
Xo 0.60 


Dispersion theory (A) 


+0.97 

+0.91 
2.15 
0.82+0.144 
1.14+-0.46i 














where they are known and that they do not appear to 
possess any resonances even at the higher energies. In 
the vicinity of 300 Mev, the s-wave phase shifts a3, a; 
are =20° and a approaches a3; a3; and a; are much 
smaller.'7 A typical extrapolation of the phase shifts, 
which exaggerates'* the effect of the pion-nucleon 
interaction (putting the values at higher energy equal to 
the values at 300 Mev lab energy) leads to the results 
given as (A) in Table I. It should be stressed that the 
estimate is extremely crude and only the qualitative 
features of these predictions should be considered 
significant. In Table I, x is the ratio of the p- to s-wave 
amplitude; thus the effect on x of the pion-nucleon 
interaction can be quite large although the extrapolation 
gives only a crude upper limit. It is, however, inter- 
esting to note that the presently known experimental 
parameters, a_ and R for the decay of the A are rather 
insensitive to these large modifications. 

It should be mentioned that some information con- 
cerning the ratio x comes from the ratio of the mesonic 
to the nonmesonic decay mode of hyperfragments, which 
seems to be inconsistent with a value of |x| larger than 
unity.’ However, one should bear in mind that there are 
at present no data directly available on the parameter x 
in free A decay. The transverse polarization of the 
resulting nucleon in A decay or the correlation of the 
A spin and the proton spin depends on the quantity 
(1—|x|*) and a measurement of either of these would 
provide a sensitive test for |x|. We have already re- 
marked that our extrapolation of the phase shifts 
probably overestimates the pion-nucleon interaction 
effects. For example, if we equate all phase shifts to zero 
beyond 300 Mev, the |_| and |x| are greatly reduced 
and are given below as (B) in Table II. 

A different type of question one has to consider con- 
cerns the effect of adding terms to H,, [in addition to 
those considered in (1) ]. We noticed earlier in our 
discussion that even though the over-all selection rule 
AI=} is not obeyed by (1), it nevertheless leads to a 
ratio R=2. With terms added to H,, this result no 


17H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956); H. L. Anderson and W. C. Davidon, 
Nuovo cimento 5, 1238 (1957). 

18 At higher energies where a, become complex, A, are still real 
but smaller in absolute magnitude (for real ar, Ay=ay). 

#R.H. Dalitz, Phys. Rev. 112, 605 (1958). 
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Dispersion theory Dispersion theory 
A B 


Parameter 


0.83 


1.34 0.96 








longer obtains; in particular, if we replace the current 
Vny"(1+~7s)¥, by terms involving = or 2 hyperons,’ 
then in lowest order, these interactions contribute only 
to the charged decay mode of the A. Since the weak 
interactions are treated only to lowest order, the 
contributions of the interactions involving = or 2 are 
additive (see Fig. 9). The expected final branching ratio 
would then depend on the relative magnitudes and 
more particularly on the relative phases of the different 
contributions. We shall omit any such complicated 
considerations and merely note that in the framework of 
the dispersion theory treatment, these complications do 
not affect the relative s and » Born amplitudes; hence 
they are numerically irrelevant in determining xo, x_, 
and consequently the asymmetry parameter a_; one 
predicts a large asymmetry parameter in any case, de- 
pending essentially only on the (known) pion-baryon 
coupling. 
5. DISCUSSION 


Our investigation of the A decay thus brings out the 
following points. The expression (1) for the weak decay 
leads not only to a qualitative but to a good quantitative 
understanding of the known features of this decay, 
despite the abandonment of the old A/ =} selection rule. 
The surprising success of the Born calculations is ex- 
plained by the fact that the branching ratio and the 
asymmetry parameter a_ are not particularly sensitive 
to the ratio of s and p amplitudes which is substantially 
altered by the improvements discussed in this paper. We 
have seen that the higher-order diagrams discriminate 
between the charged and neutral modes of decay and the 
possibility is indicated that the branching ratio may be 
unaffected while the asymmetry parameter ao is reduced 
below a_; measurement of the ratio a_/ao would be 
most interesting since the old AJ=} selection rule 
unequivocally predicts unity for this ratio whereas our 
theory suggests a somewhat larger value. 

The apparent success of the Born approximation for 
the decay tempts one to speculate that the factorization 
of the decay matrix element in the form 


(pa-| Sx'J*| A) — (p| Sa'| AX | J*|0) 


is approximately valid, apart from an absolute scale 
factor. There is at present no inconsistency in assuming 
that this reduction factor is no more than the momen- 
tum dependence of the vertex function (p|ga'|A) and 
the ~ decay matrix element (7~|J*|0). If this method 
of resolution (which, incidentally, illustrates the con- 
nection of this process to pion decay in Born approxima- 
tion) were accepted as a reasonable approximation to 
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Fic. 9. Two diagrams contributing only to the charged 
decay mode. 


the correct result, one could obtain information con- 
cerning the chiral coupling of the physical baryons in the 
strangeness-violating vertex. 

Let us recall in this connection the structure of the 
vertex function in 8 decay, which involves a very small 
momentum transfer. We postulated that the interaction 
current J* is a (charged) chiral current. The vertex 
function (p|J*|n), which is the one-nucleon matrix 
element of this operator, is nearly equal to the Born 
approximation result, both in structure and in magni- 
tude, since the ratio of the vector to axial vector 
covariants in the physical transition amplitude is nearly 
equal to unity. Also the absolute magnitude of the 
coefficients in the vertex function is equal to the ‘“‘bare”’ 
coupling constant occurring in the Lagrangian operator 
as determined from the muon decay (and the hypothesis 
of a universal Fermi interaction). At the higher mo- 
mentum transfer associated with w decay, there is a 
damping of the axial vector part of J*. 

If the factorization of the matrix element for A decay 
is valid, one can easily see that only the axial vector 
part of J* contributes and that the large value of the 
asymmetry parameter a_ essentially implies chiral 
coupling in the vertex. There is also some damping in 
this decay process. That the absolute scale factor is 
determined by a momentum-dependent damping of the 
vertex function is consistent also with the apparent 
reduction of lepton modes. 

If the above were a true interpretation of the experi- 
mental results, one would then have a consistent picture 
of the various transition amplitudes in the decay 
processes all reflecting the chiral structure of the inter- 
action Lagrangian with the absolute scale factors de- 
pendent on the momentum transfer at the vertex. 
Whether one could arrange the structure of the strong 
interactions so as to ensure this unified point of view is 
still an open question. 
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APPENDIX. SOLUTION OF THE SINGULAR 
INTEGRAL EQUATIONS 


Here we wish to indicate the method used to solve the 
coupled singular integral equations derived in the text. 
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The equations are [see Eqs. (29) ] 


Re[ ¢s*(w') Fi(w’) ] 


w’—w—te 





1 eo 
F,(w) = ie 3t— du’ 
biden demally i | 


Re[ ¢a1* (w’) F2(w’) ] 
ob cmutiacaeiiell siden 


, >? 


1) 


U 


(A- 
1 as R p;* w’ F, w’ 
F2(w) = (ma) fot f iat ( ) 2 ( )J 
Tv 


m+ 


Rel ¢s1*(w’) F2(w’) ] 
oe 


The method adopted is originally due to Muskhelishvili!® 
and consists of introducing a complex function of which 
F, and F; are boundary values and then determining 
this complex function in terms of its singularities. 

Accordingly, let us introduce the complex functions 
H(z) and H(z) of a complex variable z, such that when 
z is along the real axis, they coincide with F,(w) and 
F2(w) s 


| Rel ¢3*(w’)Fi(w’) | 
A,(z)= (m—2z) fs+- i da 
T mtu é 


Re ¢s1* (w’) F2(w’) J 
+—— Peay tie 
w’ +z 
(A-2) 
| Re[ ¢3*(w’) Fi (w’) J 
w’ +2 
Re[ ¢31*(w’) F2(w’) ] 


— F 
oa 


1 @ 
H2(s) = (m+z) fs+— dus’ 
ee 


m+p 


One immediately verifies the relations 
H.(z)=H,(—2z), H,*(s)=H,(z*), 
F,(w)= lim Hi(wt+ie), (w>m+p), 


e>+0 


H,*(z)= H(z"), 


(A-3) 
F.(w) = lim H2(wtie), 


«+0 


(w>m+u). 


From the defining equations for 7, and Ho, for w> m+n, 
the jump across the real axis can be found: 


H,(wtie)— Hi (w—ie) = 21 Rel g3*(w) Hi (wt ie) |. 


Taking the complex conjugate of both sides and using 
the result H,*(z)=H(z*), we see that 


H,(w—ie){1+i¢3(w)} = Hi (wt+ie){1—i¢s*(w)}, 


—_—_——=exp{2iA;(w)}, 
H,(w—ie) 


(A-4a) 





954 OKUBO, 


( 1+i¢3(w) ) 
1—i¢;*(w) 


is equal to a3(w) when a;3(w) is real; when a;3(w) is 
complex, A3(w) continues to be real. Similarly 
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where 


(A-4b) 


H,(—w+ie) 
: : casita =exp{ —2iA3:(w)}, 
Hy —w—te) 


where 
1+7¢31(w) 
1—1¢31*(w) 


1 
A3zi(w) =— nf ) 
21 


If we now introduce the complex function 


1 a A;(w’) As1(w’) 
K(=- f i'| ——+$—— | 
Ll w'—2 w'+2 


m+p 


(A-5a) 


with jumps 
K (wtie)— K (w—ie) = 21A3(w), 


s . , : ; (A-5b) 
K(—w+ie)— K(—w—ie) = —2iA3;(w), 


across the real axis for m+u<w< , then 


h(z)=H,(z) exp[ — K (z) ] (A.6) 


is continuous across the real axis: 


h(+wt+ie)\=h(tw—ie), (mt+tyu<w< om); 


further, H,(z) and K(z) are analytic everywhere in the 
complex plane cut along the real axis from —* to 
—(m+y) and from (m+) to +; now the reality 
condition on H,(z) implies 


h*(z)=h(z*), 


enabling us to conclude that h(z) is analytic everywhere 
in the complex plane, except possibly at infinity. 

The expression for K (z) will be meaningless unless the 
defining integrals converge and this requires that A;(w) 
and As:(w) decrease sufficiently fast at infinity; we 
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assume this to be the case (at least after a suitable cutoff 
of the high-momentum contributions). 

Let us now investigate the behavior of A(z) at infinity. 
If the phase functions A;(w), As:(w) vanish sufficiently 
fast, forz >%, K(z) + Oand h(z) > H(z) > — fyz and 
consequently /(z) has a simple pole at infinity. However, 
since h(z) possesses no essential singularities in the 
complex plane, the number of poles and zeros must be 
equal and hence /(z) has a zero, say at z=6. If we now 
introduce 


(A-7) 


then ¥(z) is analytic everywhere, including the point at 
infinity, and is therefore a constant. Forz—>* (zs) 1 
and hence, 


¥(z)=1, H,(s)=f;(@—z) expLK(z)]. (A-8) 
It follows immediately that 
Fi (w) = f3(0—w) expLK (w)+7A3(w) ], 
F2(w) = f3(0+-w) exp K (—w)+iA3;(w) J. 


The zero of /(z) is given by 


(A-9) 


1 ® 
o=m+— f dw{sinA31(w) expLK(—w) | 
TY mtu 


—sinA;(w) expLK(w) ]}. (A-10) 
This completes the solution of the integral equation.” 

It is gratifying to note that the phase factor of the 
amplitude is given by A(w). Consequently, below the 
threshold for real processes, the phase coincides with 
a(w) and the phases of the amplitudes for weak processes 
(which are invariant under time reversal) are essentially 
determined by the strong interactions—a well-known 
result. 


* After our completion of this work, we noted a paper by R. 
Omnes [Nuovo cimento 8, 316 (1958)] in which he has inde- 
pendently arrived at the same technique of solution for similar 
integral equations. 
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The symmetrical pseudoscalar theory with extended source is subjected to a rigorous transformation in 
such a way that the transformed Hamiltonian depends explicitly on the total isotopic spin and total angular 
momentum of the system. These collective variables are introduced by the same method of employing a 
general distribution function which was previously studied by the authors for the charged scalar theory. 


I. INTRODUCTION 

N a preceding paper! the authors have shown how 

certain symmetries possessed by a field theory can 
be explicitly expressed in terms of appropriate collective 
variables through the introduction into the Hamiltonian 
and the commutation relations of a distribution function 
f. In first instance f is arbitrary, so that a way is 
opened for the application of variational methods, 
namely by minimizing a suitably chosen leading part 
of the Hamiltonian with respect to f. As an illustration, 
the scalar charged meson theory was considered, and 
it was shown how a particular choice of the distribution 
function led to the usual strong-coupling treatment. In 
the present paper we develop the formalism for the 
symmetrical pseudoscalar meson theory. Our treatment 
resembles that of Pauli and Dancoff,? but is more 
general in that these authors make a particular choice 
of distribution function, and more exact in that no 
terms are dropped in the present derivation. The final 
form in which the dynamics is cast in this paper is 
given by Eqs. (46)—(49) below. In the rigorous expres- 
sion for the Hamiltonian, Eq. (49), the total isotopic 
spin and the total angular momentum appear explicitly. 
While the extreme strong-coupling approach becomes 
immediately obvious for a particular choice of /, there 
is nothing in these equations that confines the formalism 
necessarily to this rather unrealistic regime. We believe 
that this generality and exactness will prove of value 
in the further development of the theory, to which 
recent experimental indications have lent added 
interest.’ 


II. TRANSFORMATION OF THE HAMILTONIAN 


We start from the outset with one nucleon treated as 
a static extended source U(x), so the Hamiltonian is 


H=H eet Hint; (1) 


A na=} 2 [re La’ Pa)dx, (2) 


g(2r)} ou 
Hin=— > rao  —oads, (3) 
K a,k OX; 


* Partly supported by the Atomic Energy Commission. 

1A. Pais and R. Serber, Phys. Rev. 105, 1636 (1957). 

2 W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942). 

3 See L. Landovitz and B. Margolis, Phys. Rev. Letters 1, 206 
(1958). 


where « is the meson mass (in units #=c=1). Sum- 
mations over a and k are from 1 to 3. The 3-field 
corresponds to neutral mesons. o, is the nucleon spin. 
The meson field commutation relations are given by 
(h=1) 
\ , . ’ 
[ mra(x,l),¢9(x’,t) = —16a96(x—x’). 


The operator 7,° of isotopic angular momentum is 
T° = tat 37a; 
(4) 
ty = ( P20 3— o312)dx, cycl. 


The operator J,° of angular momentum is 


JP=h+ jon, 


0 ts) (5) 
1; =— E fro( — fe ) PalX, cycl. 
a 0 X3 0 Xe 


In analogy to our procedure for the charged scalar 
case,! we put 


Pa = ga +F- } po Oak ’ 
k 


Ox k 


of 


af 
Ta=Ta +F ; A i P ak ’ 
k 


Ox k 


where f is the variational function of the problem. It 
is provisionally left arbitrary apart from one restriction : 


f is a spherically symmetric function of x. (7) 


The Par, Qax are defined by 


af 
Par=F if TAX, 
OX, 


As a consequence of condition (7), the P’s and Q’s are 
canonical in the sense that 


[ Pak;Qsi]= — Hapdx1, (9) 


provided F is chosen to be 


F=} f (w/)'dx. 


af 
Qa =F if- GalX. (8) 


Ox k 


(10) 
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We further note the following commutation and 
orthogonality relations: 


[ara’ (x,t),bp' (x’,t) ] 


’ 
Ox k . 


Of(x) Af (x’ 
=~ ital xX) F ip x) — 


k OX, 


[Par,¢s’ |=[a’ Op ]=0, 
of of 
foe ax= fr dx=0. 
Ox, OX; 
Substitution of Eq. (6) in Eq. (1) gives 
H= F aa’ + Hin’ + zs Pav? +3% 0a? 
a,k 


g(2n)} 


Waren, 


of 
+F Oat f va? dx+ 


Ox, K 


(2=4F f (w/t fax, b=4F If wu-wiar, 


while 7°, /.° become 
T£=t.'+4r.+1.', 
Y=). (OxurPsr—OsiP ox), 
J @=le'+}0atL.’, 


LY = Die(Qu2Prs—OesP 2), 
Note that 


(16) 
(17) 
(18) 
(19) 


cycl., 


cycl. 


(ly Je”) =ily', (20) 
even though the 2’, g’ do not satisfy the usual com- 
mutation relations. The orthogonality relations (13) 
make up for this, while for the /;’-relations the condition 
(7) has also been made use of. Further, we obviously 
have that 


(7,°,J2°] _ il;°: 


( ty’ to” ]= its’ ; 


[L1°,L2°]=iL;°; cycl. (21) 

Following Pauli and Dancoff,? we next transform the 
nine collective coordinates Qa, into a set of three angular 
variables in space, a similar set in isotopic space, and 
three radial variables. Corisidering the angles in space, 
one can introduce the usual orthogonal matrix (call it 
A,,) that corresponds to the solid rotation described 
by these angles. Likewise one introduces an orthogonal 
matrix Bag for the isotopic variables. The transfor- 
mation from the variables Qa, to the rotated set gai, 
is of the form 


Vak _ 2 ab BraA skYrs- 
The defining condition for the transformation in ques- 
tion is that it be a principal axis transformation, that 
is, that drs=Qrbre. 


Qar=Lr BraA rkQr- (22) 
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The corresponding transformation for the momenta is 
Pa= Lar BraA skPrs- (23) 


The problem of expressing the ,, in terms of canonical 
variables has been treated by Pauli and Dancoff, and 
we need state only the result. This is expressed in terms 
of the quantities 


a= Lis Basal s’, Li=d 3 A Py Oe 


which are the components of the isotopic and angular 
momenta in the directions of the rotating system of 
axes. The properties of these variables are well known 
from the theory of tops,‘ and can be readily derived if 
one notes that, since Bag (for fixed a) transforms like a 
vector under rotations, its commutation relations with 
T,° are® 


(24) 


[Basle ]=iBas, (8, 8’, B’ cyclic). (25) 


It then follows immediately from (24) that the /, 
satisfy the anomalous commutation relations 


(Tala J=—tle 
while the J, and Jg° commute: 
(Tad s°]=0. 
From (27) and the orthogonality of the B matrix, one 
verifies that 
Lie I2=Ls Ts”. 
Bag and J, satisfy the commutation relations 


(Bugle }=—iBes 


(26) 


(a, a’, a” cyclic), 


(27) 


(28) 

(a, a’, a” cyclic). (29) 

It is sometimes convenient to introduce the notation 
Ta=Iqa, (a, a’, a” cyclic). (30) 


The momenta #,, then take the form 


1 (Leet lve) 1 (Lumnlad 
br= pbut-———_+- ———_, 
2 Qr- 2 Qr+qs 


(31) 


where p, is canonically conjugate to q,. 
The angular momenta can be expressed in terms of 
the rotated variables by 


Lyw= Ds (GrePr's— Yr’ sPrs) =OrPr'r— Or’ Pre’, 
Lert =D s(QerPar’ — Var’ Par) = QrPrr’ — Or’ Pr'r 
It may be remarked that 


T,.+L,.=0 (32) 


when gr=qs. 
This is the analog, in the present problem, of the familiar 
relation that the angular momentum is zero if the radial 
coordinate vanishes. 

The kinetic energy can be expressed in terms of the 


4See J. H. Van Vleck, Revs. Modern Phys. 23, 213 (1951). 

5 Exactly analogous relations hold for A jx, Dm°. Since the 
relations in both spaces are identical, we shall only write out one 
set, 
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new variables by using Eqs. (23), (31), and (29). One 
finds 


2 PaP=3 L pet DL 
ak r r,8 (qr—qs)? 





TretLrs)? (I— a] 
ig (qr+qs)? 
i 
“<3 


(33) 
2.8 gP—Qs 


(qrPr— QsPs)- 


2 


The appearance of a term linear in the momenta of 
course means that a weight factor (the part of the 
volume element depending on the g,) has been intro- 
duced by our transformation of variables. The weight 
factor, g, can be determined by writing the radial part 
of the kinetic energy operator (leaving out the cen- 
trifugal potential terms) in the form 


Lo. 2 
1 


° gq, Ogr 
One finds 


= (g1?— qo”) (q:?— gs”) (q2?— gs"). (34) 


This weight factor vanishes when two of the q,’s are 
equal, and its form makes evident an ambiguity in our 
definition of variables which can be removed by an 
ordering convention, e.g., 
gr°> go> 93". (35) 
Furthermore, bearing in mind that the matrices A, B 
in Eq. (22) have determinant +1, one sees that it is 
possible to choose gi>q2>0. 
The weight factor can be eliminated in the usual 
manner by changing the state vector by the relation 
b='/g!. (36) 


The Hamiltonian, considered to act on ®’, is then 


(Ir+L,.)*—1 (Tn—Ly}*—1 
(igi ay 
(qr— qe)” (qr+q.)” 


of 
> drBrodte f valet dx 


a,kyr OX, 


H= Hines +H int’ 


+40 Dg P+ Fo 


g(2m)! 
+——b a QrBraA krT aS k- 


K a,k,r 


(37) 


The (—1)’s in the centrifugal potential terms result 
from the transformation (36). 

Next we apply to H a canonical transformation S 
such that the angular variables contained in A and B 
no longer occur explicitly in the Hamiltonian. Put 
S=8S,S,. Then S, should be such that 


S,XSe'=D 2 BeaX p, (38) 
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where X, stands for rg Or ga’ OF Ta’, While 
Se¥iSe t= Li Auli, (39) 


where Y, stands for o; or x,. The explicit form of S is 
given in the appendix; there it is also shown that 


ST @S*=1.°— Lip Baalts’ +378), 

SLPS = Li — Yom A mk (ln' +40m)- 

Hence from Eqs. (16), (18), (38), and (39): 
STES*=18; Siesta Li. 


(40) 


(41) 
Furthermore we see from Eqs. (24) and (40) that 


ST gS'= Tq—ta!—}r0, 


(42) 
Sins = Iyp- L,’— oR. 


By taking the S transform of the commutation rela- 
tions (26), it follows from (42) that Ig—ta’'—4ta 
satisfies anomalous commutation relations. This is in 
accordance with the anomalous relations that hold for 
I, itself and with the normal relations that hold 
for fa’ and for }7q. [Note from Eqs. (12) and (24) that 
ZT, commutes with f,’.| An entirely similar situation 
obtains for Lili’ —4orx. 

It follows from (41) that the components of isotopic 
and angular momenta in the directions of the rotating 
axes, Ts and J, [which are related to T°, J,° by the 
analogs of (24) ] transform according to 


Stas =igs. SiS? ii. (43) 


The relations (41), (43) show that the new variables 
T,°, Iq represent the components of the total isotopic 
spin vector along the axes of the fixed and rotating 
systems, respectively. They have the properties de- 
scribed by Eqs. (21) and (25) to (29). Similarly La°, La 
represent the total angular momenta. The total isotopic 
spin and angular momenta are, of course, half-integer 
quantized. 

Applying the S transformation to the Hamiltonian 
(37) we get 

g(2m)} 
H=H nee +H int’ +-—b © qrortr 
k ; 
of 

+3 > (pP+0'¢7)+F? af or *—dx 


Ox, 


C(Dre—tee’ — 43742) + (Lre—l ys’ — sors) P— 1 


H5| 


(qr—Qs)* 
[(Tre—tre’ — 47+) — ( Lee—lys' — kor) P— 1 


4. ~-- | (44) 
(qr+s)* 


We recall that the commutation and orthogonality 
relations for the meson fields are given by Eqs. (11) 
and (13) and that the form of ¢,,’ and /,,’ isgivenin 
Eqs. (4) and (5). 
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As in the scalar theory, it is possible to eliminate 
entirely the radial oscillator variables ,, g, from the 
Hamiltonian (44): define new meson variables 12”, 
aa by 

of 
fore tr > 


Xa 
of 


ga! = ga! + Fa —. 
OXe 


Note that no summation over a is implied in the second 


term on the right. Upon using the orthogonality rela- 
tions (13), it follows that 


of 
OXa 


The commutation relations are 


(46) 


[ra’’( x,),¢8 ( x’,t) ] 


Of (x) df(x’) 
BOSON oy 


~ ~ ibe xx) —F >> 
k Ox, Ox; 

where the prime on the summation over & means that 

the term k=a is to be excluded. Instead of the ortho- 

gonality relations (13), we now have 


af af 
fier dx= fr.” dx=0, axX¥Z. 
0X8 0X8 


As a result /,,’", /,,’’ still satisfy commutation relations 
of the type (20). 


(48) 


—cos6 cosy siny— sing cosy 


cos@ cosy cosy—sing siny 
Bas= 
sin cos¢ 


Introducing the abbreviation 
Ya=ta' +}Ta, 
one readily verifies that the desired S, is given by 
S,= etvveivieivae 
Denote by P¢ the conjugate to 6, etc. Then 
cosy 


I,°= —singP»+——(Py—cos6P,), 
sin@ 


sing 
I.°=cos¢P»+——(P,—cos@P,), 
sin 
= P. 
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cos@ sing cosy+cos¢ siny 
— cos@ sing siny-+cos¢ cosy 
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In terms of the double-primed variables, H becomes 


H=H mes!'+Hint” 


[ (Deets — $1r)+ (Leelee — dors) P— 1 
ae } b= 
¥,8 (qr—Qs)” 


[Ta- ty,//— AT rs) = (Leelee — 
(qr+qs)” 








No approximations whatsoever have been made in 
the derivation of Eq. (49). In the usual strong-coupling 
treatment a particular choice of the distribution func- 
tion f is made: the choice f=U, which, in virtue of 
(48), diagonalizes Hint”. In comparing (49) with the 
corresponding expression given by Pauli and Dancoff, 
it should be remembered that these authors dropped 
terms, in the course of their calculations, which were 
inessential for their purposes. Thus they omitted the 
contributions of free mesons both in the numerators 
and denominators of the centrifugal potential terms, 
and also the (—1)’s in the numerators. This is in the 
spirit of a quasi-classically determined self-field: in 
the classical theory a particular solution is obtained in 
which the free meson fields are exactly zero. Nor are 
the (—1)’s, arising from the transformation (36), 
present in the classical treatment.® 


APPENDIX 
The S Transformation 
We wish to construct S=.S,S, such that the relations 
(38), (39) hold true. We give the derivation of S,; S, 
is found in an entirely similar way. 
For this purpose it is easiest to write down Bag 
explicitly in terms of Euler angles 6, ¢, ¥: 


—siné cosy 

sing siny |- 
sing sing cosé ) 
Now 


SPS = Pa— (y1 siny+ y2 cosy), 

SP,S= P,— (—y; sin6 cosy+ yz sind siny+y3 cos), 

ora l= Py — ¥3. 
From these relations one immediately obtains the first 
of Eqs. (40). 

*It may be pointed out that in the WKB treatment of the 
radial Schrédinger equation it is also necessary to add a fictitious 
centrifugal potential 1/(4r?) which changes /(/+-1) to (/+-3)%. A 


similar argument, based on the WKB approximation, applies in 
the present case. 

















